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PEEFAOE.

The present work has been undertaken at the request

of many teachers, in order to be placed in the hands of

beginners, and to serve as an introduction to the larger

treatise published by the author ; it is accordingly based

on the earlier chapters of that treatise, but is of a more
elementary character. Great pains have been taken to

render the work intelligible to young students, by the use

of simple language and by copious explanations.

In determining the subjects to be included and the

space to be assigned to each, the author has been guided

by the papers given at the various examinations in ele-

mentary Algebra wliich are now carried on in this country.

The book may be said to consist of three parts. The first

part contains the elementary operations in integral and

fractional expressions ; it occupies eighteen chapters. The
second part contains the solution of equations and pro-

blems ; it occupies twelve chapters. The subjects contained

in these two parts constitute nearly the whole of every ex-

anination paper which was consulted, and accordingly they

are treated with ample detail of illustration and exercise.

The third part forms the remainder of the book ; it con-

sists of various subjects which are introduced but rarely

into the examination papers, and which are therefore more

briefly discussed.

The subjects are arranged in what appears to be the

most natairal order. But many teachers find it advan-

tageous to introduce easy equations and problems at a very

early stage, and accordingly provision has been made for
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such a course. It will bo found that Chapters XTX. and

XXI. may be taken a3 soon as a student has proceeded as

far as algebraical multiplication.

Tn accordance with the recommendation of teachers, the

examples for exercise are verj numerous. Some of these

have been selected from the College and University exami-

nation papers, and some from the works of Saunderson and

Simpson; many however are original, and are constructed

with reference to points which have been shewn to be im-

portant by the author's experience as a teacher and an

examiner.

The author has to ackn )wlcdge the kindi>ess of many

distinguished teachers who have examined the sheets of his

work and have given him valuable suggestions. Any re-

marks on the work, and especially the indication of diffi-

culties either in the text or the examples, will be most

thankfully received.

I. TODHUNTER,
St John's Colleqb,

July 1863.

Pour new Chapters have been added to th« present edi-

tion, and also a collection of Miscellaneous Examples which

are arranged in sets, each set containing ten examples.

These additions have been made at the request of some

eminent teachers, in order to increase the utility of the

work.

/ttZy 1867.
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ALGEBRA FOR BEGINNERS.

L TTie Principal Signt.

1. Algebra is the science in which we reason about
numbers, with the aid of letters to denote the number9»
and of certain signs to denote the operations performed
on the numbers, and the relations of the numbers to each
other.

2. Numbers may be either known numbers, or nvan-
bers which hare to be found, and which are therefore
called unknown numbers. It is usuad to represent known
numbers by the first letters of the alphabet, a, b, c, &c,
and unknown numbers by the last letters x,p,z; this is

however not a necessary rule, and so need not be strictly

obeyed. Numbers may be either whole or fractional. The
word quantity/ is often used with the same meaning as
number. The word integer is often used msteaA of tekole

number.

3. The beginner has to accustom himself to the use of
letters for representing numbers, and to learn the meaning
of the signs; we shall begin by explaining the most im-
portant signs and illustrating their use. We shall assume
that the ;?tudent has a knowledge of the elements of Arith-
metic, and that he admits the truth of the common notions
required in all parts of mathematics, such as, if equcds hi
added to cg^ualt the wholes are equal, and the lie.

4. The sign + placed before a number denotes that the
number is to be added. Thus a + 6 denotes that the num-
ber represented by & b to be added to th« number repr»

T. A. I



2 THE PRINCIPAL SIGNS.

sented by a. If a represent 9 and 6 represent 3, then a + 6
represents 12. The sign + is called the plus sign, and
a + fe is read thus "&plus b."

5. The sign — placed before a number denotes that the
number is to be subtracted. Thus a — b denotes thac the
number represented by b is to be subtracted from the
number represented by a. If a represent 9 and b repre-

sent 3, then a — b represents 6. The sign — is called the
jiiinus sign, and a — b in read thus " a minus b."

6. Similarly a + b + c denotes that we are to add b to

a, and then add c to tlio result ; a + b — c denotes that we
are to add b to a, and then subtract c from the r -uit;

a-b-^-c denotes that we are to subtract b frobi a, and men
add c to the result ; a— b — c denotes that we are t(j sub-

tract b from a, and then subtract c from the result

7. The sign = denotes that the numbers between
which it is placed are equal. Thus a = b denotes that the
number represented by a la equal to the number repre-
sented by b. And a + b = c denotes that the sum of the
numbers represented by a and b is equal to the number
represented by c ; so that if a represent 9, and b represent

3, then c must represent 12. The sign = is called the
sign of equality, and a — b is, read thus "a equals b" or
" a is eqiud to b."

8. The sign x denotes that the numbers between
which -it stands are to bo multiplied together. Thus
a X ft denotes that the number represented by a is to be
multiplied by the number represented by ft. If a repre-
sent 9, and ft represent 3, then a x ft represents 27. The
sign X ia called the sign of multiplication, and rt x ft is

read thus "a into b." Similarly axftxr denotes the pro-
duct of the numbers represented by a, ft, and c.

9. The sign of multiplication is however often omitted
for the sake of brevity ; thus aft is used instead of a x ft,

and has the same meaning; so al^o abc is used instead of

ay.bxc, and has the same meaning.

The sign of multiplication must not be ouiittcd when
numbers are expressed in the ordinary way by fijr.irfi

Thus 45 cannot be used to represent the product of 4 ;;:id
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6, because a differeut meaning has already been appro-
priated to 45, namely, forty-five. We must therefore re-

present the product of 4 and 5 in another way, and 4x5
IS the way which is adopted. Sometimes, however, a
point is used instead of the sign x

; thus 4.5' is used in-

stead of 4x5. To prevent any confusion between the
point thus used as a sign of multiphcation, and the point
used in the notation for decimal fractions, it is advisable
to place the point in the latter case higher up; thus

5
4'5 may be kept to denote 4 + rx • But in fact the point ia

not used instead of the sign x except in cases where there
can be no ambiguity. For example, 1.2.3.4 may be put for
1x2x3x4 because the points here will not be taken for
decimal points.

The point is sometimes placed instead of the sign x
between two letters ; so that a . & is used instead of a x 6.

But the point is here superfluous, because, as we have
said, ab is used instead of a x ft. Nor is the point, nor the
sign X necessary between a number expressed in the or-

dinary way by a figure and a number represented by a
letter; so that, for example, 3a is used instead of 3xa,
and has the same meaning.

10. The sign -f- denotes that the number which pre-

cedes it is to be divided by the number which follows it.

Thus a-f-6 denotes that the number represented by o is to

be divided by the number represented by ft. If a repre-

sent 8, and h represent 4, then a-h-h represents 2. The
sign -=- is called the sign of division, and a -4- 6 is read
thu8"a&2/b."

There is also another way of denoting that one num-
ber is to be divided by another; the dividend is placed

over the divisor with a line between them. Thus t is
o

used instead of a -^ 6, and has the same meaning.

11. The letters of the alphabet, and the signs which
we have already explained, together with those which may
occur hereafter, are called algebraical symbols, because
they are used to represent the numbers about which we
may be reasoning, the operations performed on them, and

1—2



4 EX-JiMPLES. f.

their relations to each other. Any collection of Algebraical

ymbols is called an algebraical eiprtstion, or briefly an

expression.

12. We shall now give Bome examples as an exercise

in the use of the ajmbola which have been explained;

these examples consist in finding the numerical values of

certain algebraical expressions.

Suppose a = l, b-^2, c = 3, d= 5, <j^6,/=0. Then

7a + 3&-2<f+/=7 -I- 6 - 10 + - 13 - 10 = S.

2a6 + 8ftc-ae + rf/=4+- 48-6 + = 52-6=46.

*«^+ll>^«_^=12 + li0-?? = 6 + 8-10 = 14-10= 4.

b cd ac 2 15 3

4c + 5^ _ 124-30 _ "*? _ lA
d-b ~ 5-2 ~ 3

ElAMPLEa I.

If a= 1,6=2, c = 3, rf=4, « = 5,/=0, find the nunicn-
cal values of the following expressions:

L 9a+ 26+ 3c-2/ 2. 4e-3a-3b + 5c.

3. lae+ 3bc+ 9d-a/. 4, Sabc-bcd-i-9cde-de/.

5. abcd + abce + abde + acde + bcde. 6, -?- + — + -j •

b c d e

4ae 6bc dcd „ 12a 66 20c

b d 6 be cd de

cde 5bcd Gade ,. _ . . 3f>de

ab ae be 2ac

. , 2a + 56 36 + 2c
IL + — .

c d

a + c b-^-d c + a
^^- c^"*^ d^"^ e^e'

** e-d-i-c-b + a'
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11. Factor. Coefficient. Power. Terms.

13. Wlien one number consists of the product of two
or more numbci-s, each of the latter is called a factor of

the product. Thus, for example, 2x3x5 = 30; and each
uf the numbers 2, 3, and 5 is a factor of the product 30.

(^r we may regard 30 as the product of the two factors,

2 and 15, or as the product of the two factors 6 and 5,

or as the product of the two factors 3 and 10. And so, also,

we may consider 4ab zs. the product of the two factors

4 and ab, or as the product of the two factors 4a and b,

or as the product of the two factors Ab and a; or we may
regard it as the product of the three factors 4 and a and 6.

14. "When a number consists of the product of two
factors, each factor is called the coefficient of the other
factor; &o thai coefficient x?, equivalent to eo-factor. Thus
considering 4ah as the product of 4 and ah, we call 4

the coeflicient of ab, and aL the coefficient of 4; and
considering Aab as the product of Aa and b, we call 4a
the coefficient of b, and b the coefficient of 4a. There will

bo little occasion to use the word coelFicient in practice in

any of these cases except the first, that is the ease in which
4 is regarded as the coefficient of ab ; but for the sake of

distinctness v.e speak of 4 as tlio numerical coefficient of

ab in Aab, or briefly as the numerical coefficient. Thus
when a product consists of one factor which ia represented
arithmetically, that is by a figure or figures, and of an-

other factor .vhich is represented algebraically, that is by
a letter or "ettcra, the former factor is called the nameri-
c*il coefficient.

15. When all the factors of a product are equal, the
product is called a power of that factor. Thiis 7 x 7 is

called the secoiid power of 7; 7 x 7 x 7 is called tlie third
power of 7; 1 xl y-l xl is called the fourth pi/wer of 7;
and so on. In like manner a x a is called the second power
of a; axaxaia called the third power of a; axaxaxa
is called the foigrih pov-er of a ; and so on. And a itself is

soractimc* called tlic/r«^ power of a.
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16. A power is more briefly denoted thus: instead of
expressing all the equal factors, we express the factor once,
and place over it the number which indicates how often it

is to be repeated. Thus a* is used to denote ax a; a* is

used to denote ax ax a; o* is used to denote axaxaxa;
and so on. And a^ may be used to denote the first power
of a, that is a itself; so that a^ has t?ie same meaning at a.

17. A number placed over another to indicate how
many times the latter occurs as a factor in a power, in

called an index of the power, or an exponent of the power;
or, briefly, an index, or exponent.

Thus, for example, in a* the exponent is 3; in a" the
exponent is n.

18. The student must distinguish very carefully between
a coefficient and an exponent. Thus 3<j means three times c;
here 3 is a coefficient. But <? means c times c tim^t c;

here 3 is an exponent. That is

3c= c + c + c,

c*= C X c X c.

19. The second power of a, that is a\ is often called the
sqtuire of a, or a squared; and the third power of a, that is

a^, is often called the cube of a, or a ciihed. There are no
such words in use for the higher powers ; a* is read thus
"a to thefourth power^'' or briefly " a to thefourth."

20. If an expression contain no parts connected by the
signs + and — , it is called a simple expression. If an
expression contain parts connected by the signs + and —
it IS called a compound expression, and the parts con-

nected by the signs + and — are called terms of the ex-

pression.

Thus ax, Ahc, and 5aV are simple expressions ; a* + ft* - c*

is a compound expression, and a*, &*, and c* are its terms.

21. When an expression consists of two terms it is

called a binomial expression : when it consists of three

terms it is called a trinomial expression; any cxpr«»«on
consisting of several terms may bo called a multi*f*pt*al

expression, or a polynomial expressioa
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Thus 2^ + 36 is a binomial expression; a — 2b + 5c is a
trinomial expression; and a — b + c-d— e may be called •
multinomial expression or a polynomial expression.

22. Each of the letters which occur in a term is

called a dimension of the term, and the number of the
letters is called the degree of the term. Thus a^b^c or
axaxbxb-xbxc is said to be of six dimensions or of
the sixth degi'ee. A numerical coeflScient is not counted

;

thus i)aW and a^b* are of the same dimensions, namely
seven dimensions. Thus the word dimensiows refers to

the number of algebraical multiplications involved in the
term ; that is, the degree of a term, or the number qf its

dimensions, is the sum of the eccponents qf its algebraical

factors, provided we remember that if no exponent be
expressed the exponent 1 must be understood, as indicated
in Art. 16.

23. An expression is said to be homogeneous when all its

terms are of the same dimensions. Thus 7«^ + 3«-& + 4a6<;

is homogeneous, for each term is of three dimensions.

We shall now give some more examples of finding tho
numerical values of algebraical expressions.

Suppose a-\,b = 2, c= 'i,d=A,e = 5,f=Q. Then

&2=:4, fts^g. 6*= 16. 6» = 32.

3ft''= 3x4 = 12, 5&' = .5x8 = 40, 9 6''= 9 x 32= 288.

^= 5^= 5, «* = 52 = 25, «<' = 5»=I25.

^^•.3=1x8 = 8, 3&V= 3x 4x9 = 108.

oP + c*-7a*+/»=:64 + 9-l4 + = .59.

.3r«-

c»-2c2
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Examples. IL

If <!i = l, 6 = 2, c= 3, </= 4, 5 = r),/=0, find the namerivaJ

values of the follo\ving expreasioui:

1. a^+ft^ + c' + c/' + «•+/».

2. e'-cP + c^-P + aK

3. abc^ + bed-- dea* +/*.

4. c*- 20* + 4c- 13.

5. a' + 3a*6 + 3a52 + &>.

b-c^ de_32
'• 4a ^

b^ b*'

2e + 2 3£-9 e^ I

« — 3 « — 2 «+ 3'

o' + ft' c*-!-^ e^—cP
9, +—r— + — .

e b c

8rt» + Zlf^ Ac"^ + Qb* _ c^->^(P

'^" d'TlF^ c'-b' e* '

28 12 4
11. .—,,-.+

12.

a* + b^+ c* d'-e-~b* a' + e'-c'-d''

a* + 4aV) + Ca^^ + -iab' + b*

'
a' + 3(«*/> + :lah^ -»- y

d' ^ + '•

''^-
b'-^d*-hd' «^ + 'idVc^'



RE^IAINIXO SIGNS. BRACKETS

III. liiinainii^'j i'igiis. Brackets.

24. The diiierence of two nvimbers is sometimes de-
noted by tlie sign ~; tluis a~b denotes the difference of

the numbers represented by a and h ; and is equal to a — b,

orb — a, according as a is greater than b, or less than b: but
tliis symbol ~ is very rarely required.

25. The sign > denotes is greater than, and the
sign < denotes is less than; thus a >^ denotes tliat the
number represented by a is greater than the number
represented by b, and b<a denotes that the number re-

presented by b is less than tlie number represented by a.

i hus in both cases the opening of the angle ia turned
towards the greater number.

26. The sign .*. denotes then or ther>j',re; the sign '.'

denotes sdnce or hecuuse.

27. The square root of any assigned number is that
number which has the assigned number for ita square or
xpcond p^icer. The cube root of any assigned number is

that number which h;i.s the assigned number for its cube or
third power. The fourth root of any assigned number is

that number which has the assigned number for its fourth

power. And bo on.

Thus since 49= 7^, the square root of 49 is 7; and so if

a=b^, the sqnaro ruot of a is 6. in like mauner, since
125=5^, the cube root of 12a is 5; and so if a=ifi, the cube
root of a is c.

2^. The square root of a may be denoted thiis l^/a;

b'it goner.illv it is denoted simply thus v'<^- '^^le cube root

of a U deuotftfl thus ^a. Tlie fourth root of a is denoted
til us \^ta. And so on.

Thus v'9= 3; ^8= 2.

The sign J is said to be a corraptioji of tb« initio

Ititti.;- of the word radix.
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29. When two or more numbers are to be treated aa

forming one number they are enclosed within brackets.

Thus, suppose we have to denote that the sum of a and b

is to be multiplied by c; we denote it thus {a + bjxc or

{a + b}^c, or simply (a + bjc or {a + b]c; here we mean that

the whole of a + b ia to be multiplied by c. Now if we omit

tlie brackets we have a + be, and this denotes that b only

is to be nrultiplied by c and the result added to a. Simi-

larly, {a + b-c)d denotes that the result expressed by
a + b— c is to bo multiplied by d, or that the whole of

a+ b—c is to be multiplied by d; but if wo omit the

brackets we have a + b — cd, and this denotes that c only

is to be multiplied by d and the result subtracted from
a + b.

So also (a—b + c)x{d + e) denotes that the result ex-
pressed byrt — 6 + cis to be multiplied by the result ex-
pressed by d + e. This may al. o be denoted simply thus
la~b + c)(d + e); just as a x 6 is shortened into ab.

So also ^J{a + b + c) denotes that we are to obtain the
result expressed hy a + b + c, and then take the square root
of this result

So also {db)* denotes ab-xah; and {abf denotes abxabxab.

So also {a + b — c) + {d+e) denotes that the result ex-

pressed by a 4- &—C is to be divided by the res'dt expressed
by d + e.

30. Sometimes iTistead of using brackets a line is

drawn over the numbers which are tote treated as fonning

one number. Thus a — b + c^d + e is used with the same
meaning as {a-b + c)y.{d + e). A lino used for this pur-
pose is ftilled a vincidum. So also {a + b — c)^ {d + e) may

be denoted thus —,
; and here the line between

d+e
a + b -c and d + e\i really a vuiculum used in a particular

sense.

31. We have now explained all the signs which are
used in algebra. We may observe that in some cases the
word sijn is applied specially to the two sijj^iis + and -

;

thu.<i in the Rule for Suutractiou we shall spe^ of cAan^^ifi^
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the signs, meaning the signs + and —
; and in niultipiica-

tidu and division we shall «peak of the Rule of Higns, mean-
ing a rule relating to the signs + and -

.

32. We shall now give some more examples of finding

the numerical values of expressions.

Suppose a=l, &=2, c=3, d=5, e=8. Then

v'(2& + 4c)= J^4 + 12)= V(16)=4.

v/(4c-2&)= ^(12-4)= ^;8)= 2.

^^(2&+ 4c)-(2c?-6)4/(4c-26)=8x 4-8x2=32- 16= 16.

J{ie- b){2e- 5b)]= .J{{8
- 2)(1 6- 1 0)}= J(6 x 6)= 6.

{e-d){b + c)-id-c){c + a)}{a + d)'={3^5-2xi]6= 7x6=42.

^{c^+ 3c*b+ 3c&2 + 53)^ ^(a» ^. 52_ ^ab)

=4/(27 + 54 + 36 + 8)^ V(H-4-4)=4^(125)-rl=5.

ExAMPLEa III.

If a=l, ^=-2, c= 3, d=5, e=8, find the numerical
values of the following expressions:

1. a(b + c). 2. b{c + d). 3. c{e-d).

4. b\a'+ e^-c'). 6. c2(e2-62_c3). 6. ^-J,^.
a'+ r

9a + 3rP + e'
8. sj(3bce). 9. ^{2b + 4d + rje).

2c--4b'

10. (a + 2&+ 3c+ 5g - 4d)i6e-5d-4c-3b + 2a).

11. (a2+ &''+0(e»-<;?''-c»). 12. {Sd'-lc'Xi

13. v(^^- 3«) + fl? ,y(^ + S^').

14. e-{J{e + l) + 2} + {e- ^e)J{e-4).

15. ^(a- + 2a5 + ?;*) x ^/(a' + 3a-'& + 3ab' + 6»).

16. yCc* - 3c»a+ 3ca» - a') -^ ^/(&' + c^- 2c6).
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IV. Change of the order of Tennt. Like Temu.

33. When all the terms of an expression are connected
by the sign + it is indifiFerent in what order tliey are

placed; thus 5 + 7 and 7 + 5 give the same result, nanji.'ly,

12; and so also a + ft and b + a give the same result, nam-^iy,

the sum of the numbers which are represented by a and 6.

We may express this fact algebraically thus,

Similarly, o + 6 + o=a + r + ?; = ft + r + a

34. When an expression consists of some terms pre-

ceded by the sign + and some terms preceded by the
sign — , we may write the former terms first in any order

we please, and the latter terms after them in any order wo
pleasa This is ob\nous from the common notions of arith-

metic. Thus, for example,

7+8-2-3=8+7-2-3=7+8-3-2=8+7-3-2,
a + b-c-e=h4-a-c-4=a + b-e — c=b -i-a-e-c.

35. In som.e cases wo may change the order of the
terms further, by laLiing up the tonus which are preceded
by the sign — with tiiose which are preceded by the sign +.
Thus, for example, suppose that a represents 10, and b re-

presents 6, and c represents 5, then

a+b—c=a-c+b=b-c+a;
for w» arrive without any difficulty at 11 as the result id

all the cases.

Suppose however that a represents 2, b represents t>,

And e represents 5, then the expression a-c + b presents a
difficulty, because we are thus apparently requireil to tako
a greater number from a le5«s, namely, 5 from 2. It will

be convenient to agree that such an expression as a — c-t-b,

when r is gi-eater than a, sliall be understood to mean the
same thing as o + 6-c. At present we shall not use sucb
an expression as a + b — c ex«ept when c is less tlian a + b.
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80 that a + b — c will not eausu any difficulty. Similarly, we
shall consider —b + a to mean the same thing as a — b.

36. Thus the numerical value of an expression remains
the same, whatever may be the order of the terms which
compose it. This, as we have seen, follows partly from our
notions of addition and subtraction, and partly from an
agreement as to the meaning which we ascribe to an ex-
pression when our ordinary arithmetical notions are not
strictly applicable. Such an agreement is called in algebra
a convenilun, and conventio7ial is the corresponding ad-
jective.

37. <Ve shall often, as in Art. 34, have to distinguish

the terris of an expression which are preceded by the sign

-t- from the terms which are preceded by the sign — , and
the following definition is accordingly adopted. The terms
in an expression which are preceded by the sign -t- are
called positive terms, and the terms which are preceded
by the sign — are called negative terms. This definition is

introduced merely for the sake of brevity, and no meaning
•s to be given to tlie 'v^rds positive and negative beyond
what is expressed in the definition.

38. It will be seen that a term may occur in an ex-

pression precedsd by no sign, namely the first term. Such

a term is counted with the positive terms, that is it is

treated as if the sign -f- preceded it. It will be foimd that

if such a change be made in the order of the terms, as to

bring a term which originally stood first and was preceded

by no sign, into any other place, then it will be preceded by

the sign -(- . For example,

a+b—c=b+a—c=b-c+a;

here the term a lias no sign before it in the firet expres-

sion, but in the other equivalent expressions it is preceded

by the sign -i- . Hence we have the following important

addition to the definition in Art. 37
; if a term be preceded

by no sign, the sign + is to be understood.

39. Terms are said to be like when they do not differ

at all, or differ only in their numerical coefficients ; other-

wise they !iro said to be unlike. Thus a, 4a, and 7a are
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like terms ; a*, 5a*, and 9a- are like terms ; a*, aft, and 6*

are uulike terms.

40. An expression which contains like terms may be
simplified- For example, con.sidci the expression

6o - a + 36 + 5c - 1 + 3c - 2a

;

by Art. 35 this expression is equivalent to

6a—a— 2« + 36— 6 + 5C+ 3C.

Now 6a — a— 2a= 3a; for whatever number a may re-

present, if we subtract a from 6a we have 5a left, and then
if we subtract 2a from 5a we have 3a left. Similarly

Zb-b= 2b; and5c + 3c=8c. Thus the proposed expression

may be put in the simpler form

3a + 2i + 8c.

Agaia; consider the expression a — 3&— 45. This ia

equal to a — lb. For if we have first to subtract 36 from
a number a, and then to subtract 46 from the remainder,

we shall obtain the required result in one operation by

subtracting 76 from a; this follows from the common no-

tions of Arithmetia Thus

a — 36- 46=a-76.

41. There will be no diflBculty now in giving a mean-
ing to such a statement as the following,

-36-46= -76.

We cannot subtract 36 from nothing and then subtract
46 from tl>e remainder, so that the statement just given is

not here intelligible in itself, separated from the rest of an
algebraical sentence in which it may occur, but it can be
easily explained thus: if in the course of an algebraical

operation we have to subtract 36 from a number and then
to subtract 46 fi-om the remainder, we may subtract 76 at

once instead.

As the student advances in the subject he may be led

to conjecture that it is possible to give some meaning to

the proposed statement by itself, that is, apart from any
other algebraical operation, and this conjecture will be

found correct, when a larger treatise on Algebra can be
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consulted with advantage; but tho explanation which w«
have given will be sufficient for the present.

42. The simplifying of expressions by collecting like

terms is the essential part of the processes of Addition and
Smbtraction in Algebra, as we shall see in the next two
Chapters.

It may be useful for the beginner to notice that accord-

ing to our definitions the foUoiving expressions are aU
equivalent to the single symbol a

:

a\ 1 X a, a X 1, --,

, , .a
+ a, -f \ x a, ->- a^ I, *—.

Examples. IV.

If a=l, &=2, c=3, d=4, e='5, find the nimiericaJ

values of the following expressions :

1. a-3b+4c. 2. a-b^ + c^ + cP.

3. (a+ b){b + c)-{b + c)(c+ d) + {c + d){d+e).

. 4<i + 36 4c + 3o? 5d + Ae

b + c b + d a + d + e'

5. (a-2b + 3cy-{b-2c + 3d)'^ + {c-2d + 3ef.

6. a!^-4a^b + 6a'fP-4ab^ + b*.

„ b*-2bc + c* a*- 4a^r -I- 6^?V- 4ac^ + c*

a'-2ab + ¥' b*-4ly'c + i,i^c'-4bc^+c*'

9. 7a-2b-3c-4a + 5b-\-4r + 2a.

10. 5a* + 3ab - 2b* -ab + 9F-- 2ah - 7 '/'.

11. Za*-2a'^-i-5a + a^^a + da*-4a^-Qa.

,_ a*+ 2a& + &2 b'*+ 2bc + c^ C' + 2cd+d^
12. J— T • H , .a+b b+c c+d
13. ^(4c» + 5flF + «). 14. ^{e^ + O'+e' J*).

16. ^{2e'+7b). 16. ^{2b^ + <^-a).
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V. Aridition.

43. It is convenient to nuike three caaes ra Addition,

namely, I. When the terms are all like teruis auil h.iw; ilio

eamo sign; 11. When the terms are all like tenns but

have not all the same .sigij; 111. When the teniiMarttnot

all like terms. We shall tjiko tiiese three cased in ttrder.

44. 1. To add like terms which have the same sigiL

Add the numerical coefficientg, prefix tke common sij/n,

and annex the cojumon letters.

For example, 6a + 3a + 7a= 16.i,

~2bc-1bc-9bc= -ISbc.

In the first example 6a is equivalent to +r.«, and I6a

to +16a. See Art. 38.

45. II. To add like terms which have not all the
same sign. Add all the positive numeHcal coefficients

into one sum, and all the negative numerical coefficients

into another; take th^ difference of these two sums,
prefix the sign of the greater, and an7iex th$ common
letters.

For example,

7a-3te+lla4-<7-.5a-2a=19a-10a=9a,

^c~1hc-V)c-^Aifc, 4- i^hc -&hc^-\\hc-\Q>'bc= -fhc.

46. III. To add term«t which are not all like tcrmn.
Add together the terms irhirh are like terms hy the ruh
in the second ease, and put doum the other term^ each
preceded by its proper sign.

For example ; add together

'ia + 5b-lc + 3d, 3«-?) + 2c + .'irf. 9a-2b-c-d.
and — a + :]b + Ac - :\d + e.

It is convenient to arrange the terms m columns, so
that 'ike terms shall stand in thp same column; thus w«
bfkVO

•^
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3a— 6 + 2c + 5rf

9a-26- c- rf

-a + 3& + 4<;— 3fi? + «

I5a + 5b — 2c + 4id+e

Hero the terms 4<i, 3«, 9a, and —a are all like terms;
the sum of the positive coefficients is 16; there is one term
frith a negative coefficient, namely — a, of which the co-

efficient is 1. The diflFerence of 16 and 1 is 15; so that

we obtain +15a from these like terms; the sign + may
however be omitted by Art. 38. Similarly we have
5b-b — 2b + ^b= 5h. And so on.

47. In the following examples the terms arc arranged
Buitably in columns

:

a^ + 2x-- 3x + l a"+ ab+ W—e
Ax^ + lx'+ x-9 3a'-3a*-76*

-2x3+ ^_ 9-r+ 8 4:a^ + 5ab + 9b*

-3x^- ar^ + lOx-l a^-Soft-Sd*

9x'- x-\ 9a? -c

In the first exami^lo we have in the first column
a^ + 4x^ — 2*3 — 3x^, that is 5x^ — 5is^, that is, nothing ; this

is usually expressed by saying the terms which involve a^

cancel each other.

Similarly, in the second example, the terms which in-

volve ab cancel each other ; and so also do the terms which
involve 1^.

Ix'-^ixy +
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Examples. Y.

Add together

1. 3a-2b, 4a-5b, 7a-ll&, a+9b.

2. 4Jr''-3y^ 2x'-5y2, -dc-' + y'--', -2x='H-4y*.

3. 5a + 36 + <;, 3a + 36 + 3<;, a + 3b + 5c.

4. 3j7+ 2y-;», 2x-2y + ae;, -d? + 2y + 3z.

5. 'Ja-4b + c, Ga+3b — 5c, -12a + 4c.

6. x—4a + b, 3;c + 26, a-x-ob.

7. a + 6-c, b + c-a, c + a — b. a + b— e.

8. a + 2& + 3<;, 2a— ft — 2c, b— a-c, c— a—b.

9. a-2fc + 3c-M Sb- 4c + 5(1-2a, 5c-6d+3a-ib,

']d-4a + 5b-4c.

10. a:*-4;c' + 5;»-3, 2a^-'7x*-l4x + 5, - ar" + 9j;- +x + S.

11. «*- 2^^34.3,1.2^ ar' + a;2 4.;j.^ 4x* + Da^, 2a;2-s^3j._4^

-3;r'-2a;-5.

12. a'-3rt'6 + 3a&2-?)», 2a^ + 5a*b-r6all^-lb\

a?-ab* + 2b\

13. ;r3-2aar' + a''.r + a', ar' + Sao;*, 2a^-ax^-2j^.

14. 2«& - Sa.r' + 2a-x, 1 2rt6 + 1 Oax* - 6a*x,

— Sab + ax^ — 5a*x.

15. a^ + y* + z\ -4x--5z^, 8a!*-7y*+lOz^, 6y*-6s*.

16. 3x'-4anj + y' + 2x + 3i/^7, 2x--4y- + 'SJP-5y + &,

lOxy + Sy' + 9ij, 5x--6xy + Zt/* + 7x-7y + U.

17. X*- 4x^y + ex^y'' 4.ry^ + y\ 4x^y - \2a^i^ •} } 'try*- 4y*

6x*y^- 1 2.ry' + 6y\ 4xy^-4 y*, y*.

18. a^->i-xy'' + xz^ — .v"y — xyz — a^z,

xh/ + y^-\-i/z^- xif- y»,2:- xy«,

a^z ¥ y^z + :i^ ~ xyz - i/z' - xz\
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VI. Subtraction^

19

48. Suppose we have to take 7 + 3 from 12; the result
is the same as if we first take 7 from 12, and then take 3
from the remainder; that is, the result is denoted by
12-7-3.

Thus 12-(7 + 3)= 12-7-3.

Here we enclose 7 + 3 in brackets in the first expression,

because we are feo take the whole of 7 + 3 from 12; see

Art. 29.

Similarly 20-(5 + 4 + 2)=20-5-4-2.
In like manner, suppose we have to take 5 + c from a

;

the result is the same as if we first take b from a, and
then take c from the remainder; that is, the result is

denoted hj a— b-c.

Thus a— ib + c) — a—b — c.

Here we enclose b + c in brackets in the first expression,

because wc are to take the whole of 6 + c from a.

Similarly a~{b + c + d)= a — b— c — d.

49. Next suppose we have to take 7-3 from 12. If

we take 7 from 12 we obtain 12-7; but we have thus

taken too much from 12, for we had to take, not 7, but 7

diminished by 3. Hence we must increase the result by 3;

and thus we obtain 12 — (7 -3)= 12- 7 + 3.

Similarly 1 2 - (7 + 3 - 2)= 1 2 - 7 - 3 + 2.

In like manner, suppose we have to take b — c from a.

If we take b from a we obtain a — b; but we have thus

taken too much from a, for we had to take, not b, but b

diminished by c. Hence we must increase the result by c;

and thus we obtain a— {b — c)= a — b + c.

Similarly a~{b + c— d)= a — b-c + d.

50. Consider the example

a-{b-^c—d) = a-b-c + d;

that is, if b + c-d be subtracted from a the result is

2—2
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a—b— e-^d. Here we see that, in the expression to be
subtracted there ia a term — d, and in the result there is

the corresponding term +rf; also in the expression to be
subtracted there is a term + c, and in the reeult there is a

term — c ; also in the expression to be subtracted there is a

terra h, and in the result there is a term - 6.

From considering this example, and the others in the
two preceding Articles we obtain the following rule for

Subtraction : change the signs of all the terms in the ex-

pression to he subtracted, and then collect the terms as in

Addition.

For ex-ample; from Ax —Zy-ir2z subtract Zx — y + z.

Change the signs of all the terms to be subtracted ; thus
we obtain —?ix-\-y— s; then collect as in addition; thus

Ax— 'iy + 2z — ^-^y — z = x—2y->rs.

From 3ar* + Sar^ -Gx--lx + b take 2^- 2u^ + bx'^ -6x-T.

Change the signs of all the terms to be subtaracted

and proceed as in addition ; thus we have

3a:*+5a:'- 6a^-Tx+ 5

-iix*+ 2x^- 5x^+ 6x-\- 7

ar*+ 7a^-llj;''- a; + 12

The beginner will find it prudent at first to go through
the operation as fully as we have done here; but he may
gradually accustom himself to putting down the result

without actually changing all the signs, but merely sup-

posing it done.

51. Wo have seen that

a— {b — c)=a — b + e.

Thus corresponding to the term — <? in the expression
to be subtracted we have +c in the result Hence it is

not uncommon to find such an example as the following

proposed for exercise: from a subtract -<*; and the result

required is a + c. The beginner may explain this in tlie

manner of Art. 41, by considering it as having a meaning,
not in itself, but iu connexion wjti some other parts of an
algebraical operation.
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It is usual however to offer some remarks which wifl

serve to impress results on the attention of the beginner,

and perhaps at the same time to suggest reasons for them.

Thus we may say that «= a + c— c, so that if we subtract
— c from « tliere remains a+ c.

Or we may say that + and — denote operations the re-

verse of each other ; thus — c denotes the reverse of + c, and
80 — (— c) will denote the reverse of the reverse of +c, that
is, — ( — c) is equivalent to + c.

But, as we have implied in Art. 41, tne beginner must
be content tb defer until a later period the complete expla^

nation of the meaning of operations performed on ncgativt
quantities, that is, on quantities denoted by letters with
the sign — prefixed.

It should be observed that the words addition and
mhtraction arc not used in quite the same sense in Algebra
as in Arithmetic. In Arithmetic addition always produces
increase and subtraction decrease; but in Algebra we may
epeak of adding— 3 to 5, and obtaining the Algebraical
fuv[i 2; or we may speak of subti-acting —3 from 6| and
obtaining the Algebraical remainder 8w

Examples. VI.

1. From 7a + 146 subtra,ct Aa + 1 Oft.

2. From 6a - 2& - c subtract 2a- 2fc - So.

3. From 3a-26 + 3c subtract 2a- 76- c-d.

4. From Ix*- 8« - 1 subtract hop- 6a; + 3.

5. From 4a:r*-3.r*-2a^-7J? + 9
subtract as*— 2a? - 2x- + 7;e - 9.

6. From 2a? — 2ax + 3a' subtract a? — ax-¥c^.

7. Prom a? - Zxy — y' + yz- 2^
subtract x'^ + 2xy + 5xz— 3y^ — 2^*.

8. From 5x- + Qxy -

1

2xz -Ay^-lyz- 5z*
subtract 2x^— Ixy + 4xz — Sy^ + 6yz— 5sfi.

9. From a' - 3a26 + 3a6»- 6^ subtract - a' + 3a«6 - 8a6» + &».

10. From la? - 2ur' + 2ar + 2 subtract 4^a?~2a?-2x-l4,
and from the remainder subtract 2a?-9,a?A-Ax+ 16.
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VII. Brackets.

52. On account of the extensive use which is Ertade of

brackets in Algebra, it is necessary that tlie student should
observe very carefully the rules respecting them, and we
shall state them here distinctly.

When an expression within a pair of brackets is pre-
ceded by the sign + the brackets may be removed.

When an expression within a pair of brackets is pre-

ceded by the sign — the brackets may be removed if ths

sign of every term within the brackets be changed.

Thus, for example,

a — b-¥{c— d+e)=a— b +c—d + e,

a — b — {c — d + e) = a-'b — c + d — e.

The second rule has already been illustrated in Art. 50

;

it is in fact the ride for Subtraction. The first rule might
be illustrated in a similar manner.

53. In particular the student must notice such state-

ments as the following:

+ {-d)^-d, -{-d)=+d, +( + «)= +e, -( + c)=-«.

These must be assumed as rules by the student, which
ne may to some extent explain, as in Art. 4 1

.

54. Expressions may occur with more tlian one pair of
brackets : these brackets may bo removed in succession by
the preceding rules beginning with the inside pair. Thus,
for example,

a*'^ + {c-d)}=a-¥\b-^c—d)=a-^b + c— d,

a-¥{b-{c-d)]=a+{b-c+d\=a-\-b — c-ird,

a—{b + {c-d^}\ = a-{b-\-c— d] = a-h—e-¥d,
a — {b-{c— d)]—a — \b— c-¥d]= a — b + c— d.

Similarly,

a-[b-{c-{d-e))]=a-[b-{c-d + e)]

It will be seen in these examples that, to prevent con-

fusion between various pairs of brackets, we use brackets
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of diflferent shapes; we might distinguish by using brackets

of the same shape but of different sizes.

A vinculum is equivalent to a bracket; see Art. 30.

Thus, for example,

a-lb-{c-{d-7^-)}-]=a-lb-{c-{d-e+f)}]
=a-[b-{c-d + e-f}]=a-lb-c + d-e+f]
=a- b + c-d+ e-/.

55. The beginner is recommended always to remove
liiackets in the order shevni in the preceding Article;

namely, by removing first the innermost pair, next the in-

nermost pair of all which remain, and so on. \Ve may how-
ever vary the order; but if we remove a pair of brackets
including another bracketed expression within it, we must
make no change in the signs of the included expression.
In fact such an included expression counts as a single term.
Thus, for example,

a+{b + {c-d)}=a + b + {c—d)=a + b + c—df
a+ {b-{c-d)}=a + b-{c— d)= a + b-c+d,
a—{b + {c— d)}=a — b — {c — d)=a —b—c + d,

a—{b-{c — d)}=a — b + (c—d)=a— b + c — d.

Also, a-[b-{c-{d-e)]]=a-b + {c-{d-e)}

— a — b + c — {d—e)=a—b + c—d+e.

And in like manner, a— [b—{c— {d-e—f)}]

=a-b + {c-{d—e-f)}=a-b + c-{d-e-/)

=a^b + c-d+e-f=a— b + c —d+e—f.

.'S'e. It is often convenient to put two or more terms
within brackets; tlie rules for introducing brackets follow

immediately from those for removing brackets.

Any number of terms in an expression may he put
within a pair of brackets and tice sign + placed htfore
the whole.

Any nmnber of terms in an expression may be put
vithin a pair of brackets and the sign — placed before
the whole, provided the sign oj every term voithin tht

brackets be chatiged.
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Thus, for example, a— b + c— d + e

= a-6 + (c-rf+«), or =«=a— 6 + c+ (— rf+«),

or =a — (Z>-c + rf— e), or =a-6— ( — c + rf — «).

In like manner more than one pair of brackets xnaj

be introduced. Thus, for example,

a-h-¥c— d + e^a-{h^c-\-d—«\=a — \b--[c—d-\-«)).

Examples. VII,

Simplify the follomng expressions by rp?xiOTing the

brackets and collecting Uke terms

:

1. ^a~h-{2a-h). 2. a-h + c-^a-h-e).

3. l-(l-a) + (l-a+ a2)_(i_a + a2-rt').

4, a + 6 + (7a-t)-(2a-3&)-(5a + G6).

6. a-& + c-(6-a + c) + (c-o + 6)-(«-c+>).

6. 2.c~'iy-Zz-{x-y + 2z) + {x + Ay + 5z)- {i-ic—i/}

7. a-{b-c-{d-e)}.

a 2a-{2b-d)-{a-b-{2c-2d)}.

9. a-{2b-{3c + 2b-a)}. 10. 2a- (6 -(a- 26)}.

11. 3a-{& + (2a-&)-(a-6)}.

12. 7a -[3o- {4a -(5a -2a)}].

13. 3a-[&-{a + (6-3«)}].

14. 6a- [46- {4a- («rt - 46))].
•

15. 2a-(36 + 2c)-[56-(6c-66) + 5<;-;2a-(c + 26)}}

16. a-[26 + {.3c-3a-(a + 6)} + {2a-(6 + c)}]^

17. 16-{5-2j;-[l-(3-;r)]}.

18. 15a;-{4-[3-5d;-(3j;-7)]}.

19. 2a - [2a - {2a- (2a - 2a -a)}].

20. l6-x-[7x-{8x-<9x-3x-6x)}].

21. 2x-[3y-{4x-{5y-(U~-^y))].

22. 2a - [36 + (26 - c) - 4<; + {2a- (36 - c - 26)}].

23. a- [56- {a- (5c- 2c^ 6 - 46) + 2a- (a - 26+^)}].

84. x*-l4x^-{6ie'-{4x-l)}'] - {x* + ^x* + Gx* + Ax -t- 1).
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VIII. Multiplication.

57. The student is supposed to know that the product
of any number of factors is the same in whatever order the
factors may be taken ; thus 2x3x5 =2x5x3 = 3x5x2;
and so on. In like manner abc=acb=bca, and so on.

Thus also c{a + h) and {a + b)c are equal, for each de-
notes the prsduct of the same two factors; one factor
being c, and the other factor a + o.

It is convenient to make three cases in Multiplication,

namely, I. The multiplication of simple expressions ; II. The
multiplication of a compound expression by a simple ex-
pression; III. The multiplication of compound expres-
sions. We shall take these three cases in order.

58. I. Suppose we have to multiply 3a by 46. The
product may be \^Titten at full thus 3 x « x 4 x 6, or thus
3 X 4 X a X & ; and it is therefore equal to 1 '2ab. Hence we
have the following rule for the miiltipUcation of simple ex-

pressions; multiply together the numerical coefficients

and put the letters after this product.

Thus fot example,

la <Zbc=2\abc,

^axdbx 3c=60ahc.

59. The potcers of the same number are mtdtiplied

together by addmg the exponents.

For example, suppose wo have to multiply a' by a*.

By Art. 16, a^— ax. ay. a,

and a^=axa;

therefore a^ x ar=a xaxaxaxa = a'= a^'*"*.

Similarly, c"*xc^ = cxcxcxcx6'xcxc = (f=c**K

In like manner the rule may be seen to bo trae in any
other case.



26 MUL TIPLieA TION.

60. II. Suppose we have to multiply a + ft by 3. We
have

3(a4-6)=a + t + a + & + a + fc=3a + 36.

Similarly, 7(rt + 6)=7a + 76.

In the same manner suppose we have to multiply a + h

by c. We have
c{a + h)=ca-^cb.

In the same manner we have

3(a-&)=3a-36, l{a-h)^1a-1h, c{a-h)^ca-ch.

Thus we have the following rule for the multiplication

of a compound expression by a simple expression ; multiply
each term of the compound expression by the simple ex-

pression, and put the sign of tlie term before the result;

and collect these results to form, the complete prodvLct.

61. III. Suppose we have to multiply a 4-6 by c + (/.

As in the second case we have

(a + 6) (c + <^) = a(c + fif) + 6(c + cO;

also a(c + d) = ac+ ad, b(c+ d) = bc + bd',

therefore (a + b){c + d) = ac-had+bc + bd.

Again ; multiply a—bhj c-hd.

{a-b){c + d) = a{c+ d)-b{c + d);

also a{c + d) = ac + ad, b{c + d)~bc + bd;

therefore

(a—b){c + d) = ac + ad-{bc+bd) = ac + ad—bc—bd.

Similarly ; multiply a + b by c—d.

{a+b){c-d) = (c-d)a + b) = c{a + b)-d{a+ b)

= ca + cb — {da + db) = ca+cb— da — db.

Lastly; multiply a— b by c~d.

{a-b){c-d) = {c-d)a-{c-d)b;

also (c -d)a-ac- ad, {c-d")b = bc— bd\

therefore

(a - b){c — d) = ac - ad -{bc— bif) = ac-ad-bc + bd.

Let us now consider the last result. By Art 38 we
«pay write it thus,

{,
+ a-b){ + c-d)= +ac—ad- bc + bd.
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We see that corresponding to the +a which occurs

in the multiplicand and the 4- c which occurs in the niulti"

plier there is a term -\-ac'va. the product ; corresponding to

the terms +« and —d there is a term —ad in the product;
corresponding to the terms —6 and +c there is a term
— he in the product ; and corresponding to the terms — h

And — d there is a term + hd in the product.

Similar observations may be made respecting the other

three results ; and these observations are briefly collected

in the following important rule in multiplication : like signs

produce + and unlike signs—. This rule is called the

Rule of Signs, and we shall often refer to it by this iVT'^e.

62. We can now give the general rule for multiplying

algebraical expressions ; multi-phi each term of the multi-

plicand hy each term of the multiplier ; if the terms have
the same sign prefix the sign + to the product, if they

have different signs prefix the sign — ; then collect these

results to form, the com,plete product.

For example ; multiply 2a + 3& - 4c by 3a- 4&. Here

(2a + 3&-4c)(3a-4&) = 3a(2a+ 3?»-4c)-4&(2a + 3&-4c)

= 6a2 + 9a& - 12ac- (8a& + 1262 - 1 etc)

= Ga" + 9a* - 12ac - 8a5 - 12Z>» + 166c.

This is the result which the ruie will give; we may
simplify the result and reduce it to

6a» + ab - 12ac- 126^ + 166c.

We might illustrate the rule by using it to multiply

6 — 3 + 2 by 7 + 3-4; it will he found that on working by
the rule, and collecting the tenns, the result is 30, that is

5 X 6, as it should be.

63. The student will sometimes find such examples as

the following proposed: multiply 2a by —46, or multiply
— 4c by 3a, or multiply — 4c by — Ah

The results which are required are the foUox^ng,

2a X -46= - 8a6,

— 4cx 3a = — 12ac,

-4cx-46= 166c.
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The student may attach a meaning to these operations
in the manner we have already explained; see Article 41

Thus the statement — 4cx — 4fe = 16&c may be under-
stood to mean, that if - Ac occur among the terms of a
multiplicand and —Ah occur among the terms of a multi-
plier, there will be a term 16&C in the product cvrrespond-
mg to them.

Particular cases of these examples are

2ax-4 = -8o, 2x-4=-8, 2x-l = -2.

64. Since then such examples may be given as those
in the preceding Article, it beromes necessary to take ac-

comit of them in our rules ; and accordingly the rules for

multipUcation may be conveniently proscnted thus : *

To multiply simple terms; midtiply together the ntt-

merical coejficients, put the letters after thii product and
determine tJie sign by the Rule of Signs.

To multiply expressions; multiply each term in one
expression by each term in the other by the rule for mul-
tiplying simple terrru, and collect these partial products to

form the complete product.

65. We shall now give some examples of multiplication

arranged in a convenient form.

a +h
a +b
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Consider the last example. We take the first terra in

the multiplier, naiuely d^, and multiply all the terms in the
multiphcand by it, pajing attention to the Rule of Signs;
thus we ol>tain ^a^ — 'ia?b + 5a^b^. We take next the second
term of the multiplier, namely - 2ab, and multiply all the
terms in the multiplicand by it, pajing attention to the
Bide of Signs; thus we obtain — 6a^b + Sa^br — lOal^.

Then we take the last term of the multipUer, namely Sft*,

and multiply all the term3 in the multiplicand by it,

paving attention to the Rule qf Signs; thus we obtain
+ 9a-b--12al^ + l5b\

We arrange the terms which we thus obtain, so that
like terms may stand in the sam.e colum,n; this is a very
useful arrangement, because it enables us to collect the
terms easily and safely, in order to obtain the final result.

In the present example the final result is

3a* - 10a»6 + 22a»&*- 22ab^ + 156*.

66. The student should observe that with the view of
bringing hke terms of the product into the same colunm
the terms of the multiphcand and multipUer are arranged
in a certain order. We fix on some letter which occurs in

many of the terms and arrange the terms according to the

powers qf that letter. Thus, taking the last example, we
fix on the letter a ; we put first in the multiphcand the
term 3a-, which contains the highest power of a, namely
the second power ; next we put the term — 'iab which con-
tains the next power of a, namely the first power ; and last

we put the term 56-, which does not contain a at all. The
multiplicand is then said to be airanged according to

descending powers of a. We arrange the multipher in

the same way.

We might also have arranged both multiplicand and
multipUer in-reverse order, in which case they would be
arranged according to ascending powers of a. It is of

no consequence which order we adopt, but we must take
the same order for the multiphcand and the multipUer.

67. We shaU now give some more examples.

Multiply \+2x-2a^-\-x* bv ai^~2x—% Arra«ge ao
wording to doscendinn' powers oi x.
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a*-Sx*+2x +1

a^-2a; -2

-2a* +6a^-4x-2

a'-Safi +7a^ + 2a^-6x-2

Multiply a'' + b'' + c- — ab — bc —cahya + b + c.

Arrange according to descending powers of a.

a'—ab—ac-i-b^-bc + c^

a + b + c

+ aR) —ab^— abc +b^-b^c + b<^

+ a-c - abc - ac^ + b'c -h<^ + <^

a? -Sabc +b^ +c»

This example might also be worked with the aid c/

brackets, thus,

a^-a{b + c) + b^-bc+c^

a + (b + c)

c^-a-{b + c) + a{b'^-bc-)rc^

+ a2(6 + c)-a(& + c)(6 + c) + (6 + c)(6«-6c + c«)

Then we have a(6'— &c + c*) - a(6 + c) ( 6 + c)

=«{&"- 5c + c" - (& + c) (ft + c)}

= a.{&* - 6c+ c*- (6- + 2?)c + c")}

= a{b*-bc + c-—b'-2bc-c-}= -^dbe;

nnd (6 + c)(&2-6c + c2)=63 + c'.

Thus, as before, the result is a? + ¥ + c^— 3abc.
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Multiply together x-a,x—h,x-c.

x^— ax
— bx + ab

a^—{a + b)x + ab

a: —c

aP—{a + b)a^+ abx
- cx^ + {a + b)cx— ahe

a^— {a + b + c)x' + {ab + ac + bc)x— abc

The student should notice that he can make two exer-

cises in multiplication from every example in whiah the

multiplicand and multiplier are different compound ex-

pressions, by changing the original multiplier into the

multiplicand, and the original multiplicand mto multipUcr.

Th« result obtained should be the same, which will be a

tent of the correctness of his work.

EXAMPLKS. VIII.

Mvl.tiply

1. 2x^ by 4x\ 2. 3a* by 4n\ 3. 2a*6 by 2ai>».

4. Sx'y^z hy 5x*ifz\ 5. 7^V by 7«/V.

6. 4a^-3b by 3ab. 7 .
Sa'-- 9ab by Sd\

8. Sx'-4>/' + 5z"hj 2x'i!

.

9. x'h/^— y^z'^ + z '^x- by x'/i'z ^

.

10. 2xy'z^ + dx-y^z - ox^yz^ by '2xy^z.

11. 2x-yhy 2y + x.

12. 2x^ + 4x'' + 8x + 1 6 by 3a;- 6,

13. !C^ -I- ;i;^ -I- .c - 1 by a; - 1.
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14. l + 4jr-10ar'by l-eJJ + ir*.

15. x*-4x*+Ux-24.hj a^ + 4a+ 5.

16. «* + 4.r' + 5ar-24 by ar*-4a; + ll.

17. a^-'Jx* + 5x + lhj2x'-ix + l.

18. ar» + 6:c' + 24ir + 60 by a;'-6a;2+12a:+12.

19. a?'-2a;2 + 3j;-4 by 4ir3 + 3a^ + 2.»+l.

20. x*-2x^ + 3x^-2x + lhy a* + 2x^ + 2Jf + 2j- I

21. a:^ _ 3^j^ by ar + 3a.

22. a- + 2ax~x'hy a'^ + 2ax+x'.

23. 262 + Sab - a^ by 7^- 5b.

24. a2-a& + 6»bya='+ at-6*.

25. a'-ab + ibi' by a*+ <i&+ 2&'.

26. 4:r* - 3xy - y^ by %x- 2y.

27. ar' — x*y + xy*—y^ hj x + y.

28. 2d:' + 3.ry + 4y''by Sor' + ^a^ + y*.

29. ;c' + y^ — a^ + a; + j/ — 1 by a; + y— 1.

30. x* + 2x^y + 4xY + 6xy^+lGy*hy x-2y.

31. 81a;* + 27 j:*«/ + 9j;V + :^-r;/ + jr* by 3x - y.

32. x + 2y-oz hj x-2y-i-3z.

33. a'— flvF + 6a; + &' by a + 6 + a:.

34. a* + b'' + c*-bc—ca-abhya4-b + c.

35. a^i + 4&X + 46V by a- - 4bx + 4/'V.

36. a2-2rt* + 6- + c- by fl-4-2<zi + 6'-f*.

Multiply the following expressions together

37. x-a, x + a, x^ + a'.

38. x^a, x-^b, x + c.

39. x'-ax + a'', «* + <w + a', «*-nV^«*.

40. iC-2a, ar-a, i; + a, a; + 2a.
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IX. Division.

68. Division, as in Arithmetic, is the inverse of Multi-

plication. In Multiplication we detennine the product
arising from two given factors ; in DiWsion we have given
the product and one of the factors, and we have to deter-

mine the other factor. The factor to be determined is

called the quotient.

The present section therefore is closely connected with
the preceding section, as we have now in fact to undo the
operations there performed. It is convenient to make
three cases in Division, namely, I. The division of one
simple expression by another; II, The division of a com-
poimd expression by a sinrple expression; III. The division

of one compound expression by another:

69. I. We have already shewn in Art. 10 how to
denote that one expression is to be divided by another.
For example, if 5a is to be divided by 2c the quotient lj

5a
indicated thus: 5a-j-2c, or more usually -r-.

It may happen that some of the factors of the divisor

occur in the dividend ; in this case the expression for the
quotient can be simplified by a principle already used in

Arithmetic. Suppose, for example, that I5a% is to be

divided by 65c; then the quotient is denoted by -—r—

.

Here the dividend 15a-6 = 5a'x36; and the divisor

66c=2cx3&; thus the factor 36 occm-s in both dividend
and divisor. Then, as in Arithmetic, w& may remove

this common factor, and denote the quotient by ~;

thus -—f- = - .

&0C 2c
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It may happen that all the factors which occur in th«

divisor may be removed in this manner. Thus suppose, for

example, that 2.Aabx is to be divided by Sfluc

:

24a6a; _ 36 x Sax _
Sax ~ Sax ~

70. The rule with respect to the sign of the quotient

may be obtained from an examination of the casee which
occur in Multiplication.

For example, we have

4a6x3c=12a6c;

^, - \2abc „ 12<z6c ^ ,

therefore . , =3c, —r

—

=4<m>.

4ab'x —3c= — 12abc;

therefore —-—i.
—=-3c, — =4a&.

4ao —3c

— 4a& X 3c= — 12aJc

;

^, . -\2abc „ -I2abc ^ ,

therefore —j-j-= 3c, ——— == - 4ab.
—4ao 3c

—4abx —3c=l2abc;

^, . Uabc _ 12a*c . .

therefore —^ . = — 3c, —-- = — 4ao.— 4:ab -3c

Thus it will be seen that the Rule qf Signs holds m
Division as well as in MultipUcation.

71. Hence we have the following rule for dividing one
simple expression by another: Write the dividend over

the divisor with a line between them; if the expressions

have common factors, remove the common /actors ; prefijc

the sign + if the expressions have the same sign and the

sign — if they have different signs.

72. One power of any number is divided by another

power of the same number, by subtracting the index qf
the latter powerfrom the index qf the former.
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For example, suppose we have to diride a* by a».

By Art 16, cf^a-Kaxaxaxa^

a?=axaxa\

., , c^ axaxaxaxa . ..
therefore -i = =«axa=a*=(r^.

<p axaxa
„. ., •c' c-x-cxe-x-cxcxcxc . ,_.
Similarly :^ = =cxcxc=c"=r *.

In like manner the role may be shewn to bo true in any
other case.

Or we may shew the truth of the rule thus

:

by Art 59, <^x(?=c',

therefore ti=<^. j=c*«

73. If any power of a number occurs in the dividend
and a higher power of the same number in the divisor, the
quotient can be simplified by Arts. 71, and 72. Suppose,
for example, that ^aiP- is to be divided by 8c&'; then the

4a6*
quotient is denoted by ^-tb • The factor 6^ occurs in both

dividend and divisor ; this may be removed, and the quo-

tient denoted by ^; thua^ = ^,.

74. II. The rule for dividing a compound expression
by a simple expression will be obtained from an examina-
tion of the corresponding case in Multiplication.

For example, we have

{a-h)c=ac—hc\

therefore = a—h.
e

(a-6)x -c=— <3c-»-6c;

tbereCiure — =0-6.— c

3—5
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Hence we have the following rule for dividing a com-
pound expression by a simple expression: divide each term
qf the dividend by the divisor, by the ride in the first
ease, and collect the results toform the complete quotient.

For example, = 4a^—3bc+ac.

76. 111. To divide one compound expression by
another we must proceed as in the operation called Long
Division in Arithmetic. The following rule may be given.

Arrange both dividend and divisor according to ascend-
ing powers of some common letter, or both according to

descending powers of some common letter. Divide the
Hrst term of the dividend by the first term of the dimsor,
andptU the result for the first term, of the quotient; mul-
tiply the whole divisor by this term, and subtract the
product from the dividend. To the remainder join as
many terms of the dividend, taken in order, as may be
required, and repeat the whole operation. Continue the
process until aU the terms of the dividend have been
taken down.

The reason for this rule is the same as that for the
rule' of Long Division in Arithmetic, namely, that we may
break the dividend up into parts and find how often the
divisor is contained in each part, and then the aggregate
of these results is the complete quotient.

76. We shall now give some examples of Division
arranged in a convenient form.

a + bjd^^2ab-^l^{^a + b a+5 )a'-6*( a-6
a^ + ab cf-^db

ab + b^ -ab-¥
a* + 62 -oft- 6"

o^-ab ar' + az"

ab-b*

ab-b*
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a?- 2a6+3&2j3a*-10a'&+22a26»- 22aW-i- 15ft\3a*- 4a*+56»

-4<j36 + 13^262 -220^"

-4a36+ 8a26'>-i2a&»

5a26»-10a53 + 15Zi*

Consider the last example. The dividend and divisor

are both arranged according to descending powers of a.

The first term in the dividend is 3a* and the first term in

the divisor is a^; dividing the former by the latter we
obtain 3a2 for the first term of the quotient. We then
multiply the whole divisor by 3a2, and place the result so

that each term comes below the term of the dividend which
contains the same power of a; we subtract, and obtain
— 4a^& + 13o''&'; and we bring down the next term of the
dividend, namely, — 22o6^. We divide the first term,
— 4a'6, by the firet term in the divisor, c^; thus we obtain <

— 4<z6 for the next term in the quotient. We then multiply
the whole divisor by — 4a& and place the result in order
under those terms of the dividend with which we are now
occupied; we subtract, and obtain 5a^&*— lOai^; and we
bring down the next term of the dividend, namely, \Sb*.

We divide ^a'W by a?, and thus we obtain 5&* for the next
term in the quotient. We then multiply the whole divisor

by 5&^, and place the terms as before; we subtract, and
there is no remainder. As all the terms in the dividend
have been brought down, the operation is completed ; and
the quotient is 3a* - 4o6 + &¥.

It is of great importance to arrange both dividend
and divisor according to the same order of some common
letter; and to attend to this order in every part q/* the

operation.

77. It may happen, as in Arithmetic, that the division

cannot he exactly performed. Thus, for example, if we
divide a^ + 2a6+ 2&2 by a+ 6, we shall obt^, as in the first

example of the preceding Article, a + 6 in the quotient,

and there will tMn be a remainder b". This result is ex-
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pressed in ways similar to those used in Arithmetic ; thus

we ma; saj that

that is, there is a quotient a 4- 6, and a fractional part —r .

In general, let A and B denote two expressions, and
suppose that when A is divided by B the quotient is q, and

the remainder R; then this result is expressed algebrai-

cally in the following ways,

A=qB + R, or A-qB=R,ARAB
"'b^^'^b'

°' b-^=5-

The student will observe that each letter here may re-

present an expression, simple or compound; it is often

convenient for distinctness and brevity thus to represent

an expression by a single letter.

We shall however consider algebraical fractions in sub-

sequent Chapters, and at present shall confine ourselves to

examples of Division in wluch the operation can be exactly

performed.

78. We give some more examples

:

Dividear'-6x»4-7^ + 2:c»-6j?-2by H- 2ar - 3^ + ;r«.

Arrange both dividend and divisor according to de
Bcendiag powers of x.

<r'-3ar' + 2ar*4- afi

-2x* t-6^-4j-2
— 2aJ* +6jj;*— 4ar-l
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Divide a» + 63 + c*- 3aic by a + 6 + 6.

Arrange the dividend according to descending powers

of a.

«+ & + <;ja» -•^ahr + lfi^<?{a^-ab-ae-k-lf^-'bc-h<^

-a'b
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Diride a:'-(a + 6 + c)^ + (a6 +« + 6c>-aft<; by x-c.

— (a + b)x^ + {ab + ae + bc)a;— abe

— (a + b)x'' + {a + b)cx

abx — ab<k

abx —abc

Every example of Multiplication, in which the multi-
plier and the multiplicand are different expressions, will

furnish two exercises in Division ; because if the product
be divided by cither factor the quotient should be the other
factor. Thus from tho examples given in the section on

.

Multiplication the student can derive exercises in Division,

and test the accuracy of his work. And from any example
of Division, in which the quotient and the divisor are
different expressions, a second exercise may be obtained
by making the quotient a divisor of the dividend, so that
the new quotient ought to be the original divisor.

Examples. IX.

Divide

I. \5x^\)^Zx\ 2. 24a8by-8rt^ 3. 1Sa-y by 6.e^y.

4. 24a*6Vby -3«'-6V. 5. 2(ia*h*x*f h^ Hl^^j^y

.

6. 4a;3- S.ir'+ 1Qx by Ax. 7. 3a* - 1 2a^ + 1 oa^" by - 3<i'.

8. a^- 2x^y^ + Axy* hy xy.

9. - 1 Sa^&s _ 3^252 + 1 2rti by - Sab.

1 0. GOd^b^c' - 4Sa'b*c^ + 36a*6V- 20a*c« by Aabc*.

II. a;2-7;r+12 by a?-3. 12. a?2+ a;-72 by ar ^-9.

13. 2x^~x^+'3x-9hy 2x-3.
14. 6;i^+14.f»-4ar + 24 by 2.r-*-6.

15. 9j:3 + 3.??» + a;-l by3jr-l.

16. 1xf>- 2Ax? + 58ar- 21 bv Ix - ^.
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17. ar«-lbya;-l. 18. a3-2afc» + 63 by a-&.
19. «*-81?/^by a;-32/.

20. x'^ — 2ijfiy + '2x^y^— xy^ hy x—y.
21. x^-y^hj x-y. 22. o^ + 325' by a+ 2&
23. 2a* + 2'Jab^ - 815" by a + 36,

24. a:'+ ar*2/ + a;5y^ + a;2?/» + «?/^ + ?/* by a^+2/*.

25. x^ + 2x*y + 3a^'-x'y^-2xy*-Sy^hy x'-y'.

26. ar*-5a;3^11^_12^ + 6 by .r*-3:c+ 3.

27. x* + x^-9x^-l6x-4hj x^ + 'ix + 4,

28. ar*-13^ + 36 by ar' + 5a? + 6.

29. i»* + 64by .r' + 4a? + 8.

/so. a^ + 10a?2 + 35jr' + 50jp + 24bya^ + 5a?+ 4.

. 31. J?* + af3-24j7--35a7 + 57 by ar2 + 2a;-3.

32. l-x-Sx^-a^hj l + 2x-¥ai'.

33. ar«-2jr' + l byar'-2j-+l.

34. a* + 2a^l^ + 95* by a^ -2ab + 35*.

36. a« - 5« by a^ - 2a^5 + 2a52- 5*.

• 36. a7« + 2a;^-4a:'»-2a73+12a^-2.r-l by «''+ 2jp-1.

37. a;^ + 2a:^ + 3,!r* + 2a?2+l by jr*-2.r^ + 3J7'-2j>+l.

38. a?" + ar«-2byd?* + jr*+l.

39. a^— (a ^-b + c)T' + {ab + ac + bc)x- dbe
by ,r*-(a+ 5)a? + a5.

40. a^x*'-\-{2ac-W)j^-^c^'b-s as^-hx-^c.

41. x*—x^y — a!y^ + y*hya^ + a!y + y^.

42. a?^— 3^-2/^— 1 by a?-?/- 1.

43. 49:*''' + 21a:2/ + I2yz - I6z^ by 7x + 3y- 4z.

44. a2 + 2a5 + 5''-c^ by a + 5-c,

45. a3 + 85^ + <^-6a5c by a^ +W + c^-ac-2ab-2i>c.

46. o^+3a*6 + 3a5"'»+-53 + c3bya+5 + c.

47. a^(b + c) + ¥{a- c) + c^{a-b) + abc hj a + b + c.

48. a:3_2oa;2 4.(a9 + aJ_&9)a;-a'5 + a5^byar-a + 5.

49. {x + yf-2{x + y)z + z'hjx + y — z.

50. {x-*-y?-^ 3 (.?• + i/)^ z + S{x + y)z^ + z^

by (a; + t/)' + 2(a; + y).2r + «*.
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X. Chneral Restdts in Multiplication,

79. There are some examples in Multiplication which
occxir 80 often in algebraical operations that they deserve

especial notice.

The following three examples are of great importance.

a +b
a +b
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For example, the result (a + 5)(a-6)=a2-&' is proved
to be true, and is express^ thiifl by symbols more com-
pactly tha* by words.

A general result thus expressed by syiabols is often

called a./orrmda,

81. _ We may here indicate the meaning of the sign ±
which is made by combining the signs + and — , and which
is called the double tign.

Since {a + b)-=a^ + 2ab + b\ and {a-'bf=a''-2ab + b',

we may express these results in one formula thus

:

{a:hbf=a'±2ab + b-,

where ± indicates that we may taks either the sign + or
the sign — , keeping throughout the upper sign or the

kncer sign, a ± 6 is read thus, " a flus or minus fc."

82. "We shall devote some Articles to explaining tlie

use that can be made of the formulae of Art. 79. We shall

repeat these formulse, and v.umber tfiem for the sake qf
easy and distinct reference to them,

{a + bY =(^ + 2ab +P (1)

(a-&)3 =a»-2a6 + &» (2)

(a + b){a-b)^a^-b* (3)

83. The formulce will sometimes be of use in Arith-

metical calculations. For example ; required the uifference

of the squares of 127 and 123. By tho formula (3)

(127)'-(123)» = (127 + 123)(127-123)-250x4 = 1000.

Thus the required number is obtained more easily thnn

I't would be by squaring 127 and 123, and subtracting the

second result fi'om tho first.

Again, by the fonnula (2)

(29)2 = (30- 1)2= 900 -60 + 1=841 ;

and thus the square of 29 is found mcir.? ca^^ily thr.n by

Tnultiplying 29 by 29 directly.

Or suppose wo have to multiply 53 by 47- »

By the formula (3)

53 X 47 = (50 + 3)(50 - 3) = oOf - :'''
"- 2.-.0J - 9 -- 24.^1.
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84. Suppose that we require the square of 3<» + 2^.
"We can of course obtain it in the ordinary wav, that is by
multiplying Zx + 2y by 3ar 4- 2y. But we can also obtain it

in another way, namely, by employing the formula (1).

The formula is true whatever number a may be", and what-
ever number 6 may be ; so wo may put 3^ for a. and 2y
for b. Thus we obtain

{Zx + 2y)» = {Zxf + 2 (3x 2y) + {2yf = 9a:*+ 12ja/ + 4y*.

The beginner will probably think that in such a case he
does not gain any thing by the use of the formula, for

he will believe that ho could have obtained the required
result at least as ear/ily and as safely by common work
as by the use of the formula. This notion may be correct
in this case, but it wiU be found that in more complex
cases the formula will be of great service.

85. Suppose wo require the square of x + y + z. De-
note x + yhj a.

Then x + y + z=a-hz; and by the use of (1) we have

(a+zf=a?+2az + z^'^{x-*-y)^+ 2{x+y)z-^3fl

= a^+ 2xy-V3^+ 2xz + 2yz + z\

Thm{a!+y + zf=x^ + y^->rt^ + 2xy + 2yz-\'2xz.

Suppose we require the square oi p — q-^r — s. Denot*
p — qoy a and r-* by 6; t]xenp—q + r — s = a + b.

By the use of (1) we have

(a + &)»= a» + 2a6 + 6» = Cp-g)' + 2(_p-j)(r-») + (r-*>».

Then by the use of (2) we express (p-q)* and (r-ff.

Thu3(^-<7 + r-*)'

=p'^-2pq + q^ + 2(j»--ps-qr + qs) + r'-2rt-^^

=p^+ q'^ + r' + s*-\-2pr + 2qs-2pq-2ps~2qr^2rs.

Suppose we require the product of p—q-^r—i aoA
p — q — r-\-s.

hQip—q = a and r— *= 6; then

p-q-¥r—$=a-^h, and /?-{? — r + »= a-6.
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Theo by the use of (3) we have

{a-^h){a-h) = d*-h*={p-qf-{r-tfi
and by the use of (2) we have

{p~q + r-8){jp-q-r-ifa)-p*— 2pq + q*-{T'-2rg-^f)
=p*+ §*— r*—«— 2pj' + 2r«.

86. The method exhibited in the preceding Article
is safe, and should therefore be adopted by the beginner;
as he becomes more famihar with the subject he may
dispense with some of the work. Thus in the last example,
he will be able to omit that part relating to a and b, and
simply put down the following process;

{p-q-irr—s){p-q-r +s)-{p-q + {r-s)]{p — q-{r-s)\
= {p-qf-{r-sf=p^-2pq + q^-{r^-2rs + ^)

=p*— 2pq + qf^
— r^ + 2rs— ^;

or more briefly still,

(^p-q+r-s){p-q-r + s)={p-q)^-{r-s)*
= v'^-2pq + q^— r^+ 2r8-A

But at first the student wil probably find it prudent to

go through the work fully as in the preceding Article.

87. The following example will employ all the three

formulae.

Find the product of the four factors a + b+ c, a + b — c,

a — b + c,b + c-a.

Take the first two factors; by (3) and (1) we obtain

{a+b + c){a + b-c)={a + bf-c^=a^ + 2ab + b^-c'.

Take the last two factors ; by (3) and (2) we obtain

{a-b+c)(b + c-a) = {e + (a-b)}{c-ia-b)}

= c»-(a-6)» = c*-a» + 2a&-6».

We have now to multiply together a*

+

2ab + 6^- c* and
c»-a2 + 2aZ)-&2. We obtain
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={2a6+ {a' + b'- c^)} {2aft- (o«+ &»- e*)}

=(2a&)«-(a» + 6'-c«)2

= 4a«&»- {(a»+ &2)2_ 2 (a^ + ft2) c» + c*}

- 4a«&»- a*- 2a2&» - 6* + 2aV + 263c3- (?•

= 2a26»+ 263c»4-2aV-a*-ft»-c*.

88. There are other results in Multiplication which are

of less importance than the three formuke given in Art 82,

but which are deserving of attention. We place them here
in order that the student may be able to refer to them
when they are wanted; they can bo eaaUy verified by
actual multiplication.

(a+ 6)»= (a + 6) (a* + 2a6 + &2) = o3 ^ 3^2ft + 3aft»+ ^^

(a-bf= (a~b){a^-2ab + b^) = a^-3a'b + 3ab^-l^,

(a+&+ c)' = a3 + 3a»(6 + c)+3a(6 + c)2 + (6 + c)3,

=a3 + 3a2(& + <-) + 3a(6' + 26c + c2) + &» + 3&»c + 3^:»+ c3

= a^+ lP + c^ + Sa.^b + c) + 3b^{a + e) + 3c\a + b) + 6abc.

89. Useful exercises in Multiplication are formed by
requiring the student to shew that two expressions agree in

givmg the same result For example, shew that

{a-b){b-c){c-a) = a^c-b) + lfiia-e) + c'{b-a\

If we multiply a — & by 5 — c we obtain

(lb — b^— etc + be;

then by multiplying this result by c— a we obtain

cab - cb^— ac^ + be* - a'b ^- atfl+ a^c - abCy

thatia a2{c-6) + 6'(a-c)+c>(&-a).

Again; shew that (a- 6)* + (ft- c)* + (0-0)*

»=2(«;-6)(c-a) + 2(?)-a)(6-c) + 2(a-6)(a-c).
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By Tuiiig formtila (2) of Art. 82 we obtain

= a*- 2aJ + &^ + &* - 26c + c- + c^ - 2a«+ a'

= 2(a'+ &*+ c'-a5-a<;-&c).

And {c—h){c—a) = <?—ca— cb-irdb,

(b — a){b—€) = ll'-ba — be + ac,

{a~b){a—c) — a*— ab—ac + bc;

therefore (c—b)(c—a) + {b— a){b— c) + {a— b){a-c)

= o^ + b'* + <:^—ab— ac-bc;

therefore {a—by + (b—cY + {c-af
= 2(c-6)(c-a) + 2(6-<i)(6-c) + 2(a-&)(a-c>,

Examples. X.

Apply the formulseof Art. 82 to the following sixteen

examples in multiplication

:

1. {15x+Uyy. 2. {lx*-5y')\

.3. {af + 2a-2y. 4. {x'-dju + iy.

5. {2x'-3x-'if. 6. {x + 2y + 3af.

7. {x*+ xy + y'){a^+ xy-y').

8. {x'+ xy + y^ix'-ipy-i-y^

9. {aT' + xy+ y*){x*-.vy-y').

10. {x' + xy-y^)i3:^-.r;.)-i-'^^).

11. yaf' + '2jr + 3x+l){jp-2ay + 3x~l).

12. {x-sy(x^ + ex + 9). 13. (a+6)'(a»-2a6-6»).

14. {2x + 3y)* {'lx'+l2jsy-9y'},

15. {ax+ 6?/) ((^ar- by) (aV f ?>V>

16. (ax + hyj^ {ax - byf.
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Shew that the following results are true

:

1 7. (a' + fc») (c* + d') ^{ac-^bcTf + iad- be)''.

18. (a + 6 + c)» + a= + 6' + c» = (a + 6)'' + (& + c)* + (c+a)P.

19. {a-b){b~c){c-a)-bc{c-b) + ca{a-c) + ab{b-a).

20. {a-hf + V-a^=^ab{b-a).

21. (a + 6 + c)2-a(& + c-a)-6(a+ c-6)-c(o + 6-c)
=2(a» + ?/» + c«;

22. (a* + a6 + 6'/- (a'- oi + ft^)'

=

^ab (a»+ ft').

23. (a + & + c)«-a»-y'-c»=3(a + fe)(6 + c)(c + a).

24. (a + & + c)-(a5 + 6c + ca) = (a + &) (6 +• c) (c + a) + oic.

25. (a + &)(6 + c-a)(c + a-&)
= a(i» + c»-a») + &(c» + a»-6»).

26. (a + 6 + c)3-(6 + <;-a)3-(a-& + c)3-(a + &-c)'
= 24a6<;.

27. (a + & + c)' + (a + 6-c)'' + (a-& + c)' + (6 + c-a)*
= 4(a' + 6*+ c»).

28. (a + 6)» + 2(a»-6») + (a-6)» = (2a)».

29. {a-bf + {b-cf + {c-af^'i{a-b){b-c){c-a).

30. (a-6)3 + (a + 6)'+3(a-6)»(a+6) + 3(a + 6)»(a-6)
= (2a)«

31. (a + 6)'(6 4- c— a;(c + a- &) + (o - 6)'(a + 6 + cXa + 6 - c)

= 4aAc*.

32. a(6 + c)(&' + c'-a») + 6(c + a)(c-+ a''-6*)

+ c (a + &) (a* + 6' - c")= 2a6c (a + &+ c).

33. {a-b){x-a){x-b) + (f}-c){x-h){x-c)
+ {c-a){j;-c)(x—a) = {a—b){b— c){a—€).

34. (<i + 6)3 + (a + <;)2 + (a + rf)« + (6 + <;)3 + (6 + rf)» + (<; + rf)2

= {a + b + c + d)- + '2{a- + b^- + (^-^d^.

35. {(<M; + 6y)2 + (rti/-6j-)-j{(</a- + />y)«-(<rv + M'}

36. {oy - bzf + (a« - cxf -f (6ir - ait)- + (ox + 6y + c^ )-

= (a» + ft"-' + f') (u;- + y- + z»).
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XI. Factors.

SO. Tn the preceding Chai^ter we have noticed somo
general ru-sults in Multiplication ; these results may also be
regarded in connexion with Division, because every ex-

ample in Multiplication furnishes an example or examples
in Division. We shall now apply some of these results

to find wliat expressions will divide a given expression, or
in other words to r-esolve expressions into theirfactors.

91. For example, by the use of formula (3) of Art. 82
we have

a*-¥ = {a'+V'){<i'-¥)^{a? + h'^){a + h){a-b)-

a«- 6»= (a* + ¥) (V - &*) = (a* + &*) (a^+ V) {a + b){a- b).

Hence we see that a^ — b^ is the product of the four
factors a* + h*, a^ + b^, a + b, and a— b. Thus a* -6* is

divisible by any of these factors, or by the product of any
two of them, or by the product of any three of them.

Again,

(a2 4- a& + &2) (a" -ab + b'^) = {a^ + 6= + ab) {a? + b" - ab)

= (a2 + &2)2_ [abf = a* + IcC-b"- + b^- a^p'= a* + a^V' + ft-*.

Thus «''+rt-62 + &* is the product of the two factors

a- + rt& + 62 and a^ — ab + b"^, and is therefore divisible by
either of them.

Besides the results which we have already given, we
shall now place a few more before the student.

92. The following examples in division may be easily

verified.

x-y '

= ^ + 2/,x-y
a^—y^= x^ + .cy ^r9f,x~y

and so on.
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Also

— =x-y,

x + y

X
and so on,

Also
J

= 1,

= SB^-xy-i^y^,

=ar* - a?y + :^y^ - jr//' + y*,

£+y
a; + y

x-^y

a!*Tfy»

x + y
and so on.

The student can carry on these operations as far u
he pleases, and he will thus gain confidence in the truth of

the statements which wo shall now make, and which are

Btrictly demonstrated in the higher parts of larger works
on Algebra. The following are the statements:

«" — y" is divisible by ar— y if n be any whole number

;

a;"— y" is divisible by a: + y if n be any even whole number;

a^+ y" is divisible by x + y if n be any odd whole number.

We might also put into words a statement of the forms
of the quotient in tho three cases; but the student will

most readily learn these forms by looking at the above
examples and, if nccessarj', earning tho operations still

farther.

"We may add that ar" + y" is never diWsible by ar 4 y or

x-y, when n is an even whole number.

93. The student will be assisted in remembering the
results of the preceding Article by noticing the simplest
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case in each of the four results, and referring otfier cases
to it. For example, suppose we wish to consider whether
^—\p is divisible by x—y or by x->ry\ the index 7 is an
odd whole number, and the simplest case of this hind is

x—y, which is divisible by ar— y, but not by an-y ; so we
infer that x' -y'' is divisible \>^ x — y and not by x+y.
Again, take af— y^; the index 8 is an even whole number,
and the simplest case of this kind ia a^—y\ which ia

divisible both hy x— y and x + y; so we infer that a^— y*

is divisible both hj x—y and x+y.

94. The following are additional examples of resolving
espressions into factors.

afi-y^={x^ + y^){x^-y^
= {x + y)(x^-xy + y'^{j!-y){x!*+xy + y^:

86»-27<:'= (2&)'-(3c)3 = (25-3c){(26)2 + 26 X 3<;+(3c)*}

4{ab + cd)*-{a* + b*-c»-d»y=

{2 (a6 + erf)+ (a» + 6*- c»- fiP)} {2 (oft + erf) - (a*+ 6"- <^- (f)

={2(a> + 2cd + a^ + b^-c^-d^}{2ab + 2cd-a'>-l^ + <fl+d^

^{{a+bf-ic-d^^iic + d^'-ia-bY}
={a+b+c-d){a+b-e+d){a-b + e+d){b+e-^d—a).

95. Suppose that (ar"- 5afy + 6y^ (a;- 4y) is to be divid-

ed by a;*— 7a;y+12y*, We might multiply a^—5xy + 6f/'

by x— 4y, and then divide the result by x^~7xy + l2y^.

But the form of the question suggests to us to try if

x— 4y is not a factor of a^—7xy+12y*; and we shall find

that x*-1xy + l2y'^={x- 3y) {x- iy). Then

(x'—Sxy + ey^ {x - Ay) _ aP - 5xy + 6y*

{x-Sy){x-iy) " x-Zy '

and by division we find that

a^-6a^+ 6y*
-=a?-2y.

4—j9
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96. The student with a little practice will be able to

resolve certain trinomialii into two binomial factors.

For we have generally

(j; + a) (a; + 6) = a* + (a + 6) ar + o5

;

suppose then we wish to knuw if it be possible to resolve

x' + 7:r + 12 into two binomial factors; we must find, if

possible, two numbers such that their sum is 7 and their

product is 12; and we see that 3 and 4 are such numbers.

Thus
^2 + 7a; + 12 := (a? + 3) (a; + 4).

Similarly, by the aid of the formula

we can resolve as*— 7aj + 12 into the factors (x -3){x— 4).

And, by the aid of the fonnula

ix + a){x-b) = x'^ + (a-b)x-ab,

we can resolve a;^ + ar- 12 into the factors (x + 4){x~ 3).

We shall now give for exercise some miscellaneoud
examples in the preceding Chapters.

Examples. XI.

Add together the following expressions:

1. a{a + b-c), b{b + c— a), c(a + c-b).

2. a(a-6 + c), b{b—c + a), c{c-a + b).

3. a(a—b + e+d), 6(a+6— c + rf), cia + h + e-d),

d{-a + b+c + d).

4. 3a-(46 -7c), 36 -(4c -7a), 3<;-(4a-76).

6. 9a- (56 + 2c), 96- (5c + 2a), 9c -(5a + 26).

6. ia+b)x + {a + c)y, (b-c)x + (b-c)y,

(c-a)a; + (6-a)y.
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7. {x-«){a-¥h)-^{z-y){a-'b\ (a! + y)a + (* + z)i>,

{y-z)a+{x-y) b.

8. {a-b)x+Q)-c)y-^{c-a)z,

a{y + z) + b{z + x) + c{x-hy), ax+ by + cz.

9. 2{a + b-c)x + {a + b)y + 2az,

2(a + c-b)x+{a + c)y + 2bz, 2{b + c-a)x + {b + c)y + 2cz.

10. a*-{a-b + c){a + b-c), b*-{b-a + c){b + a-c),

c*— (c— a4-6)(c + a-6).

Simplify the following expressions

:

11. a-2{b + 3a)-3{b + 2{a-b)}.

12. {a + b)ib + c)-{c + d){d+a)-{a + c){b-d).

13. 4a-[2a-{2b{x+ y)-2b{x-y)}'].

14. {x+b){x + c) — {a + b + c){x + b) + a'' + ab + b* + 3ax.

15. a-[5b-{a-3{c-b) + 2c-{a-2b-c)}].

16. 5a-7(6-<:)-[6a-(36 + 2c) + 4<;-{2a-(6 + c-a)}3.

17. (a;+ 3)»-3(a?+2)* + 3(a: + l)»-a:».

18. {x + yf + {x + yYy + {x + y)y*- {3x'y + 5/x + 2y*}.

19. {l+x)* + {l + xfy + {l + x)y^ + y*

-{3x{x+l) + y{y + l) + 2xy + l}.

20. a{b+cy+b{a + c)*+c{a + bf + {a-b){a + c){b-c)

-(a+6)(a-c)(6-c)-(a-&)(a-c)(6 + c).

2j
(g + 6)(a + c)-(& + gO(fl?-Kc)

a-(i

22.
a'-3ab + 2b* a*-'jab+l2b''

a— 2b a— 3b

„, Sc^-la^-Sab' + Sb? 6a'-26a*b + 40ab*-20P

24.

a+& a—b

18 (?>c* ^- gg* -f-aZ>^- 12 (^*c + c*g 4- a*&)-19a&c

!,. 2a -36
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Divide

25. af^ + y'- 2x^y* by (*- y)".

26. ««+ y« + 2.rV by (x+yy.

27. (a»-3a»i + 5aJ»-36»)(a-26)bya»-3a* + 2&«.

28. (ic'-9a;V + 23ary2-15y3)(ar-7y)bya?«-&ry + 7y*.

29. cfi->-a*b* + b^hy(a^-ab + ¥)(a^+ab + V).

30. a'-V> + a'b\a*-b*) by (a*-aft + 6«)(a*+a6 + 6^.

31. 4a26' + 2(3a* - 26*) -db{5a*- 1 16*) by (3a - 6) (a -f 6>

32. («'-3« + 2)(a;-3)byar«-5a? + 6.

33. {x'-3x-^2){x + 'i)hj j^+ x-2.

34. (a»+ar4-«2)(aS + aJ)by a* + aV+a?*.

36. (a<+a'6» + 6<)(a+6)bya»+a6+B».

36. 6(jr' + o') + ax(«*-a^ + a'(ar + a)by (a + 6)(«+a\

Resolve the following expresaions into factors:

37. ar2 + 9.r + 20. 38. ar»+llar + 30.

39. i»»-15«4-50. 40. a:2-20a;+ 100.

41. a!»+ ;r-132. 42. ar2-7x-44.

43. a;*- 81. 44, a:* +125.

46. «»-256. 46, a^-64.

47. a» + 9a6 + 206«. 4a ar» - 1 3;ry + 42y".

49. (a + 6)'-llc(a + 6)+ 30c».

60. 2(«+y)»-7(«+y)(a + 6) + 3(a+6)",

Bbew that the following results are troe:

61. (<i + 26)a»-(6+ 2a)6»-(a-6)(a + 6)».

62. a(a-26)»-6(6-2rt)» = (a-6)(a + 6)».
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XIL Cfreatest Common Measure.

97. In Arithmetic a whole number which divides
another whole number exactly is said to be a measure of
it, or to measttre it; a whole number which divides two
or more whole ntmibers exactly is said to be a common
measure of them.

In Algebra an expression which divides another ex-

pression exactly is said to be a measure of it, or to measure
it; an expression which divides two or more expressions
exactly is said to be a common measure of them.

98. In Arithmetic the greatest (y)mmon m,easure of

two or more whole numbers is the greatest whole number
which will measure tbem all. The term greatest common
measure is also used in Algebra, but here it is not very
appropriate, because the terms greater and less are sel-

dom applicable to those algebraical expressions in which
definite numerical values have not been assigned to the
various letters which occur. It would be better to speak
of the highest common m.casure, or of the highest common
divisor; but in conformity with established usage wo
shall retain the term greatest common m.easure.

The letters q.c.m. will often be used for shortness

instead of this term.

We have now to explain in what sense the term is used
in Algebra.

99. It is usual to say, that by the greatest common
measure of two or more simple expressions is meant the
greatest expression which icill measure them all; but
this definition will not be fully understood until we have
given and exempUfied the rule for finding the greatest

common measure of simple expressions.

The following is the Rule for finding the g.c.m. of

simple expressions. Find hy Arithmetic the q.c.m. oJ
the numei'ical coefficients ; after this number put every
letter which is common to ail the expressions, and give
to each letter respectively the least index which it has
in the expressions.
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100. For example; required the G.c.sr. of 160*6% and

lOa^M. Here the numerical coefficients are 16 and 20,

and their g.cm. is 4. The letters common to both the

expressions are a and h ; the least index of a is 3, and

the least index of h is 2. Thas we obtain -ia't- as the re-

quired G.O.M.

Again; required the g.cm. of ^a^c'-xr'yz^,^ \2a*hcxh/^,

and 16a^c^;r'-^^ Here the numerical coefficients are 8,

12, and 16; and their g.cm. is 4. The letters common to

all the expressions ai-e a, c, x, and y; and their least indices

are respectively 2, 1, 2, and 1. Thus we obtain 4a-cu'^ as

the required g.cm.

101. The following statement gives the best pnictical

notion of what is meant by tiie term greatest common
measure, in Algebra, as it shews the sense of the word
greatest here. When two or more expressions are dirided

by their greatest common measure, the quotients hare no

comm,on measure.

Take the first example of Art. 100, and divide the ex-

pressions by their g.cm.; the quotients are 4^ac and 5bd,

and these quotients have no common measure.

Again, take the second example of Art. 100, and
divide the expressions by their, g.cm.

;
the quotients arc

2b\'x^z^, 3aV)>/", and 4ac^!/^, and these quotientf^ have no

common measure.

102. The notion which is supplied by the preceding

Article, with the aid of the Chapter on Factors, «ill enable

the student to determine in many cases the g.cm. of com^
pound e.rpre^sions. For example; required the g.cm. of

4a'{a + b)* and Qab{a^-V*). Here 2a is the g.cm. of the

factors Aa^ and 6a6; and a + b is a factor of {a + h)* and
of d^ — b'\ and is the only common factor. The proiiiict

2a{a + b) is then the o.c.m. of the given expressions.

But this method cannot be applied to complex ex-

amples, because the general theory of the resolutitni ol

expressions into factors is beyond the present stage of

the student's kuowlodgo; it is therefore necessary to adopt
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another method, and we shall now give the usual definition

and rule.

103. The following may be given as the definition of

the greatest common measure of compound expressions.

Let two or more compound expressions contain powers
of some com,mon letter; then the factor <f highest di-

mensions in tliat letter ichich divides all the expressiona
is called their greatest common measure.

104. The following is the Rule for finding the greatest

common measm-e of two compound expressions.

Let A and B denote the two expressions; let them,

he arranged according to descending powers of some
common letter., and suppose the index of the highest

power of tliat letter in A not less than the index of the

highest power of that letter in B. Divide A by B;
then make the remainder a divisor and B the dirideyid.

Again make the new remainder a divisor and the pre-
ceding divisor the dividend. Proceed in this way until

there is no remainder ; then the lost divisor is the

greatest omnnon measure required.

105. For example; required the s.c.M. of a:*-4<c + 3
and 4.^3 _ 9.^,2 _ 15^ +18.

a;2_4^ + 3j 4.p3_ 9^2_i5^+18 (^4^ + 7

4.^3-16.2?' + 12a;
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106. The rule which is given in Art 104 depends on
the following two principles.

(1) If P measure A, it will measure mA. For let

a denote the quotient when A is divided by P; then
A=aP; therefore mA=maP ; therefore P measures
mA,

(2) If P measure A and B, it will measure mA^nB.
For, since P measures A and B., we may suppose A = aP,
and B'=^bP; therefore mA ±nB= (ma :i=nb)P; therefore

P measures mA ± iiB.

107. We can now demonstrate the rule which is given
in Art. 104.

Let A and B denote the two ex- B) A ( p
prcssions. Divide A hy B; let p pj]
denote the quotient, and C the re-

mainder. Divide B by C; let q de- CJ B K^q

note the quotient, and D the remain- qC
dcr. Divide C by D, and suppose
that there is no remainder, and let r D) C (,r

denote the quotient rP

Thus we have the following results

:

A=pB+C, B^qC-^D, C=rD.

We shall first shew that P is a common measure of

A and B. Because C=rD, therefore D measures C;
therefore, by Art. 106, D measures gC', and also qC+D;
that is, D measures B. Again, since D measures B and C,

it measures pB+C; that is, P measures A. Thus P
measures A and B.

We have thus shewn that P is a common measure of

A and B; wo shall now shew that it is their greatest

common measure

By Art 106 every common measure of A and B mea-

sures ^ -/>P, that is C; thus every common measure o^

A and B is a common raca.sure of B and C. Similarly,

every connnon measure of B and C is a common measure
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of G and D. Therefore erery common measure of A and
^ ia a measxire of D. But no expression of higher dimen-
sions than Z> can divide D. Therefore D is the greatest

common measure of A and B.

108. It is obvious that, every measure qf a common
measure of two or more expressions is a common m,easure

of those expressions.

109. It is shewn in Art. 107 that every common
measure of A and B measures D; that is, even/ cohim.on

m,easure of two expressions measures their greatest com-
mon measure.

110. We shall now state and exemplify a rule which
is adopted in order to avoid fractions in the quotient ; by
the use of the rule the work is simplified. We refer to the

Chapter on the Greatest Common Measure in the larger

Algebra, for the demonstration of the rule.

Before placing a fresh term in any quotient, we Tnay
divide the divisor, or the diridend, by any expression

which h/is no factor which is common to the expressions

whose greatest common m.easure is required; or, we
may mrdtiply the dividend at such a stage by any ex-

pression which has no factor tliat occurs in the divisor.

111. For example; required the q.c.m. of 2a;' — 7a;+5
and Sx^-lx + 4:. Here we take 2a^— 'Jx + 5 as divisor;

but if we divide 3x^ by 2x^ the quotient is a fraction ; to
avoid this we multiply the dividend by 2, and then divide.

2j?2-7ar+ 5; 6.r2-14r-)- 8 <3

6j:2_21j;+15

7a:- 7

If we now make 7;» — 7 a divisor and 2a;' — 7a; + 5 the
dividend, the first term of the quotient will be fractional

;

but the factor 7 occurs in every term of the proposed
divisor, and we remove this, and then divide.
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x-\) 2a?»-7a? + 5 (,2j;-6

2x'-2z

—6a! + 5

Thus we obtain «— 1 as the q.o.m. required.

Here it will be seen that we used the second part of

the rule of Art. 110, at the beginning of the process, and
the first part of the rule later. The first part of the rule

should be used if possible ; and if not, the second part. We
have used the word expression in stating the rule, but in

the examples which the student will have to solve, the
factors introduced or removed mil be almost always ni4r

mericalfactors, as they are in the preceding example.

We vdW now give another example; required the g.o.m.

oi2sC^-lx^-Ax'^ + x-4: and Zx*-\ia?-2x''-Ax-\Q.

Multiply the latter expression by 2 and then take it for

dividend.

2;jj*-7ar'-4;c* + x-4; Qx*-22x^- Ax'^-Sx-22 (3

&ai^-2la^-\2x'^ + Zx-\2

- «»+ 8j:*-lla:-20

We may multiply every term of this remainder by - 1

before using it as a new divisor ; that is, we may change
the sign of every term.

T»-8»»-t-llir+ 20^ 2jr'- 7;c»- 4^ + x-AK2x + 9

2.r*-16ar3 + 22x- + 40j;

9j^-2Qx^- 39«- 4

9aT*-72j:2+ 99j;+180

46ar«- 138a?- 184

Here 46 is a factor of every term of the remainder; we
remove it before using the remainder as a now divisor.
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«*-3a?-4ja;'-8^+ll;K + 20 Kx-b

-5aP+ 15^ + 20

Thus x^-ix~A\R the g.c.m. required

112. Suppose the original expressions to contain a

common factor F, which is obvious on inspection ; let

A = aF and B= bF. Then, by Art. 109, i^ will be a factor

of the a.CM. Find the g.c.m. of a and b, and multiply it

by F; the product will be the g.c.m. of A and B.

113. We now proceed to the Q.c?k. of more than two
compound expressions. Suppose we require the g.c.m. of

three expressions A, B, C. Find the g.c.m. of any two of

them, say of ^ and B; let i> denote this g.c.m.; then the
g.c.m. of Z> and C ^vi^ be the required g.c.m. of A, B, andC.

For, by Art 108, every common measure of D and Cis
a common measure of ^4, B, and C; and by Art. 109 every
common measure of ^, B, and C is a common measure of

D and C. Therefore the g.c.m. of D and C ia the g.c.m.

of^, jB, and C.

114. In a similar manner we may find the g.c.m. of

four expressions. Or we may find the g.c.m. of two of

the given expressions, and also the g.c.m. of the other two

;

tlien the g.c.m. of the two results thus obtained will be
the G.cii. of the four given expressions.

Examples. XIL

Find the greatest common measure in the following

examples

:

I. 15ar*, 18a;». 2. I6a^-b^, 20a-b'^.

3. S6x*y^z\ ASx^y'z*. 4. SSd^l^x^y*, 49a^b*x*i^.

5. 4{x + iy, 6(0^-1). 6. 6(a:+l)3, 9{a!^-l).
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7. 12(a» + &7, 8(a«-&*). 8. af--y\ x*-zA

10. ar'-9aj+14, a:*- 11:j? + 28.

11. a^ + 2;r-120, aP'-lx-^^i.

12. a^-15ar4-36, a;'-9j7-36.

13. ar'+ 6ar' + 13:2;+12, ^ + 7j;2 + 16a: + 16.

14. a^-9;2;» + 23;»-12, a^- 100;" + 28a;- IS.

15. ic3-29a; + 42, a;S + ^j^_ 35^ + 49

16. aj3-41«-30, a:3_ii^s^25a; + 25.

17. a!^ + 7*'+17a; + >5, a?3 + 8j:»+ i9,r+ 12.

la a:3_ioar' + 26«-8, «8-9a:' + 23a;-12.

19. ^{a?-x->r\\ 3(a?* + «2 + l).

30. SCa^'-ar + l), 4(a;«-l).

21. 6ar=+ a!-2, 9a:3 + 48a;» + 52a;+ 16.

22. ««-4a;= + 2a:+3, '2j^-^a?^\2z'-n.

2a ar*+ a:*-6, a?*-3a;'' + 2.

24. «'-2ar' + 3a?-6, a?* - a;3 _ a;5 _ 2j;.

25. ar*-l, 3a^ + 2ar* 4- 4a;3 + 2^?" + a;.

26. a:* -9^;*- 30a; -25, a"4-ar*-7a;' + 5a;.

27. 35a;'+ 47a;2 4-13a?+l, 42a?« + 41a;3_9^_9j,_l^

28. a:*-3ar' + 6a?*-7a>' + 6A---3a?+l,

a:^- ar> + 2ar» - a;3 + 2x- - ar + 1.

29. 2a;*-6a:3 + 3a;«-3a; + l, a:^-3a:*-i-ar*-4a!2-i- l2a;-4.

30. j:»-1, .r"' + a;»+a;» + 2^74-20;* + 2jr' + jr' + dr + L

31. «»-3a;-70, ar3-39a; + 70, a:»-48a;+ 7.

32. a^~xy-l2y^, x^ + 50y + 6y*.

33. 2a;« + 3aa; + a», 3a;' + 2aa;-a»

34. «'-3a»j;-2a', ar»-aar»-4a*.

86. 3a;"-3a;V + ^*-y'. 4a?»y - -''-ry" + y*
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XIIL Least Common Multiple.

115. In Arithmetic a whole number which is measured
by another whole number is said to be a multiple of it ; a
whole number which is measured by two or more whole
numbers is said to be a common multiple of them.

116. In Arithmetic the least comm.on multiple of two
or more whole numbers is the least whole number which
is measured by them alL The term least common mtdtiple

is also used in Algebra, but here it is not very appropriate;

see Art 98. The letters l.o.m. will often be used for

shortness instead of this term.

We have now to explain in what sense the term is used
in Algebra.

•
117. It is usual to say, that by the least common mul-

tiple of two or more simple expressions, is meant the least

expresnon which is measured by them, all; but this defi-

nition will not be ftilly understood until we have given and
exemplified the rule for finding the least common multiple

of simple expressions.

The following is the Rule for finding the L.C.M. of

simple expressions. Find by Arithtnetic the l.c.m. qf the

numerical coefficients ; after this number put every letter

tchich occurs in the expressions, and give to each letter

respectively the greatest index which it has in the etO'

pressions.

118. For example; required the L.cjd. of 16a*ftc and
^Qa^h^d. Here the numerical coefficients are 18 and 20,

and their ucm. is 80. The letters which occur in the ex-

pressions are a, b, c, and d; and their greatest indices are

respectively 4, 3, 1, and 1. Thus we obtain SOa^b^cd as the

required UCM.

Again ; required the L.O.M, of SaWc^afyx?, I2a*bcar^,

and 16aVa%*. Here the li.CM. of the numerical coefficients

is 48. The letters which occur in the expressions are

a, b, c, X, y, and z; and their greatest indices are respec-

tively 4, 3, 3, 5, 4, and 3. TAus we obtain 48a*5Vaj'y*^ as

the required l.c.m.
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119. Tlic following statement gives the best practical

notion of what is meant by the term least common multiple

in Algebra, as it shewp the sense of the word least here,

When the least common multiple of two or more exprea-

tions is divided by those expressions the quotients have no
coTnmon measure.

Take tli« first example of Art. 118, and di\ide the l.c.m.

by the expressions; the quotients are 5if^d and 4ac, and
these quotients have no common measure.

Again; take the second example of Art. 118, and divide

the L.c.M. by the expressions ; the quotients are Sa^cy^,

^c-x'l/z^, and 'SalPa^z^, and these quotients have no com-
mon measure.

120. The notion which is supplied by the preceding
Article, with the aid of the Chapter on Factors, will enable
the student to determine in many cases the l.c.m. of cotn-

po2ind expressions. For example, required the l.c.m. of

4a'{a4-hf and 6abid^-b^). The l.c.m. of 4a* and Gab is

12a'^b. Also (a + h)* and a--b^ have the common factor

a + b, so that {a + b){a + b){a — b) is a multiple of (a + 6)*

and of a^— b^ ; and on dividing this by {a + b)* and a* — b* we
obtain the quotients a — b and a + b, which have no common
measure. Thus we obtain 'i2a^b(a + b)*{a—b) as the re-

quired L.C.M.

121. The following may be given as the definition of t?ie

L.C.M. of two or mx)re compound expressions. Let two
or more compound expressions contain powers of some
common letter; then the expression of lowest dimensions
in that letter which is measured by each of these expres-
sions is called their least common multiple.

122. We shall now shew how to find the L.C.M. of two
compound expressions. The demonstration however will

not be fully undei-stood at tlie present stage of the student's
knowledge.

Let A and D denote the two expressions, and D their

greatest common me^wure. Suppose A=^aD. and B — bD.
Then from the nature of the greatest common measure, a
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and h have no common factor, and therefore their least

common multiple is db. Hence the expression of lowest
dimensions which is measured by aD and bD \& ahD. And

Hence we have the following Rule for finding the l.o.m.

of two compound expressions. Divide the product of the
expressions by their g.c.m. Or we may give the rule thus

:

Divide one of the expressions by their g.c.m., and mul-
tiply the quotient by the other expression.

123. For example; required the l.c.m. of a^—Ax-^-3
and 4.p^ — 9;^^ — 15a; + 18.

The G.C.M. is a;— 3; see Art. 105. Divide a;^— 4ar + 3
by x — Z; the quotient is x — \. Therefore the l.c.m. is

{x — l){'^ — 9x' — \bx+\S); and this gives, by multiplying
out, Ax^-\ 2,x^ - Qx^ + 33x- 18.

It is however often convenient to have the l.c.m.

expressed in factors, rather than multiphed out. We
know that the g.c.m., whicu is x — Z, will measure the ex-
pression 4:a? — 2x*—\5x-\-\S; by division we obtain the
quotient. Hence the l.c.m. is

(x - 3) (.^ - 1) (4.c» + Zx - 6).

* For another example, suppose we I'equire the L.O.M. of
2x'-Ix+ o and Zx^— 7x + 4:.

The g.c.m. is a;— 1 : see Art. 111.

Also {2x^-7x + 5)-i-{x-l)=:^2x-5,

and {Zx^-7x + i)~{<ii-V^Zx-A.
Hence the l.cm. is

{x-l){2x-5){3x-4).

Again; required the l.c.m. of 2x*-'Ix^—4x^ + a!— 4.,

and 3J?*-ll;c3-2j;'-4a?-16.

The g.c.m. is x^-Zx—A:-. see Art. 111.

Also

{2x*-1afl-4x^ + x-'i)^{.T^-3x-4) = 2x*-x-i-l,

and

{3a^-Ux^-2x^-4x-lQ)'(-{x^-Sx-i) = 5x'-2x+ 4.

I. A. 5
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Hence the l.c.m. is

(ar» - 3a; - 4) (2a;" - a; + 1 ) (3ar3- 2a; + 4).

124. It is obvious that, every multiple of a common
multiple of two or more expressions is a common multiple

of those expressions.

125. Every common multiple of two expressions is a
multiple of their least cmnmon multiple.

Let A and B denote the two expressions, M their

L.C.M. ; and let iV denote any other common multiple. Sup-
pose, if possible, that when N is divided by M there is a
remainder i2 ; let g denote the quotient. Thus R —N— qM.
Now A and B measure M and N, and therefore they mea-
sure R (Art. 106). But by the nature of division .^ is of

lower dimensions than M; and thus there is a common
multiple of A and B which is of lower dimensions than

their li.c.M. This is absurd. Therefore there can be no
remainder R; that is, iVis a multiple of AF.

126. Suppose now that we require the l.c.m. of three

compound expressions, A, B, C. Find the l.c.m. of any
two of them, say of A and B; \e.i M denote this l.c.m.

;

then the l.c.m. of M and C mil be the required l.c.m. of

A, B, and C.

For every common multiple of M and (7 is a common
multiple of A, B, and C, by Art. 124. And every common
multiple of A and 5 is a multiple of M, by Art. 125 ; hence
every common multiple of 31 and C is a conmion multiple

of A, B, and C. Therefore the l.C'.m. of M and C is the

l.c.m. of a, B, and C.

127. In a similar manner we may find the L.C.M. of four

expressions.

128. The theories of the greatest couiiuon measure and
of the least common multiple arc not necessary for the

subsequent Chapters of the present work, and any dilH-

culties which the student may find in them may bo post-

Doned until he has read the Tlicory of Equations. The
ex.uinples however attached to the preceding Chapter and
to the present Chapter should be carefully worked, on ac-

count of the exercise which they afford in all the funda-

mental processes of Algebra.
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Examples. XIII.

F!Tid the least common multiple in the following ex-
amples:

1. Aix^h, Qab^. 2. \2d^b"c, \Sa¥c^.

3. 8aVy, 12iVy. 4, {a-bf, a?-b\

6. 4rt(« + 6), Qb{a^ + U'). 6. a^-ft^, a^-ft".

7. J7^-3x-4, x^-x-\2.

8. a;^ + 5iF*+7a; + 2, ar^ + Ga^ + S.

9. 12jr2 + 5d;-3, Qx^-^x'^-x.

10. x'-Gx^ + llj^-G, ir3_ 9^2^.26^7-24

11. a^-lx-Q, a?3 + 8j;' + 17^ + 10.

12. ai^ + 3? + 2x^ + x-ir\, x*-\.

13. a/*-2a^-2x^ + Sx-4., a?* - 5,r* + 20*- 16.

14. d;^ +aV + a*, x'^-aa^—a^x-\-a\

15. 40(36%, 6a63c''i, I8a-6cl

16. B{a*-V), 12(tt + &f, 20{a-bf.

17. 4 (a + 6), 6(a2-&2), 8(a* + 6-').

18. 1.5(a='6-a6''), 21 («=*-«&*), 35(a6»+ 6»).

19. A-2-1, d;3+l, x^-l.

20. .^;'-l, a-^ + l, a:^ + l, u^~l.

21. oj^-l, a;=*+l, a;'-l, a;«+l.

22. :c'' + 3a; + 2, a:2 + 4.r + 3, ;r'4-.5^ + 6.

23. X- + 2X-3, ay^ + Sx^-x-3, x^ + Ax^+ x-6.

24. ^jt' + G^'+IO, .r^-\9x-20, :c^-15.^-50.

5

—

2
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XIY. Fractions.

129. In this Chapter and the following four Chapters
we shall treat of Fractions; and the student will find that
the rules and demonstrations closely resemble those with
which he is already familiar in Arithmetic.

130. By the expression -r we indicate that a unit is

to be divided into h equal parts, and that a of such parts

are to be taken. Here r is called a fraction; a is called

the numerator, and b is called the denominator. Thus
the denominator indicates into how many equal parts the
unit is to be divided, and the numerator indicates how
many of those parts are to be taken.

Every integer or integral expression may be considered

as a fraction with unity for its denominator j that is, for

a , b + c
= -, & + .=—.

131. In Algebra, as in Arithmetic, it is usual to give

the following Rule for expressing a fraction as a mixed
quantity: Divide the numerator by the denominator, as

far as p&snble, and annex to the quotient a fraction
having tJie remainderfor numerator^ and tJie divitor for
denominator.

„
,

24a „ 3a
Examples. -y- = 3a + y .

a^ + 5ab 2ab
7- =a+—J.

a+b a+b

=« + 3 +
x'-3x + 4 ar'-3.r + 4

x-2
or =*+3-^3^^.
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The student is recommended to •pa.j particular atten-

tion to the last step ; it is really an example of the use of

brackets, namely, +{ — x + -2)- -{x-2).

132. Rule for multipljing a fraction by an integer.

Either multiply the numerator by that integer, or divide
the denominator hy that integer.

Let £ denote any fraction, and c any integer; then

will =- X c = — . For in each of the fractions ^ and -r- the

unit is divided into & equal parts, and c times as many
. , 1 . ac . a ^ ac . ,. a

paints are taken m -r as m i- ; hence t" is c times r-

.

This demonstrates the first form of the Rule.

Again; let j- denote any fi^ction, and c any integer;

then will r- x c = , . For in each of the fractions r-
oc h he

and T the same number of parts is taken, but each part

in r is c times as large as each part in r- , because in

r- the unit is divided into c times as many parts as in

a . a . ,. a
I ; hence r isc tmies -,-

.

b be

This demonstrates the second form of the Rule.

133. Rule for dividing a fraction by an integer. Hither
multiply the denominator by that integer, or divide the

numerator by that integer.

Let T denote any fraction, and c any integer ; then

will ;-=-<;= IT-' For ^ is c times j-, by Art. 132; and
b be b be' •'

therefore i- is -th of ?-

.

DC c 9

This demonstrates the first form of the Rule.
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Again; let -r- denote any fraction, and c any integer

then will j^-^c-j^. For tt is c times v, by Art. 132;

and therefore , is -th of -r-

.

DC
This demonstrates the second form of the Rule.

134. If the numerator and denominator ofanyfrac-
tion be mtdtiplied by the same integer, tlte value of the

fraction is not altered.

For if the numerator of a fraction be multiplied by any
integer, the fraction will be multiplied by that integer;
and the result will be divided by that integer if its de-
nominator be multiplied by that integer. But if we multiply
any number by an integer, and then divide the result by
the same integer, the number is not altered.

The result may also be stated thus: if the numerator
and denominator of any fraction be divided by the same
integer, the value of the fraction is not altered.

Both these verbal statements are included in the alge-

braical statement v- = r- .

6 be

This result is of very great importance ; many of the

operations in Fractions depend on it, as we shall see in the

next two Chapters.

13.5. The dcuionstrationa given in this Chapter are

satisfactory only when every letter denotes some positive

whole number ; l)ut the results are assumed to be true

whatever the letters denote. For the groimds of this

assumption the student may hereafter consult the larger

Algebra. The result contained in Art. 134 is the most
important; the student will therefore obsene that hence-

forth we assume tliat it is alicays true in Algebra that

i.
=

f~i whatever a, />, and c may denote.

.-1 1 •,- r ,
a —a

For example, if we put — 1 for c n e liarc ,
-- - . .

b ~b
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So also
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XV. Reduction of Fractions.

138. The result contained in Art. 134 will now be
applied to two important oper^ons, the reduction of a
fraction to its lowest terms, ancrlhe reduction of fractions

to a common denominator

137. Rule for reducing a fraction to its lowest terms.
Divide the numerator and denominator of the fraction
by their greatest common mcamire.

For example; reduce ,,3

,

to its lowest terms.

The G.c.M. of the numerator and the denominator is

Aa^l^ ; dividing both numerator and denominator by 4a'6',

we obtain for the required result -7-.. That is, ~r, is
bbd obd

equal to 3.3 , , but it is expressed in a more simp;

fonn ; and it is said to be in the lotcest terms, because 1

cannot be further simplified by the aid of Art. 134.

Again
;
reduce

^;^g^2:ri^^:i^8 ^° ^^ ^^^'^^^ ^^^^^'

The G.c.M. of the numerator and the denominator is

a— 3; dividing both numerator and denominator by a—

3

we obtain for the required result —5—;
.

In some examples we may perceive that tlie numerator
and denominator liave a common factor, witliout using tlio

rule for finding the g.c.m. Thus, for example,

(a-by-c* _ {a-b + c){a-b-c) _ a-b + e

a*—{b+cy~ {a+b + c){a-b-c)~ a+b+e'
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138. Rule for reducing fractions to a common denomi-
nator.* Multiply the numerator of each fraction by
all the denominators except its own. for the numerator
corresponding to that fraction; and midtiply all the
denominators togetherfor the common denominator.

For example ; reduce r , , , and ^ to a common de-^ id' f
nominator.

a _ adf c _ df^ e _ ehd

b'Fdf d~dbf' f~fhd'

Thus ^r-j-. , —., and -2ir-3 are fractions of the same
odf abf fbd

value respectively as -r , -5 , and ^ ; and they have the

common denominator bdf.

The Rule given in this Article wiU always reduce frac-

tions to a common denominator, but not always to tlie

lowest common denominator ; it is tlierefore often con-

venient to employ another Rule which we shall now give.

139. Rule for reducing fractions to their lowest com-
mon denominator. Find the least common multiple of
the denominators, and take this for the common denomi-
nator; thenfor the new numei'ator corresponding to any
of th^ proposed fractions, midtiply the numerator of that

fraction by the quotient which is obtained by dividing
the least commoji mtdtiple by the denominator of that

fraction.

For example ; reduce — , — , — to the lowest com-
yz zx xy

mon denominator. The least common multiple of the de-

nominators is xyz; and

a ax
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Examples. XV.

Reduce the following fractions to their lowest terms:

ma^b-y' ' 2ab ' ' a^-ab

*•
5a'-x-l5ay^'' 5{a--b'y dh^'

a;2 + 6;» + 5* ' x- — 1x—\^'

^ laP'-^-x-Xh a^¥{a-v-b)x->rah

21.

2a;2— 19;i; + 35' ' J^ + (a + c) x + ac"

a;'-(a + &)jT + qb 33:*4-23ar-36

a^+ (<;-a)a;-ac"
"'

4a:' + 33d:-27'

(•c + &)' - (a + f)' J.-^ + .r + lO'

^^-10^+2^1 ;g" + 93; + 20_

X' + x- 42 6JC^-J_l£+^

12;r^ — o.r' + 5a; — 6

'

' "
a:' — 2aj;" + 2a-x— «*

2j^-5x--8x-IG .^^ x^-:^a'x + 2a^

23
^-8-^-3

24 ^^^^1-
x*-Tx^+l'

'

x* + a-a^+a^'

x^-x'^-lx + S ,.
3j?* - 14x*^ 9x + 2

j;-' + 2 j.'^ + 2j: - 1

'"'''

2^:^-9^:3^14^.4.3
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a?'' + J7* + ct^ + JT + 1 j;' + a-V.v

31. —^—i—

•

32. .- ,;., .

Reduce the following fractions to their lowest common
jnominator

:

33. 1, '. d-,. 34. ' 5 .
4x' da^' 12x3- x+l' 4x + 4' a?^-l'

a a? a' aa?

j7 — a' a—x^ XT' —a" c^—j^'

36 « ^ «?-
^'^

37.

38.

39.

40.

^ a; 3 4^ 5
ar-r (J--1)*' ^+r (a? +1)2' ^^y*

g rt + «• ax
x — a^ ar'+ajF + a" x'-a^'

1 1_ a?

tfi — ax + a^^ ar^ + ax + d^ ^ x* + a'^ap' -t-^'

1 1

«^-(a + &)a: + a& ' x'-{a + c)x + ac'

1

x*-{b + c)x + bc

'
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XVI. Addition or Subtraction of Fractions.

140. Rule for the addition or subtraction of frac

tions. Reduce the fractions to a common denominatr/r

then add or subtract the numerators and retain the com
mon denominator.

a + c , a— c

Here the fractions have already a common denominatoi

and therefore do not require reducing

;

a + c a-c _a + c + a— c _2aT *" ~r
~

b b
'

_, 4a-3& , , 3a-4b
From — take .

c c

4a-Sb _ 3a -4b _ 4a-3b-{Sa-4b)

c c c

_ 4a-3b-3a + 4b _a + h~
c c '

The student is recommended to put do\ni the work i

full, as we have done in this example, in order to eusui

accuracy.

Add
^i;

to —r.
a+o a—b

Here the common denominator will be the product

a+ 6 and a—b, that is a--b

.

c _c{a-b)^ c _ c{a + b)

a + b~ a--b^ ' a-b~ a--b'^
'

nm c c c c(a-b) + c{a+b)
TLerefore —^ +—, = -^^ 5—r5a + b a—b a^—V

ca-cb + ca + cb ica

a'-6» ~a*-i*"
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„ a + b , , a—b
From i take j

.

a— o a + b

The common denominator is a'— 5".

a+ b _ (a+ bf _ a-b _ {a-by
a-b~ a"-b^ ' a +b~ d--¥'

mu c a + b a— b (a + b'f-(a—bf
Therefore

j , = ^ '^~-}- L
a — b a + b a^—b^

a^+2ab + b--(a^-2ab + b^) 4ab

a^-b^ ~a^^^'

„ x+1 , . 4aj2-3.r+2
r rom -3—: take

Bj Art. 123 the l.c.m. of the denominators is

{x-l)(x-3){4x^- + 3x-6)',

x + 1 _ (.-g + l)(4^^ + 3.r-6)

x^-4x + 3~ {x-l){x-3){'ix' + 3x-6y

4x^-3x + 2 _ {4:X^-3x + 2){jr-l)

ia^-9x^-15x+lS~ {x-l){x-3){'Li^+ 3x-Qy

Therefore ^"^^ 4.:^-3.r + 2

_
(a;+l)(4;g' + 3;c-6)-(4:c'-33r + 2)(a;-l)

{x-l){x-3){'ix' + 3x-6)

4â + 7a^-3x-Q-'{4:ar-7x^ + 5x-i,)

{x-l){x-3){4x^+ Zx-6)

14ji^-8x-4

"(a?- 1) (x--i){4x''-+-6x-6)

'
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141. We have sometimes to reduce a mixed quantity
to a fraction; this is a simple case of addition or sub-
traction of fractions.

_ , b a b ac h ac + b
Examples. a+ - —- ¥ =-- + -= .

c I c c c c

2ab a 2ab a{a-^b) 2ab a*+3ab
a + b \ a + b a + t a + b a + b

x-9. x + S x-2
a + 3 5 ;: .

= —;
r, r

~ a;2-3;c + 4 a?-Zx-\-4

_ !t?-Zx-\-\^~{x-2) _ SI?-bX-»r\2-X-^2 _x^-^x+\\
~ 3^-^x^-^ ~ x^-Zx-v^ ~

a!"-3dr + 4
"

142. Expressions may occur involnng both addition

and srubtraotion. Thus, for example, simplify

a ah a-

a + b
•" a^^' ~ a^+¥

'

Til© L.G.M. of the denominators is {a^—lr){a--t-l^X

that is a* - 6*.

a a{a— b) {a- + b'^ _ a* - a^ + a-b^ - ab^

a+b~ '^^^'
~

a*-b* '

_ab _ah{c^ + b^) a^b + atx"

a*
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Q* ... a o o
.jmplity

(^_ft)(^_c) + (&-c)(6-a)"^(c-a)(c-&)-

The begriimer should pay particular attention to this

example. He is very liable to take the product of the
denominators for the common denominator, and thus to

render the operations extremely laborious.

The second fraction contains tlic factor h- a in its de-

nominator, and this factor difiFers from tlie factor a-bs
which occurs in the denominator of the first fraction, only

in the sign of each term ; and by Art. 135,

^ h

{h-c}{b-a)~ {h-c){a-b)'

Also the denominator of the tliird fraction can be put
in a fonn which is more convenient for our object; for by
the Ride of Signs we have

(c-a)(c-6) = (a— c)(6 — c).

Hence the proposed expression may be put in the form

a b c
^

(a—b){a—c) {b— c){a— b) {a— c)(b-c)'

and in this form we see at once that t!io l.c.m. of the de-
nominators is (a— b)(a — c) [b — c).

By reducing the fractions to the lowest common deno-
liiinator the proposed expression becomes

a (b — c) — b {a — c) + c {a — b)

(a-b){a-c){b-6) '

., .. ab— ac — ab+bc + ac — hc ^,
Miat IS —-, j^ r--f r— that i.s 0.

{a-b){a — c){b-c) '

14;{. In this Cliaptor we liavc shc.vn how to combine
two or more fractious into a single fraction; on the other
hand we may, if we please, break up a single fraction into

Ivvo or more fractions. For example,

Zbc-Aac + ^itb _ Zbc Aac 5ah _ 3 4 5

ale abc abc abc a b o'
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Examples. XVL

Find the value of

2. —i + —n, •

a—o a + o

^ a b
3. T H 7 .a—o a+o

4 -^ ^.
a— & a+6rill

5. ^ + — + -T •

PC ac ao

fi ^ +-?^D. r 5 o •

a; + 2/ nr-y^

1 + 3« _ l-3a!

r^^^ l+3i'

8
^

x{a—x) a{a— x)*

a b

2a-2b~ 2b-2a'

a 3a 2ax
10. +

9.

a—x a + tc a^— x^'

a-2b b-3c 4ab + Sb»
^^' ~3c~ 2a "^ 6ac '

a—b 2a «^ +^
^^' 'T ^ a-b~ d'b-l?'

2b -a b-2a Sx{a-b)

3 6 _2ar-7
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,, 1 S 2x

16- 1+ i- J—T*.

,_ a + a; a— x a^— x*
17. —— +

i—^.
a — x a + x ar + ar

18 _1 2
^

1

a;+l a; + 2 a; + 3"

19. _^_J:!L^^.
ar— 1 x + 1 x— 2

-- 4« a?— w x + y
20. 4- ^

21. a?-

22. a;-

x + y oc— y
a? X

x— \ x+l'

«* X
a; + l x—1

23. -i-+-l--?.
a;—a a;4-a x

24. ^ + -i^4-^'^'

25.

26.

27.

28.

29.

a—6 + 6 a^—h*'

«
. a; a;

T5—T + + .

ar-1 x—l x+l

a ^a 2ax
a-x a + x~ a^+ a^'

3
1 x+\0

2J7-4 a; + 2 2a;3^.8'

2 a:-3 a;*

a: + 4 a^-4a?+16 ' a;^+64'

1 1 1

'^fi^^ {x + af {x-af
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a^ + ax+ a^ a^ — aje + a*
30.

31.

x^ — a? jc^ + a^

a^' + y^ _ _af y*

ay xy + y^ x^ + xy'

„„ x^-2x + 3 x-2
32. 5 —- + -r-

x^+l x'^-x + 1 X + l'

33 _J 2 1

(a!-3)(a:-4) {x-2){x-4) (ar-2)(«-3)*

34.
l^^__,-^3_^.+

1

a?(j7+l) a7(jr + l)(jF + 2) a?(x + 2)'

1-2j: .r+1 1

3(ir'-jr+l) 2(^^ + 1) 6(x + ir

36. -, ^7-0 +— + ^
x'^—xy + y^ x + y x^ + y^

1 a?—

w

xy — 2j^
37. + . -^—, + '^-.—J-

.

x — y nr + xy + y* is^ — y^

38. Z^^-^-^^-L,. 2
x- + ir+l .r^-jr + l flf* + jr*+l*

a + 6 o— & 2(rt'x+?)%)
3g ^ 4. _j ?_:

,

ax + by ax—by a^x^ + b'*^y'

.« 2j7 I 1
40. ^

—

-r—r- o . .
4-

41.

d?'' — jT-'+l ar — .r+l .r' + a^+l*

1 2 3

x^-lx+U x^-4x + S X--5X + 4'

1 1 4a 2a
42. +

x+ a x—a x'^ — a" x^ + a''

1 1 _ _26_ _ 4y

_J -^- +-i —
x—3(i x + ^a x + a x-a'
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'*,, 1 4 6 4 1

45. ^ i + - - -^-r +

46.

47.

a-2b a—h a e0k-b a+ '2h

c c

{x-a){a-b) {x-h)ip-a)

a h

{x-a){a-h) {x-b)(p-a)'

48. ; r-, 7T +

49.

50.

{x-a){a — b) {x— b){b — a)'

1 1

(a - 6) (a- c) "*(&- a) (6 -c)*

6 a

{a-b){a-c) {b-a){b-c)'

1 1 1_
^^- {a-b)(a-c)'^ (fi-a){b-c)'^ {c-a){c-by

1 1 1_
* a(a-b)(a — c) b{b—a){b-c) abc'

a^ b^ c'
53. -, TTl ^ + Pi TTi^ -N

+

54

55.

56.

{a-b){,a-c) {b-a){b-c) {c-a){c-b)'

I + 1

ss^—ia-¥b)x+ ab x'^-{a + c)x + ac

1

jfi— (b + c)x + bc'

x+c x+b
x^— {a + b)x + ab x''-(a + q)x + ac

x + a

x^—(b + c)x + bc'

1 1

{a-b){a-c){x-a) {b-a){b-c){x-b)

1

(fi-^a){c-b){x-c)'

6—2
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XVII. Midtiplication of Fractiong.

144. Rule for the multiplication of fractions. Multi-
ply together the numerators for a new numerator, and
the denominatorsfor a new denominator.

14.5. The following is the usual demonstration of the

d c
Rule. Let j- and -, be two fractions which are to be

a

multiplied together ; p\xtj-=x, and -,= ?/; therefore

a = bx, and c = dy

;

therefore ac — bdxy
;

divide by fed?, thus hd~^-

But ^ =6^^'

therefore r x -, = =-,.
b d bd

And ac is the product of the numerators, and bd the
product of the denominators; this demonstrates the Rule.

Similarly the Rule may be demonstrated when more
than two fractions are multiplied together.

146. We shall now give some examples. Before multi-
pljing together the factors of tlie new numerator and the
factors of the new denominator, it is advisable to examine
if any factor occurs in both the numerator and denomi-
nator, as it may be struck out of both, and the result mil
thus be simplified ; see Art 137.

Multiply a by -

.

a a b ab

lie c

Hence a- and — are equivalent; so, for example,

4f = ¥;and!(2:»-3) =?^.
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Mult;
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therefore

(a b
^
\(a b \ a- „ U' , a" &'.

The two results agree, for i-„ + -^+ 1 = ——57^ ,

Multiply together
\^f,,

L^', and ft + ^-^^.

We might multiply together the first two factors, and

then multiply the product separately by h and by —— , and

add the results ; but it is more convenient to reduce the

mixed qucmtity & -f r—- to a single fraction. Thus

, ab _ b{l-a) + ab _ b

I— a ~ l-a ~ \-a'
Then

1-ffl'' ^ l-&^ ^ _b_ ^ {\-a}){\-¥)h _ Ij-ft

h-^-¥^ a'^a'^^ \-a~b{}. + b)a{l+a){\-a)~ a '

147. As we have already done in former Chapters, we
must here give some results which the student must as-

sume to be capable of explanation, and which he mi7«t use
as rules in working examples which may be proposed See
Arts. 63 and 135.

Multiply



EXAMPLES. XVIL 87

Examples. XVIL

Find the value of the following

:

, 2a 6&C „ a2 h^ c«

36 5o^ be ac ab

efb ¥c ^ x + l x + 2 x-l
a?y y'^z z^x

'

' x—\ a? — \ {x + 2)'

8.

10.

xa

Xha \a xj \ J\ a)

(-»45)('-.i#5)-

x{a—x) a{a + x)

a''+ 2a.c +^ «'-2«.c + :f""

x^—y^ ar' + ?/2 ar + y
«* + 2a:V+ y* x'^—xy + i/'^

a^—y''

x*-(a + b)x+ab a?—<?

3i?—{fl-¥c)x-hac a? — b^'

J J
x^->rxy

^^
f X y\

x^+if \x-y x-¥y)'

\bc ac ab aJ \ a + b + c/

,„ ^x* o' X a ,\ fx a\

\a'' or a X J \a xj

\a X b yj \a X b yj

x' -'lx + l x'-4x + 4: a:*-6a; + 9

^-5a; + 6
'^
«*-4a; + 3

'^
a:*-3;» + 2*
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XVIII. Division of Fractions.

148. Rule for dividing one fraction by another. Invert
the divisor and proceed as in MultiplicatiGn.

149. The following is the usual demonstration of the

Rule. Suppose we have to dinde r by j; put f = ^i

and-5 = y; therefore

a = hx, and c = dy;

therefore ad = bdx, and be— bdy ;

ad _ bdx _ X

be
~ bdy ~ y

'

T> * * a c
But _..,.2,= _^^;

... a c ad a d
therefore T-^j=i— = t'<-.

b d be be
150. We shall now give some examples.

Divide a bv -

.

* c

a a b _a c _ae

Dmde iftbyg-.

3a 9a _3a 8c _ 2c x 12a _ 2<-

4&"*'8c ~4& '*9a~36xl2a~36'

„. ., ab-l^ , '•^

Divide ; rrj by
{a + by ' a^-V

ab-¥ 63 ab-b' a*-b^
X

{a + by rt^^p {a + by b^

b(a-b){a + b)ia-b) (a-by
b^ia + by ^b(a + b)'
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151. Complex fractional expressions may be simplified

by the aid of some or all of the rules respecting fractions

which have now been given. The following are examples.

Simphfy 1^^ +—̂ } ^ |— -— I

.

a + b a-b _ {a + bf + {a-b)'^ _ 2a?-\-2b'^

a-b^a + b" {a-b){a + b) ~ a^-V' '

a+ b _ a-b _ (a + by- (a- b)'' _ 4ab

a-b a + b~ {a-b){a + b) " a^-W

2^ + 2b^ ^ 4ab _ 2a^ + 2b^ a^-b'^ _ «» +W
a^-yi ' a?-b''~ a^-b'^

""

Aab ~ ~2ab~

'

In this example the factors a— b wad a + b are muUi-
plied together, and the result a^-b"^ is used instead of

\a + b){a—b)', in general however the student will find it

advisable not to multiply the factors together in the
course of the operation, because an opportunity may occur
of striking out a common factor from the numerator and
denominator of his result.

Simplify
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Find tho value of ( r^ r )
— ^ when x=— rr.

\2x~bJ o-x a+b
2ab a 2ab-a(a + b) ab—a^2x-a= r- ,

= V = 5-;a+b 1 a+b a+b

_, _2a5 b _ 2ab-b{a + b) ab-¥
~ a+b \~ a+b ~ a+b

'

Therefore
^^^'^ =

^^~^' ^ ^- ? = «^-«'
^ «±^

2:c-?) a + 6 " a + b a + b cib-V^

db — a* a{b — a) a
~ ab-b^~b{a-b)~~h'

therefore
(|5|J

==(-«)'=
^1.

a ab a(a + b)—ab a'
Again, a-x=- 7= j- = ——, ;^ ' 1 a + b a + b a+ b

X _^ ab b{a + b)-ab _ &*

~i a + b^ a + b a + b'

-,, , a-x a' b' a* a + b a*
Therefore t— = —, -=- , = —-r x -jj- = v^

.

b— x a + b a + b a+b cr 0*

_,. , /2x-aY a-x a* a*
Therefore I r )

- ^ = vi — 75 = 0.
\2x-bJ b-x &* &»

152. The results given in Art. 147 must be g^ven
again here in connexion with Division of Fractions.

„, a c ac , a c ac
Since ^x-^=.-^, and -^x-=-^;

ac c a , ac c a
we have -^4.-^^-^, and -^-5-^=-^.

... a c ac ,

Also since ~^'<"~;/=o» ^® '^^^^

ac <^ _ <*

bd'^~d~ b'
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EXAMBLES. XVIII.

Divide

1,1 ^ 6(«&-?;^) . 2&«

^ a' — 4a;* , a' — 2<3W?
5. -^

—

-— by —
-,

.

6- i;;?-^ by
x^-y^ x' + xy + y''

7 ——-:3TVj by
d;3 + y^ -^ x^-xy^r^'

3- „. . .A , .L. , >,.
by

o' + 6'+ 2a&-c* , a + & + c

c"-a«-&» + 2a6 ^5 + c-a'

^r^ + y* "" x^-xy + y^

x'^-Zx-^2 x^-5x + Q
^^'

ar'-Gj^ + g ^ar^-2j; + l'

12. fi+^Vi-^Uy^^,.
\ y)\ y> ^ x-'+i/

13. 5x'— ^bya? + ^. 14. o'--3bya-_.

15. -1 - -i by .

a* X* a X
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,„ a^ „ 12a' , 2a*
16. 8a 4- —v by x .

17. -5 - by -j + - + .

,„ T* , a^ . X ^ a
18. -0+I + -J by--l+-.

a^ ar a x

19. i+f^Vbyl-f^Y
\a + xj \a + a;/

on ^ a^ „ /a;2 ar\ x a , x a
a^ ofi \a^ X'j a X a X

Simplify the following expressions:

Zx x—l ,6
...

^"~
..

^-'^—^

23. -1---2£=J_. 24. —J42 J.a;+l , :r 1 {x-b)(x-c)

2 2 a; + a

25. 1 L. 26. 1+
"^

1 + - !+«+:;
X l — X

27. iy. 2a
1 =— 1 +

1 20?1+i l+.r + :

X l-d»

\a;— y m-^yj \x^ + y^ ar-y^J

\x + y x~y x--y^) \x + y x^-jr/
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3]

1

y 1

1 y{xyz^-x-¥z)'
j;+

J

V + z

find the values of the following expressions:

„- a-x - a6
33. T when ar= ^^— A' a + o

„, ;r-a x-h
, a^

34. —

r

when a; = r

.

a a-o

^^ X X (I , a^(b-a)
35. - + T r when x= , ,, ^,a o-a a + 6 h{h + a)

„^ a2^+ &V ,
2 - , 2

36. when a = - and & = -

.

a; + y 3 3

37. +-^^^ f—lwhen?/ =—

.

„„ ar4-2a x—2a Aab
, aft

^^- 2T^ + 26T^ -
46^--.r2

when a; =^^
fx— a\^ x-2a-\-h , a + 6

39- I
—

^f I ^, wiien *•= —-—.
\x-hj x + a-2b 2

^^ a; + ?/-l , a+1 , ab + a
40. ^^—-whena;= ^:

—

r,and«= -T—i.x-y + 1 ab + 1' ^ oft+l
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XIX. Simple Equations.

153. When two algebraical expressions are connected

by the sign of equality the whole is called an equation.

The expressions thus connected are called sides of the
equation or members of the equation. The expression to

the left of the sign of equality is called the Jirst side, and
the expression to the right is called the second side.

154. An identical eqication is one in which the two
sides are equal whatever numbers the letters represent;

for example, the following are identical equations,

(a; + a){x — a) = x-—a%

{x + af =a^ + 2.va + a\

{x { a^ix^— xa-¥ aP')- a^ + a?
;

that is, these algebraical statements are true whatever
numbers x and a may represent. The student will see
that up to the present point he has been almost exclusively

occupied with results of this kind, that is, with identical

equations.

An identical equation is called briefly an idetUity.

155. An equation of coiidition is one which is not true

whatever numbers the letters represent, but only when
the letters represent some particular numlicr or numbers.
For example, a;+l = 7 cannot be true unless x = Q. An
equation of condition is called briefly an egiuition.

156. A letter to which a particular value or values

must be given in order that the statement contained in an
equation may be true, is called an unknown quantity. Sueh
particular value of the unknown quantity is said to satisfy

the equation, and is called a root of the equation. To
solve an equation is to find the root or roots.

157. An equation involving one unknown quantity is

said to bo of as many dimensions as the index of the
highest power of the vmknowu quantity. Thus, if x denote
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the unknown quantity, the equatton is said to be of oiie

dimension when x occurs only in the first power ; such an
equation is also called a simple equation, or an equation of

the first degree. If ar" occurs, and no higher power of x,

the equation is said to be of two dimensions; such an
equation is also called a quadratic equation, or an equation
of the second degree. If x'^ occurs, and no higher power
of X, the equation is said to be of three dimensions ; such
an equation is also called a cubic equation, or an equation
of the third degree. And so on.

It must be observed that these definitions suppose both
members of the equation to be integral expressions so Jar
as relates to x.

158. In the present Chapter we shall shew how to solve

simple equations. We have first to indicate some opera-
tions which may be performed on an equation without
destroying the equality which it expresses.

159. If every term on each side of an equation be

multiplied by the same number the results are equal.

The truth of this statement follows from the obiious
principle, that if equals be multiplied by the same number
the results are equal ; and the v^e of this statement will be
seen immediately.

Likewise if every term on each side of an equation
he divided by the same number the results are equal.

160. The principal use of Art 159 is to clear an equa-
tion of fractions ; this is efiected by multipljing every
term by the product of all the denominators of the frac-

tions, or, if we please, by the least common multiple of those
denominators. Suppose, for example, that

X X X ^

Multiply every term by 3 x 4 x 6 ; thus

4xexa; + 3x6xa; + 3x4x^:i^3x4x6x9,

that is, 24a; + 18a; + 12;p= 648;

divide every term by 6 ; thus

^-lrZx+2x=\0^.
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Instead of multiplying every term by 3 x 4 x 6, we maj
multiply every term by 12, which is the L.C.M. of the deno
minators 3, 4, and 6 ; we should then obtain at once

that is, 9;k=108;

divide both sides by 9 ; therefore

Thus 12 is the rout of the proposed equation. We maj
verify this by putting 12 for x iu the original equation
The first side becomes

12 12 12— + --+ —
, that ia 4 + 3 + 2, that is 9 ;o 4 D

which agrees with the second side.

161. Any term may he transposed from on« side Qj
an equation to the other side by changing its sign.

Suppose, for example, that x— a — b — y.

Add a to each side ; tlieu

a;— « + a = 6 — y+a,

that is x-b — y-^a.

Subtract b from each side ; thus

x— b = b-^-a—y — b = a — y.

Here we see tiiat —a lias been removed from one side

of the equation, and appears aa + <t on the other side ; and
+ 6 has been removed from one side and appears as —6 on
the other side.

162. If the sign of every term of an equation b4

changed the equality still holds.

This follows fi'om Art. 161, by transposing every term,

•niua suppose, for example^ that 3c—a = b—y.
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By transposition y — b = a—x,

that is, a— x = y— h',

and this result is what we shall obtain if we change tha
sign of every term in the original equation.

163. "We can now give a Rule for the solution of any
aimple eqiiation with one unknown quantity. Clear the

^nation of fractions, if necessary ; transpose all the

terms which involve the unknown quantity to one side of
the equation, and the known quantities to the other side;
divide both sides hy the coejfficient, or the sum of the co-

efficients, of the unJenown quantity, and the root required
is obtained.

164. We shall now give some examples.

Solve 7a; + 25 = 35 + 5x.

Here there are no fractions ; by transposing we have

7aj-5«=35-25;

that is, 2«= 10;

divide by 2 ; therefore a?= -— = 5.

We may verify this result by putting 5 for « in tJie

original equation j then each side is equal to 60.

165. Solve 4(3^-2)-2(4iC-3)-3(4-:F)= 0.

Perform the multiplications indicated ; thus

12a;-8-(8«-6)-(12-3.r) = 0.

Bemoye the brackets; thus

12a;-8-8a,- + 6-12 + 3« = 0;

collect the terms, 7a; - 14 = ;

tranepose, 7a;= 14

;

14
divide by 7> x—-=-= 2.

The student will find it a useful exercise to verify the
Correctness of his solutions. Thus in the above example,

X.A. 7
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if we put 2 for X in the original equation we shall obtain
16-10-6, that is 0, as it should be.

166. Solve x-2-{2x-^)^-=^.

Remove the brackets; thus

«-2-2^ + 3 = ^'^2~'

that IB, \ —x-—— ;

multiply by 2, 2 - 2a;= 3a; + 1,

transpose, 2 - 1 = 2a; + 3a;

;

that is, 1 =5x, or 5a;=»l

;

therefore «=;^.
o

-.^T Q 1
5a; + 4 7a; + 5 _, a-l

, 167. Solve — ^=5| -.

28
6|=-^; the ii.o.M. of the denominatora ia 10; multiply

by 10;

thus 6(5a; + 4)-(7a;+ 5)= 28x2-5(a;-l);
that is, 25a; + 20 - 7a; - 5 = 56 — 5a; + 5

;

transpose, 25a; — 7a; + 5a;= 56 + 5-20 + 5;

that is, 23a;=46;

therefore ^~2^~^'

The beginner is rcconiniended to put down all the work
at full, as in this example, in order to ensure accuracy.

Mistakes with respect to the signs are often made in clear-

ing an equation of fractions. In the above equation the
7a; + 5

fraction — has to bo multiplied by 10, and it is ad-

visable to put the result first iu the form — (7a; + 5), and
ftfberwards in the form -73— 6, iu order to secure atteu-

Ciou to the Ngus.
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16a Solve ^(5a> + 3)-^(16-5u;)^37-4«.

By Art 146 this is the same as

5x + '6 16 — 5.C „„ ,

—Z ^= 37-4;r.

Multiply by 21 ; thus 7(5^ + 3)-3(16-5a:) = 21(37 -4^;),

that is, 35^ + 21-48 + 15a;'-777-84«;

transpose, 35x +I5x + 84a;= 777 - 21 + 48

;

that is, 134^= 804;

,v. t 804 ^
therefore x= r—- = 6,

134

,^« c 1 6^+15 8^-10 4a?-7
169. Solve -^3^ T—-T-'
Multiply by the product of 1 1, 7, and 5 ; thus

35(6.r + 15)-55(8;r-10)=:77(4j;-7),

that is, 210a; + 525-440a; + 550 = 308a;-539;

transpose, 210a;-440a;-308^= -539-525-550;

change the signs, 440;?; + 308:c - 210a;= 539 + 526+ 650,

that is, 538j;=1614;

therefore x= -—^ = 3.
Ooo

Examples. XIX.

1. 5a; 4- 50 = 4a; + 56. 2. 16a;-ll = 7a?+ 70.

3. 24a;-49 = 19j;-14. 4. 3a; + 23 = 78- 2a;.

6. 7.(a;-18) = 3(a;-14). 6. 16a;= 38-3(4-a;).

7. 7(ar-3) = 9(a;+l)-38. 8. 5 (a;-7) + 63 = 9a;.

9. 59(a;-7) = 61(9-a;)-2. 10. 72(a;-5) = 63(5-ar).

IL 28^ + 9i= 27C46-«). 12. « + | + |=ll-

7—

a
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16. f + f=*-7. 16. ss-tr-s-

,g. 56-^=48-1

.

20.
f-4

= 21-|.

2. f.12^1 .6. 22. 1=115-.

., '|-a4:-8. 24. f-S= ,4-'^.

4 b 2 7

27. •l(:c-3)-7(a;-4) = 6-a:.

3~3~4"''4~5~5~6"''6*

^, a;+l 3a;-l
31. -3 ^= ^-2.

32. .+ ?^^ =4-^.

34. ^7-?^7^3;r-14.
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.,. a?+3 x + 4: x + 5 ,„
86. -^4- --4.-^= 16.

„ Ix+ B ^ 2a;-

1

37. -__ = 7+;r--—

.

3^-4 6^-5 3^-1

3^
2.-5 _5^^ ^^^

3 4 •*

^- «— 3 .-5 a;—

1

40. 1- .

4 6 9

^, x-1 x-S ,
x-5 ^ .„ X X x-2 _

41. —--^ +— =4. 42. ^-^ + -^=a
Tx + 5 S^ + 6_8-5a

*•*• ~6~ 4 -^2~*

,^ a; + 4 «— 4 „ 3^— 1
""• -3 5-=^^-W
,^ X-l 2x+l x+2 „
45. -2- + ^ ^ = 9.

„ x-1 x-2 x-S 2
••« -2^—3-+— = 3-

47. ?^'^«^3^5.-I7J.

a? 5x + S 2x-9

50. -(3. -4) + -(5a; + 3) = 43 -5a;.
7 3

^, X X X X „, ^rt ^ «— 2 a?+3 9
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h-Zx
, 5^ _ 3 _ 3-5j;

4 3 ~2
3 •

64. 1(27-2.;)=^- 1(7^-64).

60. 6a;-[8.r-3{16-6^-(4-5a;)}] = «.

^ \~2x A-5x 13

3 6 ^42 "•

__ x+\ x-\ 2x-\
3 4 (J

^o 4^-7
. »o .

7-4.g 13

_„ 5;c-l 9.C-5 9.r-7
69. h ; = .

7 11 6

-„ .r + 3 x-2 3J7-.5 1

2 3 12 ^4

61. \{S-x)+x-n = \{x^C.)-'^^.

3.T-1 Vi-x Ix 11^ ^^

2a-- 1 G.f-4 7.r+12
DO. 1- = .

5 7 II

64.
-r--^%-^-4-=---12-

„^ 2-.r 3-a- 4-.C 5-.r 3
65. — +-^+-^+-_^^.t^

6:c-3 9-a; 5.r 19,
60. — ,-= +-^(^-4).
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XX. Simple Equations, continued.

170. We shall now ^ye some examples.of the solution
of simple equations, which are a liftle more difficult than
those in the preceding Chapter. The student will see that
it is sometimes advantageous to clear of fractions par-
tially, and then to effect some reductions, before we re
move the remaining fractions.

171. Solve-j^ _ + __.5|-.-^.

Here we may conveniently multiply by 12; thus,

^-^y^-4(2.»-18) + 3(2a; + 3) = ^xl24-3a; + 4,

that is, ^^^|-^-8a; + 72 + 6a;+9 = 64 + 3.r + 4.

By transposition and reduction we obtain

1^^ = 5.-13.

Multiply by 11; thus 12 (a; + 6) = 1 1 {5x - 13),

that is, 12a; + 72 -55a-— 143;

by transjxisition, 72-(- 143 = 55;»— 12a?,

that ia, 43.r = 215;

therefore x = —- = 5.
43

,^o oi 6.^-13^ „ 16.V-15 ^. 20|-8a;
172. Solve-^^-^ +2.r+-2^=6V^—̂ -.
Here we mav conveniently multiply bv 24; thus

15-2.S
• + 48.r+ 16.C- 15 = 24 X J^-8(^^-8a;V



304 SIMPLE EQUATIONS.

that is,

144a; -320
-)-48.r+16.?r-15 = 154-]65 + 64A

By transposition and reduction

144a; -320

multiply by \b-2x; thus

144;i;-320 = 4(15-2^)=:60-8^;

therefore 1 44ar + 8a; = 320+ 60,

that is, 152j; = 3S0;

tiierefore ^ =^ = 2^5 = 2^

173. Solve^ = ^i^.

Multiply by {x-1){x + 9); thus

(a;+9)(a;-5) = (a;-7)(a; + 3>,

that is, X"-^Ax-45 = ie^-Ax-2\;

subtract x"^ frcaii each side of the equation, thaa

4.r-45= -4j;-21;

transpose, 4a; + 4a?=45-21,

that is, 8.r=^24;

24 «

It will be seen that in this example a;' is found on both

sides of the equation, after we have cleared of fractions
;

accordingly it can be removed bj" subtraction, and so the

equation remains a simple eqxiatiou.
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„ , ix + Z 4a; + 5 3a; + 3
174. Solve —-:- = ; + r .

Here it is convenient to multiply by Ax -(- 4, that ia by
4(a:+l);

4(ar+ 1)3(0?+ 1)
thus 4(2a; + 3) = 4a; + 5 +

fcherefore 8x + 1 2— 4j; - 5

tiiat is, Ax + 1

3;r+l

12(;P+1)2
_

3.r + l '

12(a;+l)2

3.r+l

Multiply by 3^+1 ; thus (3.r+ l)(4.?-»-7)=12(ar+l)>j

thatis, 12^ + 25a; + 7 = 12a;2 + 24a;+12.

Subtract \2x^ from each side, and transpose ; thus

25a; -24;?;= 12-7,

that is, X- 5.

,«r o > ^-1 *~2 x-A x—o
175. Solve = -.

x-2 x-Z x— 5 x— 6

Wo have

And

x-l _ x-2 _ {x-l)(x-3)-(x~^
x-2 x-S~ {x-2){x-3)

_ x^-4x + 3-{x^-4x + 4) _ 1

{x-2){x-Z) " {x-2)(x-3)

x-4 x-5 _ {x-4){x-6)-(x-5f
x-5 x-6~ {x-5)(x-G)

a;2- 1 Oa; + 24 -(;i:2_i0^+ 25) 1

{x-5^{x-6) {x-fi)ix-€)'

Thus the proposed equation becomes

1 1

(a-2)(«-3) (ar-5)(;j;-6)'
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Change the signs
;
thus

^^^_^]^^„_^^
=
(a>-5){x-6)

"

Clear of fractions ; thus {x-5){x-6) = (x-2){x-3)i

that is, x"-llx + 30 = x^-5x + 6 ;

therefore -ll;i? + 6a;=6-30;

that is, -6x=-24;

therefore 6:r= 24 ;

therefore x — 'i.

•45a;-75 12 Sx-e
176. Solve -53;+—^g =— :^

.

To ensure accuracy it is advisable to express al *-'^<»

decimals as common fractions ; thus

5x 10 /45;c _ ^\ 10 12 _ 10 rsx _ 6 N

To"*'6^VlOO 100/2^^10 9VlO loj'

Simplifying, 2 +
3 (i "

4)
= « " (f

"
3) '

.... a; 3^ 5 „ a; 2
that IS, 2-^4— 4 = ^-3 +3-

Multiply by 12, 6a; + 9a?- 1 5 :^ 72 - 4a; + 8 ;

transpose, 19a; = 72 + 8 + 15 = 95
;

therefore a;=— = 5.

177. Equations may be proposed in which letters are

used to represent known quantities ; we shall continue to

represent the unknown (]uantity by x, and any other letter

will be supposed to represent a known quantity. We will

solve three such c(|uations.
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178. Solve - + *- - c
a

Multiply by ab; ihus bx + ax= aJbe;

that is, {a + b)x = abc
;

divide by a + 6 ; thus x= y.
a + b

179. Solve {a + x){b + x) = a{b4-c) + ^+a^.

Here ab-¥ax-\-bx-\-a^ = nb-^ ac+ -^ + x^;

therefore ax-\-bx = ac +• -7-
;

that is, {a-¥b)x-ac{\ + A

divide by a + ft ; thu8 x= -j-.

a\ ac{a+ b)

180. Solve

b

x-a {2x - af
x-b {-Ix-bf

Clear of fractious ; thus

{x-a){2x- bf= {x-b) (2.r -af;

that is. {x-a):,4x^-4xb + b^) = {.r-l'){4x^-4xM +a^

Multiplying out we obtain

4:r-* - 4.6-2 (a + &) "+ x{4ah + b-) - "f'-

= 4.r^ - 4.J - [(1 + h) +x (4ab + <»*) - a'''b ;

therefore xft^ -nb^ = xd'- - a-b
;

therefore x {a^ - fe^) ^ a^?. - ab'' = ab{a-b);

abia-b) ab
tiiereforo x ——s

—

t^ — r

.
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181. Although the following equation does not strictly

belong to the present Chapter we give it as there will he
no difficulty in following the steps of the solution, and it

will serve as a model for similar examples. The equation
resembles those already solved, in the circumstance that
we obtain only a single value of the unknown quantity.

Solve Ja! + ^{x-l6) = 8.

By transposition, ^(x-16) = 8— Jx

;

square both sides ; thus x—l6 = (8— v'ar)*= 64 - 16 Jx + x

;

therefore - 16 = 64- 16 »/«?

;

transpose, 16 Jx = 64 4- 1 6 = £0

;

therefore Jx=5',

therefore a; =25,



(0.
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29.
a:-4 x—b _ x — l x — %

x-5 x—6~x-8 x-9'

X x-9 x+l x-8
30. ^ + jL

= ; + r

.

x-2 x~7 x-1 x-6

31. -,
—7i--^ ;;=!
l-2;c 2x-7 7-16a; + 4.»2-

3 + x 2 + x |_+5_,
3-x 2 — x l — x

x-'b x- + (i x^—2 x^—x+l „
33- -r-'^' = -2 6—^^

34. {x + l){x + 2){x + 3)

= («-l)(x-2)(a;-3) + 3(4j;-2)(«-»-IV

35. {z-9){x-1){x-5){x-l)

= {x-2){x-4){x-6){x-10).

36. (8a;-3)2(a;-l) = (4;c-l)2(4j;-5).

^Z£±i4-^^±^ = 2x.
ar-1 ar + 1

38. •5x-2 = -25x + -2x-l.

39. •5j;+"6d;-"8 = 75a; + -25.

•135a;- -225 '36 D9ar--18

,x—b
+ 6 = X.

a

40.
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XXI, Problems.

182. Wo shall now apply the methods explained in the
preceding two Chapters to the solntion of some problems,

and thus exhibit to the student specimens of the use of

Algebra. In these problems certain quantities are given

and another, which has some assigned relations to these,

has to be found; the quantity which has to be found is

called the unknoicn quantity. The relations are iisually

expressed in ordinary language in the enuncktion of the

problem, and the method of solving the problem may be
thus described in general terms : denote the unknotni
quantity by the letter x, and exjyress in algebraical

language the relations which hold between the unknoicn
quantity and t/ie given quantities; an equation will thus

be obtainedfrom which the value of the unknown quantity

may hefound.

183. Tlxe sum of two numbers is 85, and their differ-

ence is 27 : find the numbers.

Let X denote the less number ; then, since the differ-

ence of the numbers is 27, the greater number will be
denoted by a; + 27 ; and since the sum of the numbere is 85
we have

a; + a; + 27 = 85;

that is, 2:» + 27 = S5;

therefore 2.1; -- 85 - 27 = 58 ;

58
therefore «= — = 29.

Thus the less number is 29 ; and the greater number is

29 + 27, that is 56.

184. Divide £2. 10*. among A, B, and C, so that B
may have 5*. more than A, and C may have as much as A
and B together.

Let X denote the number of shillings in A's share,

then a; + 5 will denote the number of tshilliug.s in ^s share,

and 2.» 4- 5 will denote the number of shillings in C's shara
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The whole number of shillings is 50 ; therefore

a; + a! + 5 + 2x + 5 = 50;

that Is, 4;2; + 10 = 50;

tlicrefore 4;?; = 50- 16 = 40;

thorefore « = 10.

Thus yl's share is 10 sliillings, B'i share is 15 shillings,

and 6"s share is 25 sliillings,

185. A certain sum of money was divided between
A, B, and C; A and B together received ^£17. lbs.; A
and C together received £15. 155. ; B and C together

received .£12. 10s. : find the sum received hy each.

Let X denote the number of pounds which A received,

then B received 17| —^ pounds, because A and B
together received 17| pounds; and C received 15J— a?

pounds, because A and C together received 15| pounds.
Also B and C together received 121 pounds j therefore

12| = 17|-a; + 15|-«;

that is, 12^ = 33i-2«;

therefore 2^;= 33|- ' 2^= 2 i

:

therefore a:= -—Id}^.

Thus A received £10. 10«., B received £1. 5s., and C
received £5. 5s.

186. A grocer has some tea worth 2*. a lb., and soma
worth 3s. 6d. a lb. : how many lbs. must he take of each
sort to produce 100 lbs. of a mixture wortli 2s. 6d. a lb. ?

Let X denote the number of lbs. of the first sort ; then
100 — ;r will denote the number of lbs. of the second soi-t.

The value of the .^Iba. is 2x shilling ; and the value of tha

r. A- &
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7
100— ajlbs. 18 -(100—«) shillings. And the whole valuA

5
is to be - X 100 shillings ; therefore

5 7
-xl00= 2a;+^(100-a:);

multiply by 2, thus 500 ^Ax + 700- Ix ;

therefore 7^- 4.r= 700 - 500 ;

that is, 3a; = 200;

therefore a;=—= 66§.

Thus there must be 66|lbs. of the first sort, and
33J lbs. of the second sort.

187. A line is 2 feet 4 inches long ; it is required to

divide it into two parts, such that one part may be three-

fourths of the other part.

Let X denote the number of inches in the larger part

;

Zx
then -r will denote the number of inches in the other part.

4

The number of inches in the whole line is 28 ; therefor©

3* »,
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Let X denote the number of pounds lent at 4 per cent.

;

then 1000 — .6- will denote the number of pounds lent at

5 per cent. The annual interest obtained from the former

is —^ , and from the latter ^^ ^

;

^, - ,, ^x 5(1000-;r)
therefore 44 = —- +

100 100

therefore 4400 = 4a; + 5(1000-:c)

;

that is, 4400 = 4^ + 5000 - 5x
;

therefore x= 5000 - 4400 = 600.

Thus ^600 was lent at 4 per cent.

189. The student will find that the only difficulty in

solving a problem consists in translating statements ex-

pressed in ordinary language into Algebraical language;
and he should not be tlisoouraged, if he is sometimes a
little perplexed, since nothing but practice can give him
readiness and certainty in this process. One remark may
be made, which is very important for beginnere; what is

called the unknown quantity is really an miknown number,
and this should be distinctly noticed in forming the equa-
tion, 'llms, for example, in the second problem whicli we
have solved, we begin by sapng, let x denote the number
of shillings in ^'s share; beginners often say, let x-A's
money, which is not definite, because ^'s money may be
expressed in various ways, in pounds, or in shillings, or as

a fraction of the whole sum. Again, in the fifth problem
which we have solved, we begin by saying, let x denote
the number of inches in the longer part ; beginners often

Kiy, let x= the longer part, or, let ;c= a part, and to these

phrases the same objection applies as to that already

noticed.

190. Beginners often find a difficulty in translating a
problem from ordinary language into Algebraical language,

because they do not miderstand what is meant by • the
ordinary language. If no consistent meaning can be as-

signed to the words, it is of course impossible to translate

them ; but it often happens that the words are not ab-

S—

2
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Bolutely unintelligible, but appear to bo susceptible of more
than one meaning. The student should then select one
meaning, express that meanmg in Algebraical symbols, and
deduce from it the result to which it will lead. If the
result be inadmissible, or absurd, the student should try

another meaning of the words. But if the result is satis-

factory he may infer that he has prol)ably understood tho
words correctly ; though it may stiU be interesting to trj'

the other possible meanings, in order to see if the enun-
ciation really is susceptible of more than one meaning.

191. A student in solving the problems which arc
given for exercise, may find some which he can readily solve

by Arithmetic, or by a process of guess and trial ; and he
may be thus inclined to undervalue the power of Algebra,
and look on its aid as unnecessary. But we may remark
that by Algebra the student is enabled to solve all these

problems, without any uncertainty ; smd moreover, he will

find as he proceeds, that by Algebra he can solve pro-

blems which would be extremely difficult or altogether

impracticable, if he relied on Arithmetic alone.

Examples. XXI.

1. Find tho number which exceeds its fifth part by 24.

A father is 30 years old, and his son is 2 years old

:

in how many years will the father be eight times as old ta

the son ?

.3. The difi'crcncc of two numbers is 7, and their sua
is 33: find the numbers.

4. The sum of ^'155 was raised by A, B, and C toge-
ther ; D contributed ^£15 more than A, and C .£20 more
than B : how nmck did each contribute ?

5. The difiercncc of two numbers is 14, and their sum
is 48 : find the numbers.

6. A is twice as old as B, and seven years ago their
united ages amoiinted to as many years aa now represent
the age of A ; find the ages of A f,nd Jk
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7. If 56 be added to a certain nuniber, the result is

treble that number : find the number.

8. A child is bom in November, and on the tenth day

of December he is as many days old a« the month was on

the day of his birth : when was he born ?

9. Find that number the double of which increased by

24 exceeds 80 as much as the number itself is below 100.

10. There is a certain fish, the head of which is 9

inches long; the tail is as long as the head and half the

back ; and the back is as long as the head and tail toge-

tiiur : what is the length of the back and of the tail 1

11. Divide the number 84 into two parts such that

three times one part may be equal to four times the other.

12. The simi of £1G was raised by A, B, and Ctoge-
flier; B contributed as mtich as A and £\0 more, and C
as much as A and D together : how mucli did each con-

tribute ]

13. Divide the number 60 into two parts such that a

seventh of one part may be equal to an eighth of the other

part.

14. After 34 gallons had been draAvn out of one of

two equal casks, and 80 gallons out of the other, there

remained just three times as much in one cask as in the

other: what did each caalc contain when full ?

15. Divide the number 75 into two parts such that

3 times the greater may exceed 7 times the less by 15.

16. A person distributes 20 shillings among 20 per-

sons, giving sixpence each to some, and sixteen pence c:ich

to the rest: Itow many persons received sixpence each ?

17. Divide the number 20 into two parts such that

the sum of three times one part, and five times the otiier

part, may be s \

.

18. The price of a work which comes out in parts is

£2. I6s. Sd. ; but if the price of each part were 13 pence

more than it is, the pnce of the work would be £3. Is. 6d. :

how many parts were there ?

19. Divide 45 into two parts such that the first divided

by 2 shall be equal to the second multiplied by 2.
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20. A father is three times as old as his son ; fomr

years ago the father was four times as old as his son then
was : what is the age of each ?

21. Divide 188 into two parts such that the fourth of

one part may exceed the eighth of the other by 14,

22. A person meeting a company of beggars gaye four

pence to each, and had sixteen pence left ; he found that

tie should have required a shilling more to enable him to

give the beggars sixpence each : how many beggars were
there ?

23. Divide 100 into two parts such that if a third of

one part be subtracted from a fourth of the other the re-

mainder may be 11.

24. Two persons, A and B, engage at play; A has

£12 and B has .£.52 when they begin, and after a certain

number of games have been won and lost between them,
A has three times as much money as B : how much did A
win?

25. Divide 60 into two parts such that the difference

between the greater and 64 may be equal to twice the
difference between the less and 3S.

26. The sum of £276 was raised by A, B, and C toge-

ther; B contributed twice as mnch as A and £12 more,
and G three times as mucii as B and £12 more: how much
did each contribute ?

27. Find a number such that the sum of its fifth and
its seventh shall exceed the sura of its eighth and its

twelfth by 113.

28. An army in a defeat loses one-sixth of its number
in killed and wounded, and 4000 prisoners ; it is reinforced

by 3000 men, but retreats, losing one-fourth of its number
in tloing so ; there remain ISOOO men: what was tlie ori-

ginal force 1

29. Find a nunil>er such that the sum of its fifth and
its seventh shall exceed the difference of its fourth and its

seventh by 99.

30. One-half of a certain number of persons received

eightecn-pence each, one-third received two shillings each,

and the rest received half a cro%\'n each ; the whole sum
distributed was £2. As. : how many persons were there ?
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31. A person had £900 ; part of it h,e lent at the rate
ef 4 per cent., and part at the rate of 5 per cent., and he
received equal sums as interest from the two parts : how
much did he lend at 4 per cent. ?

32. A father has six sons, each of whom is four years
older than his next younger brother; and the eldest is

three times as old as the youngest: find their respective
ages.

33. Divide the number 92 into four such parts that
the first may exceed the second by 10, the third by 18, and
the fourth by 24

34. A gentleman left £550 to be divided among four
servants A, B, C, D; of whom B was to have twice as
much as ^, C* as much as A and B together, and D as
much as C and B together : how much had each ?

35. Find two consecutive numbers such that the half
and the fifth of the first taken together shall be equal to

the third and the fourth of the second taken togethw.

36. A sum of money is to be distributed among three
persons A, B, and C; the shares of A and B together
amount to £G0 ; those of A and C to j£SO ; and those of B
and C to .£92 : find the share of each person.

37. Two j^ersons A and B are travelling together ; A
has .£100, ana B has .£48; they are met by robbers who
take twee as much from A as from B, and leave to A
three times as much as to B : how much was taken from
each ?

38. The sum of .£.500 was divided among four persons,

80 that the first and second together received £280, the
first and third together £260, and the first and fourth

together £220 : find the share of each.

39. After A has received £10 from B he has as much
money as B and £6 more ; and between them they have
£40 : what money had each at first ?

40. A wine merchant has two sorts of wines, one sort

worth 2 shillings a quart, and the other worth 3s. id. a

quart; from these he wants to make a mixture of 100

quarts worth 2s. 4d. a quart: how many quarts must he
take from each sort ?
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41. In a mixture of wine and water tlie wine composed
25 gallons more than Imlf of the mixture, and the water
5 gallons less than a third of the mixture : how many gal-

lons were there of each ?

42. In a lottery consisting of 10000 tickets, half the
number of prizes added to one-third the number of blanks
was 3500 : how many prizes were there in the lottery ?

43. In a certain weight of gunpowder the saltpetre
composed 6 lbs. more than a half of the weight, the .sulpliur

5 lbs. less than a third, and the charcoal 3 lbs. less than .t

fourth : how many lbs. were there of each of the three
ingredients ?

44. A general, after having lost a battle, found that
he had left fit for action 3G00 men more than half of hia

army ; GOO men more than one-eighth of his army were
wounded ; and the remainder, forming one-fifth of the
anny, were slain, taken prisoners, or missing : what was
the number of the anny ?

45. How many sheep must a person buy at £7 each
that after paying one shilling a score for folding them at

night he may gain £1^. 16s. by selling them at £S each 1

46. A certain sum of money was shared among five

persons A, B, C, D, and E; B received £10 less than A
;

C received £16 more than B ; D received £5 less tlian C;
and J? received £15 more than D; and it was found that

E received as much as A and B together : how much did

each receive ?

47. A tradesman starts with a certain sum of money :

at the end of the first year he had doubled his original

stock, all but £100 ; also at the end of the second year he

had doubled the stock at the beginning of the second year,

all but £U»0; also in like manner at the end of the third

year; and at the end of the third year he was three times

as rich as at first : find his original stock.

48. A person went to a tavern with a certain sum of

money ; there he borrowed as much as he had about him,

and spent a shilling out of the whole ; with the rcmaindei
he went to a second tavern, where ho borrowed as much as

he had left, and also spent a shilling ; and he then went to

a third tavern, borrowing and spending as before, after

which he had nothing left: how much had he at first 1
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XXII. Problems, continued.

192. We shall now give some examples in which the
process of translation fi'om ordinary language to algebrai-

cal language is rather more difBcult than in the examples
of the preceding Chapter.

193. It is required to divide the number SO into lour

such parts, that the first increased by 3, the second dimi-

nished by 3, the third multiplied by 3, and the fourth

divided by 3 muy all be equal

Let the number x denote the first part ; then if it be
increased by 3 we obtain x + 3, and this is to be equal to

the second part diminished by 3, so that the second {art

must be ^ + 6 ; again, a; + 3 is to be equal to the third part
;s + 3

multiplied by 3, so that the third part must be ; and

a;+ 3 is to be equal to the fourth part divided by 3, so that

the fourth part must be 3 (:r + 3). And the sum of the parta

is to be equal to SO.

^ + 3
Therefore a? + a; + 6 + —r- +3(jf + 3) = 80,

that is, 2a; + 6 +^— + 3^ + 9 = 80,

that is, 5ai +^ =S0-15 = G5;

multiply by 3 ; tlius 1 5a; + a; + 3 = 1 95,

that is, ira;=192;

iy2
therefore x = -r— = 12.

lo

Thus the pai-ts are 12, 18, 5, 45.
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194. A alone can perform a piece of work in 9 days,

and B alone can perform it in 12 days : in what time will

they perform it if they work together i

Let X denote the required number of days. In one day

A can perform - th of the work ; therefore in x days he can

X
perform - ths of the work. In one day B can perform

r^th of the work; therefore in x days he can perform

-r ths of the work. And since in x days A and B to-

gether perform the whole work, the sum of the fractiona
of the work must be equal to unity ; that is,
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of the cistern ; therefore in x hours it empties — ths of

the cistern. And since in x hours the whole cistern is

filled, we have

6
"*" 8~ 12"^*

Multiply by 24 ; thus
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198. A starts from a certain place, and travels at the
rate of 7 miles in 5 hours ; B starts from the same place

8 hours after A, and travels in the same direction at the

rate of 5 miles in 3 hours : how far will A travel before he
is overtaken by B 1

Let X represent the number of hours which A travels

before he is overtaken; therefore B travels x— S hours.

7Now since A trarels 7 miles in .O hours, he travels - of a
5

mile in one hour ; and therefore in x hours he travels —
5

5
miles. Similarly B travels - of a mile in one hour, and

5
therefore in a;— 8 hours he travels - (x— 8) miles. And

when B overtakes A they have travelled the same num-
ber of miles. Therefore

multiply by 15; thus 2,5 (^-8) = 21.r, ,

that is, 2.5a: - 200 = 2 U-;

therefore 2.5.c-21a:-200,

that is, 4.r = 200;

therefore x - -— 50.

7 V 7
Therefore -^ = . x 50 = 70 ; so that A travelled 70 miles

.') 5

before he was overtaken.

199. Problems arc sometimes given which suppose the
student to have obtiined from Arithmetic a knovvledgre of
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the meaning of proportion ; this will be illustrated in the

next two proVjlems. After them we shall conclude the
Cliapter \vith three problems of a more difficult character

than those hitherto given.

200. It is required to divide the number 56 into two
parts such that one may be to the other as 3 to 4.

Let the number x denote the first part; then the otlier

part must be 56 -x; and since .c is to be to 56 — j as 3 t<j 4

we have

X _ 3

56-ar~4'

Clear of fractions; thus

4j:= 3(56-«);

that is, 4.r = 16S-3:K;

therefore 7a;=16S;

tlioreforo ^= -;r =24.

Thus the first part \s 24 and the other part is 56 — 24,

that is 32.

The preceding method of solution is the most natural

for a beginner ; the following however is much shorter.

Let the number 3.c denote the first part ; then the
second part must be Ax, because the first part is to the

second as 3 to 4. Then the sum of the two parts is equal

to 56; thus
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201. A cask, A, contains 12 gallons of wine and 18

gallons of water ; and another cask, B, contains 9 gallona

of wine and 3 gallons of water: how many gallons must be
drawn from each cask so as to produce by their mixture

7 gallons of wine and 7 gallons of water?

Let X denote the number of gallons to be drawn from
A; then since the mixture is to consist of 14 gallons,

14 — a; will denote the number of gallons to be dra\\Ti from

B, Now the number of gallons in A is 30, of which 12 are
12

wine ; that is, the wine is — of the whole. Therefore the

12.C
X gallons drawn from A contain —r~ gallons of wine.

9(14 — ^1
Similarly the 14-;c gallons drawn from B contain - ^— -

—

-

gallons of wine. And the mixture is to contain 7 gallons

of wine; therefore

\'2x 9(14-_^_
30 ^ 12 ~^'

Ix 3(14-5-) ^
that IS, -^ + ^— = I ;

therefore 8j; + 15(14-a;) = 140,

that is, 8a;+210-15;r = 140;

therefore 7:c = 70;

therefore ar=10.

Thus 10 gallons must be dra«Ti from A, and 4 from B.

202. At what time between 2 o'clock and 3 o'clock is

one hand of a watch exactly over the other ?

Let X denote the recjuircd number of minutes after

2 o'clock. In X minutes the long hand will move over

x di^ision3 of the watch fooc ; and as the long hand moves

twelve times as fast as the short hand, the short hand will

move over — divisions in x minutes. At 2 o'clock the
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short hand is 10 divisions in advance of the long hand; so

that in the x minutes the long hand must pass over 10

more divisions than the short hand; therefore

a?=^ + 10;

tlicrcforc 12.i' = a: + 120

;

therefore llx=120;

120
therefore a?=— = 10i?.

203. A hare takes four leaps to a greyhound's throe,

but two of the greyhoun> I's leaps are equivalent to three of
the hare's ; the hare has a start of fifty leaps : how many
leaps must the greyhound take to catch the hare ?

Suppose that 3^ denote the number of leaps taken by
the greyhound; then Ax will denote the number of leaps
taken by the hare in the same time. Let a denote the num-
ber of inches in one leap of the hare ; then 3tt denotes the
number of inches in three leaps of the hare, and therefore
also the number of inches in two leaps of the greyhound;

therefore — denotes the number of inches in one leap of

the greyhound. Then 3a; leaps of the greyhound will con-

tain 3a; X — inches. And 50 + 4x leaps of the hare will

contain (50-(-4ar)a inches; therefore

— = (50 + 4a;)a.

9a;
Divide by a; thus - =50 + 4a;;

therefore 9a; = 1 00 + 8a;

;

therefore a; = 100.

Thus the greyhound must take 300 leaps.

The student will see that we have introduced an auxi-

liary symbol a, to enable us to form the equation easily

;

and that we can remove it by division when the equation is

formed.
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•204. Four gamesters, A, B, C, D, each with a different
stock of money, sit down to play ; A wins half of 7?'s first

stock, B wins a third part of C s, C wins a fourth part of
Z>'s, and D wins a fifth part of ^'s ; and then each of the
gamesters lias £-23. Find the stock of each at first.

Let X denote the number of poimds which D won from
A; then 5x will denote the number in A's first stock.
Thus Ax, together with what A won from B, make up 23;
therefore 23 — 4.c denotes the number of pounds which A
won from B. And, since A won half of £'s stock, 23— 4j;

also denotes what was left with B after his loss to A.

Again, 23 — 4j;, together with what B won from C,

make up 23 ; therefore Ax denotes the number of pounds
which li won from C. And, since B won a third of 6"s
first stock, \2x denotes C's first stock; and therefore 8-c

denotes what was loft with C after his loss to B.

Again, %x, together with what C won from D, make up
23 ; therefore 23 — 8x denotes the number of pounds wliich

G won from D. And, since G won a fourth of D"s first

stock, 4 (23 — 8x) denotes D's first stock ; and therefore

3 (23 — 8x) denotes what was loft with D after his loss to C.

Finally, 3 (23 - 8x), together with x, which J) won from
A, make up 23 ; thus

23 = 3(23-8x) + x;

therefore 23x=4G;

therefore «=2,

Thus the stocks at first were 10, 30, 24, 2a

Examples. XXII.

1. A privateer running at the rate of 10 miles an hour

discovers a sliip 18 miles off, running at the rate of 8 miles

im hour : how many miles can the ship nin before it is

overtaken ?

2. Divide the number 50 into two parts such that if

three-fourths of one part be added to five-sixths of the

other part the sum may be 40.
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3. Suppose the distance between London and Edin-

burgh is ;;60 miles, and that one traveller starts from
Edinburgh and travels at the rate of 10 miles an hour,

while another starts at the same time from London and
travels at the rate of 8 miles an hour : it is reqiiired to

know where they will meet.

4. Find two numbers whose difference is 4, and the
difference of their squares 112.

5. A sum of 24 shillings is received from 24 people
;

some contribute 9d. each, and some IS^d. each : how many
contributors were there of each kind ?

6. Divide the number 48 into two parts such that the

excess of one part over 20 may be three times the excess

of 20 over the other part.

7. A person has £98 ; part of it he lent at the rate of

5 per cent, simple interest, and the rest at the rate of

6 per cent, simple interest ; and the interest of the whole
in 15 years amounted to £81 : how much was lent at 5

per cent.?

8. A person lent a certain sum of money at 6 per cent,

simple interest ; in 10 years the interest amounted to £12
less than the sum lent : what was the sum lent ?

9. A person rents 25 acres of land for £7. 12s. ; the

land consists of two sorts, the better sort he rents at 8s.

per acre, and the worse at os. per acre : how many acres are

there of each sort ?

10. A cistern could be filled in 12 minutes by two
pipes which run into it ; and it would be filled in 20 minutes
by one alone : in what time could it be filled by the other

alone ?

11. Divide the number 90 into four parts such that

the first increased by 2, the second diminished by 2, the

third multiplied by 2, and the fourth divided by 2 may all

be equal.

12. A person bought 30 lbs. of sugar of two different

sorts, and paid for the whole 19*. ; the better sort cost

10<i. per lb., and the worse Id. per lb. : how many lbs.

were there of eadi sort 1

T. A. 9
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13. Divide the number 88 into four parts such that

the first increased by 2, the second diminished by 3, the
third multiplied by 4, and the fourth divided by 5, may all

be equal.

14. If 20 men, 40 women, and 50 children receive £50
among them for a week's work, and 2 men receive as much
as 3 women or 5 children, what does each woman receive

for a week's work ?

15. Divide 100 into two parts such that the difference

of their squares may be 1000.

16. Tliere are two places 154 miles apart, from which
two persons start at the same time with a design to meet

;

one travels at the rate of 3 miles in two hom-s, and the

other at the rate of 5 miles in four hours : when ^-ill they

meet ?

17. Divide 44 into two parts such that the greater in-

creased by 5 may be to the less increased by 7, as 4 is

to 3.

18. A can do half as much work as B, B can do half

as much as C, and together they can complete a piece of

work in 24 days : in what time could each alone complete
the work 1

19. Divide the number 90 into four parts such that if

the first be increased by 5, the second diminished by 4, the
third multiplied by 3, and the fourth divided by 2, the

results shall all be equal.

20. Three persons can together complete a piece of

work in 60 days ; and it is found that the first does three-

fourths of what the second does, and the second four-fifths

of what the third does : in what time could each one alone
complete the work ?

21. Divide the number 36 into two parts such that owe
part may be five-sevenths of the other.

22. A general on attempting to draw up his army in

the form of a solid square finds that he has 60 men over,

and that he would require 41 men more in his army in

order to increase the side of the square by one man : bow
many men were there in the army 1



EXAMPLES. XXII. 131

23. Divide the number 90 into two parts such thalb one

part may be two-thirds of the other.

24. A person bought a certain number of eggs, half of

them at 2 a penny, and half of them at 3 a penny ; he sold

them again at the rate of 5 for two pence, and lost a penny
by the bargain : what was the number of eggs ?

25. A and B are at present of the same age; if yl's

age be increased by 36 years, and .S's by 52 years, their

ages will be as 3 to 4 : what is the present age of each ?

26. For 1 lb. of tea and 9 lbs. of sugar the charge is

8*. 6c?. ; for 1 lb. of tea and 15 lbs. of sugar the charge is

12s. %d. : what is the price of 1 lb. of sugar ?

27. A prize of £2000 was divided between A and B,
so that their shares were in the proportion of 7 to 9 : what
was the share of each ?

28. A workman was hired for 40 days at Zs. 4d. per
day, for every day he worked ; but with this condition that

for every day he did not work he was to forfeit Is. 4d. ; and
on the whole he had £3. 3s. 4d. to receive : how many days
out of the 40 did he work 1

29. A at play first won .£5 from B, and had then as

much money as B ; but B, on winning back his own money
and £5 more, had five times as much money as A ; what
money had each at first ?

30. Divide 100 into two parts, such that the square of

their difference may exceed the square of twice the less

part by 2000.

31. A cistern has two supply pipes, which will singly
fill it in 4i hours and 6 hours respectively; and it has also

a leak by which it would be emptied in 5 hours: in how
many hours will it be filled when all are working together?

32. A farmer would mix wheat at 4s. a bushel with
rye at 2s. GcZ. a bushel, so that the whole mixture may con-
sist of 90 bushels, and be worth 3s. 2d. a bushel : how
many bushels must be taken of each ?

9—2
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33. A bill of ^3. \s. 6d. v\a.s paid in half-crowns, and
florins, and the whole number of coins was 28 : how many
couis wore there of each kind 1

34. A grocer with 56 lbs. of fine tea at 5*. a lb. would
mix a coarser sort at 3*. Gd. a lb., so as to sell the whole
together at 4s. 6d. a lb. : what quantity of the latter sort

must lie take ,'

35. A persou hired a labourer to do a certain work
on the agreement that for every day he worked he sliould

receive 2s., but that for every day he was absent be should
lose i)d. ; he worked twice as many days as he was absent,

and oil the whole received £1. 19s. : find how many days
he worked.

36. A regiment was drawn up in a solid square ; when
some time after iC was again drawn up in a soUd square
it was found that there were 5 men fewer in a side ; m the
interval 295 men had been removed from the field: what
was the original number of men in the regiment ?

37. A sum of money was divided between A and U,
so that the share of A was to that of ^ as 5 to 3 ; also the
share of A exceeded five-ninths of the whole simi by ;£50 :

what was the share of each person ?

38. A geutleinan left his whole estate among his four

sons. The siiarc of the eldest was £800 less than half of

the estate; the sluiro of the second was £120 more than
one-fourth of the estate; the thii\l had half as much as

the eldest ; and the youngest had two-thirds of what the
second had. llow much did each son receive?

39. A and B began to play together with equal sums
of money ; A first won £20, but afterwards lost half of all

ho then had, and then his money was half as much as that

of li : what mojiey had ciich at first ?

40. A lady gave a guinea in charity among a nimiber
of poor, consisting of men, women, and children ; each UKin
had I2d., each wonuui Gd., and each child '3d. The number
of women was two loss than twice the number of men; and
the number of children four le.ss than three times the
iinirtber of women. How many persons were there re-

lieved?
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41. A draper bought a piece of cloth nt ;is. 2d. per
yard. He sold one-third of it at 4s. per yard, one-fourth of

it at 3*. Sd. per yard, and the remainder at 3*. 4d. per
yard; and his gain on the whole was 14a. 2dL How many
yards did the piece contain ?

42. A grazier spent £.33. 7s. Qd. in buying sheep of

diflFerent sorts. For the first sort, which formed one-third
of the whole, he paid 9s. 6r/. each. For the second sort,

which formed one-fourth of the whole, he paid 11«. eaclu

For the rest he paid 12s. Qd. eacli. What nimibcr of sheep
did he buy?

43. A market woman bought a certain number of eggs,
at the rate of 5 for twopence; she sold half of them at

2 a penny, and half of them at 3 a penny, and gained 4rf.

by so doing: what was the number of eggs 1

44. A pudding consists of 2 parts of fioiu", 3 parts of

raisins, and 4 parts of suet ; flour costs Zd. a lb., raisins, Qd.,

and suet Sd. Find the cost af the several ingredients of

the pudding, when the whole cost is 2«. 4rf.

45. Two persons, A and B, were employed together
for 50 days, at 5s. per day each. During this time A, by
spending Gd. per day less than B, saved tvdce as much as

B, besides the expenses of two days over. IIow much did
A spend per day ?

46. Two persons, A and B, have the same income. A
lays by one-fifth of his ; but B by spending .£G0 per annum
more than A, at the end of three years finds himself £100
in debt. What is the income of each ?

47. A and B shoot by turns at a target. A puts 7

bullets out of 12 into the bull's eye, and B puts in 9 out of

12; between them they put in 32 bullets. How many
shots did each fire '?

48. Two cnsks, A and B, contain mixtm-es of wine
and water; in A the quantity of wine is to the nuar.tity of

water as 4 to 3 ; m B the like proportion is that of 2 to 3.

If A cont;un 84 gallons, what must B contain, so that when
the two are put together, tlie new mixture may be half

wine and half water ?
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49. The squire of a parish bequeaths a sum equal to
one-hundredth part of lus estate towards the restoration
of the church ; £200 less than this towards the endow-
ment of the school ; and £-200 lesB than tliis latter sum
towards the County Hospital After dodocting these lega-

39
ciea, —r of the estate renmiu to the heir. What was the

40
value of the estate ?

60. How many minutes does it want to 4 o'clock, if

thrfee-quarters of an hour Ago it was twice as many minutes
past two o'clock ?

51. Two casks, A and B, are filled with two kinds of
sherry, mixed in the cask A in the proportion of 2 to 7,

and in the cask B in the proportion of 2 to 5 : what quan-
tity must be taken from each to form a mixture which
shall consist of 2 gallons of the first kind and 6 of the
second kind ?

52. An officer can form the men of his regiment into
a hollow square 12 deep. The number of men in the
regiment Is 1296. Find the number of men in the front of

the hollow square.

53. A persoTi buys a piece of land at £30 an acre, and
by selling it in allotments finds the value increased three-

fold, so that he clears £150, and retabis 25 acres for him-
self: how many acres were there?

64. The national debt of a country was increased by
ono-fourth in a time of war. Duruig a long pe;ice which
followed £25000000 was paid ofi", and at the end of that
time the rate of interest was reduced from 4^ to 4 per
cent. It was then found that the amomjt of annual in-

terest was the same as before the war. What was the
amount of tlie debt before the war ?

55. A and B play at a game, agreeing that the loser

shall always pay to the winner one shilling less than half

the money the loser has ; they commence with equal quan-
tities of money, and after B has lost the first game and
won the second, he has two sliilliugs more than A : how
much had each at the commencement?
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56r A clock had two hands turning on the same centre

;

the swifter makes a revolution every twelve hours, and the

slower every sixteen hours: in what time will the swifter

gain just one complete revolution on the slower?

67. At what time between 3 o'clock and 4 o'clock is

one hand of a watch exactly in the direction of the other

hand produced ?

58. The hands of a watch are at right angles to each
other at 3 o'clock : when are they next at right angles ?

59. A certain sum of money lent at simple interest

amounted to ;£297. 12s. in eight months; and in seven more
months it amounted to £306 : what was the sum %

60. A watch gains as much as a clock loses; and 1799
hours by the clock are equivalent to 1801 hours by the
watch : find how much the watch gains and the clock loses

per hour.

61. It is between 11 and 12 o'clock, and it is observed
that the number of minute spaces between the hands is

two-thirds of M«liat it was ten minutes previously : find the
time.

62. A and B made a joint stock of .£500 by which
they gained £160, of which A had for his share £32 more
than B : what did each contribute to the stock ?

63. A distiller has 51 gallons of French brandy, which
cost him 8 shillings a gallon ; he wishes to buy some En-
glish brandy at 3 shillings a gallon to mix with the French,
and sell the whole at 9 shillings a gallon. How many gal-
lons of the English must he take, so that he may gain
30 per cent, on what he gave for the brandy of both
kinds?

64. An officer can fonn his men into a hollow square
4 deep, and also into a hollow square 8 deep; the front in

the latter formation contains 16 men fewer than in the
former formation: find the number of men.
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XXIII. Simultaneous equations of the first degree icith

two unknown quantities.

205. Suppose we have an equation containing two un-

known quantities x and y, for example 3x — 7y = 8. For
every value which v/c please to assign to one of the
unknown quantities we can detenuino the corresponding
value of file other ; and thus we can find as many pairs

of values as vre please which satisfy the given equation.

Thus, for example, if ?/ = l we find 3a; = 15, and therefore

x= 5; if y — 2 we find 3.^= 22, and therefore « = 7i; and
80 on.

Also, suppose that there is another equation of the
same kind, as for example 2x + 5y ^ 4A ; then we can also

find as many pairs of values as wo please which satisfy this

equation.

But suppose VrO ask for values of x and y which satisfy

both equations ; we shall find that there is only one value

of X and one value of y. For multiply the first equation
by 5 ; thus

15x — 35y = 40;

and multiply the second equation by 7 ; thus

14x + '35y= 3()S.

Therefore, by addition,

15.r- 35^ + ll.r -k 35y = 40 + 308

;

that is, 29.r::=348;

therefore x= — =12.

Thus if both equations are to be satisfied x must equal 12.

Put this value of a; in either of the two given equations,

for example in the second ; thus we obtain

24 4- 5y = 44
;

therefore 5y = 20

;

therefore y = 4.
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2U6. Two or more equations which are to be satisfied

by the same values of the unknown quantities are called

timultaneous equations. In the present Chapter we treat

of simultaneous equations involving two unknown quanti-

ties, where each unknown quantity occurs only in the first

degree, and the product of the unknown quantities does
not occur.

207. There are three methods wliich are usually given
for solving these equations. There is one principle com-
mon to all the methods; namely, from tico given equations
containing ttco unknown quantities a single equation is de-
duced containing only one of the unknown qiiantities. By
this process we are said to eliminate the unknown quan-
tity wMch does not appear in the single equation. The
single equation containing only one unkno\vn quantity can bo
solved by the method of Chapter XIX ; and when the viilue

of one of the unknown quantities has thus been determined,
we can substitute this value in either of the given equations,

and then determine the value ofthe other unknown quantity.

208. First method. Multiply the equations by such
numbers as icill make the coejicietit of one of tlie un-
knorcn quantities the same in the resulting equatums

;

then by addition or subtraction we can form an equation
containing only the other unknown quantity.

This method we used in Art. 205 ; for another example,
suppose.

Sa; + 7?/ = 100,

\2x-5y= SS.

If we wi.sh to eiiiiiiuate y we multiply the first eon itioit

by .5, which is the coefficient of y in tlie second equation,

and we multiply the second equation by 7, which is tlie

coeflBcient oiy in the first equation. Thus we obtain

40.r + 35y = 500,

84j;-352/ = 616;

therefore, by addition,

40.F4-84.«= 500 + 616;

that is, 124d?= 1116;

therefore a; = 9.
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Then put this value of x in either of the given equations,

for example in the second ; thus

108-5y= 8S;

therefore 20 = 5y

;

therefore y = 4,

Suppose, however, that in solving these equations we wish
to begin by eliminating x. If we multiply the first equa-
tion by 12, and the second by 8, we obtain

%* + 84y = 1200,

9(>A--40?/ = 70-t.

Therefore, by subtraction,

84y + 40?/= 1200 -704;

that is, 124^ = 496;

therefore 2/ = 4.

Or we may render the process more simple ; for we may
multiply the first equation by 3, and the second by 2;

thus
24x + 2\y = 300,

24x-l0y=n6.

Therefore, by subtraction,

21?/ + 10«/ = 300-176;

that is, 31sr = 124;

therefore y '= 4.

209. Second method. Express one of the unknown
quantities in terms of t/ie otherfrom either equation, c^id

substitute this value in ttie otJier equation.

Thus, taking the example given in the preceding Arti-

cle, we have from the first equation

b^=100-7y;

,, . 100 -7y
therefore x = ^

—

- .

8 .
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Substitute this value of arin the second equsbtion, and we
obtain

12(100-71/) ^ _„^
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Therefoaro —-—^ =—-r-^

.

Clear of fractions, by raultiplying by 24 ; thus

3(100-7y) = 2(8S + 5y);

that 18, 300-212^= 176+ lOy;

therefore 300-176 = 21t/ + 10y;

that is, 31y = 124;

therefore y = 4.

Then, as before, wo ciui deduce a;= 9. 1

Or thus: from the first equation y=—=
, and

from the second equation y-— ; therefore
5

300-8.i- _ 12j;-8S

7 ~ 5 •

From this equation we shall obtain x= 9; and then, as
before, we can deduce y = 4.

211. Bolve \9x-2\y = \00, 21.r-lOy= 140.

These equations may be .solved by the methods already
explained ; we shall use them however to shew that these
methods may be sometimes abbreviated.

Here, by addition, we obtiiin

19J- - 21y + 21j;- lJ>?/= 100 + 140
;

that is, 40a;-40y = 240;

therefore x-y = Q.

Again, from the original equations, by subtraction, we
obtain

21«-19y-19.c + 21y=140-100;

that is, 2d? + 2y - 40
; j

therefore «+!/>== 20. 1
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Then since x—y-& and x + y = 20, we obtain by addi-

tion 2x = 2G, and by subtraction 22^ = 14;

tlierefore :c=i3, and y = 7.

212. The student will find as he proceeds that in all

parts of Algebra, particular examples may be treated by
methods which are shorter than the general rules; but such
abbreviations can only bo suggested by experience and
practice, and the beginner should not waste his time in

seeking for them.

213. Solve -^ + -=S, = 3.
ic y ' X y

If wo cleared these equations of fractions they would
involve the product xy of the unknown quantities ; and
tlms strictly they do not belong to the prasent Chapter.
But they may be solved by the methods already ^ven, as

we shall now shew. For multiply the first equation by 3
and the second by 2, and add ; thus
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214. Rolvo a^x-^-h-y-c^, ax + hy = c.

Here x and y are supposed to denote vmknonm quanti-
ties, while the other letters are supposed to denote known
quantities.

Multiply the second equation by b, and subtract it from
the first; thus

a-x -»- h'hj — ahx— b-y — c^-bc;

that is, a{a— b)x= c{c— b);

therefore x = -—
fi •

a {a — In

Substitute tliis value of x in the second equation ; thus

ac{c — b)

a{a—b)
+ by-c;

., e 7.
c(c—b) c(a-b) — c(c — b) c(a-c)

therefore by = c— , = -^^ —j^^ ' - -i—r-^

:

a— b a — b a—o

therefore v -
"^'"'"'^ - ^^^"^^

theretoie y_^^^_^^ __--^.

Or the value of y might be found in the same way a«

that of X was found.

BXAMPLES. XXIII.

1.
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X Ax - 2
10. 1 + 3^-7, —^=3z/-4.
11. (5/;-5y=l, 7.r-4y = 8^.

V —

2

a;—

4

12. '2x\:-—-=1\, 4y +-—-=29.
5 fa

13. ^ + 5?/=13, 2;r +^^^ = 33.

14. f+^ = 10i 2.r-2/ = 7.

^•^-
3

"^"2"^^' 2"^
9 -^•

^^- 4
--3-^' T-'S-^-

x+v x—v
17. ^ + a; = 15, -^ + 2, = 6.

7a? 5v Ix 3y by

... '5. 1=20, f .'f-.2..-7.

2a; + 3y ?/ 4y-3;c_3.f
'^•^-

5 3' 6 " 4
^*'

-4. 7 + 5 -A 11 +2/ y-

25. 2 (2.« + 3//) = 3 (2a' - 3?/) + 1 0,

4M-21J = ^{loy -2x) + Z.
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26. 3;K + &y = 2-4, iZljr- •0Gy = -03.

27. •Zx + -\'2.ryy = x-^, Zx-ryy^2S--2oy.

28. •0&r--21sr = -3.3, 12;c + 7y = 3-54.

2.,. «-i=,, L^ ="= ,„.
to y ' X y *

30. x-4y— l, „ -f = —
.^ ' 3i/ 10 5y

X4-1 z-l 6
31. 7 — —— = , A'-W = l.

i/-i V y

32. 4;r + z/==ll,
i^^Z^^.^S

-^
' 5j5 3a; 15

33. IjLI^I^^, 3j,-10(£-l)^^^,^^
a; —

o

G 4

34. -4-f = 2, b£-ay=^0.ah
35. a; + j^-a-f6, fca; + oi/= 2a&.

36. ^+^=1. i^y=i.a a

87. {a-hc)x — by-b<:, jc + y=a + b.

a f) a

39. x + y = c, ax^by~c{a— b).

40. a(a; + t/) + &(a;-«/)=^l, a{x~y) + h{x-^y)= l.

x-a
,

y-6
41.

42. {a + h)x-{a-h)y = Aab,

a + 6 a -6 ^ttfe d?4-&^
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KX I V. Simultaneous equations qf the first degree with
more than two unknown quantities.

215. If there be three simple equations containing
three unknown quantities, we can deduce from two of the
equations an equation wliich contains only two of the un-
known quantities, bj the methods of the preceding Chap-
ter; then from the third given equation, and either of the
former two, we can dediice another equation which con-
tains the same two unknown quantities. We have thus
two equations containing two unlniown quantities, and
therefore the values of these unknown quantities may be
found by the methods of the preceding Chapter. By sub-
stituting these values in one of the given equations, the
value of the remaining unknown quantity may be found.

216. Solve lx + Zy~2z = lQ (1),

2a! + 5?/ + 35; = 39 (2),

5x- y + 5xr-=31 (3).

For convenience of reference the equations are num-
bered (1), (2), (3) ; and this numbering is continued as we
proceed with the solution.

Multiply (1) by 3, and multiply (2) by 2 \ thus

21.C+ 9^-62;:::- 48,

4^+10^ + 6^ = 78;

therefore, by addition,

25.c+19i/=126 (4).

Midtiply (1) by 5, and multiply (3) by 2 ; thus

35a; + 15jr- 10^= 80,

IQx- 2y + 10;r = 62;

tiierefore, by addition,

45a; + 13y=142 (5).

10



146 SIMULTANEOUS SIMPLE EQUATIONS.

We have now to find the values of x and y from (4)

und (5).

Multiply (4) by 9, and multiply (5) by 5 ; thus

225a;+ 171?/ = 11-34,

225j;+ 652/= 710;

therefore, by subtraction,

106?/=: 424;

therefore 2/ = 4.

Substitute the value of y in (4) ; thus

2Sui: + 76 = 126;

therefore 25ar= 1 26 - 76 =:= 50

;

therefore a; — 2.

Substitute the values of x and y in (1) ; thus

14 + 12-2^=16;

therefore 10= 22r;

therefore z= S).

217. Solve -+?-•-= 1 (1),X y z

'+^+'==24.: ^),X y z ^"

'--'-+^=.4
(3).X y z

Multiply (1) by 2, and add the result to (2); thus

246 546„„,
-H +- +-+-=2 + 24:
X y z X y z

that is, -+ - = 26 (4).
X y
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Multiply (1) by 3, and add the result to (3) ; thus

3697 89„,,-+ -»- + -^3+14;
X y z X y z

that is, 1^_? = 17 (5).
X y

Multiply (5) by 4, and add tlie result to (4) ; thus

10_«^U« = 68-.26,
X y X y

tliat is, — = 94
;X

therefore 47 = 94a;

;

therefore *= ;;^- — ^ •

94 2

Substitute the value of x in (5) ; thus

2
20- -=17;

y

therefore --=20-17 = 3;
y

2
therefore y = o •

Substitute the values of x and y in (I) ; thus

2+3---1;
z

3
therefore -= 4

:

z

3
therefore *~Z'

10—2
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218. Solve

1 + ^= 5 (2),

- + ?= 4 (3X
a c

Subtract (1) from (2) ; thus

y z X y_ „^cab
that is,

• f"I = "^ ^"^^•

By subtmctiug (4) from (3) we obtain

tic refore ' =1 ; therefore x = a.

By adding (4) to (3) we obtain

'^ = 6;
c

therefore .=3; therefore 2; = Stf.

By sulwti luting the value of a; in (1) vve find that y-2&

210. In a similar manner we may proceed if the nimi-

bcr of equations and unknown (juautities sho)ild exceed
three.
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EXASIPLES. XXIV.

1. a;-f 3g/ + 2^ = ll, 2ar + y + 3z^l4, 3a?+22^ + a=li

2. 5.c-fi</ + 42r=]5, 7^ + 42/ -32^=19, 2a; + y + 60 = 46.

3. 4;»-5y + 2r = 6, lx-Uy^-2z = d, x + y-^^z=^\2.

4. 7a;-3y= 30, 92/-52r^34, x + y + z= ZZ.

5. 3a;-2/ + z==17, 5.c+ 32/-25; = 10, 7^ + 4y- 5jj = 3.

6. x + y + z^6, 3x-5y + Tz=^75, 9a;- 11^ + 10 = 0.

7. x + 2y + 3z = 6, 2x + Ay + 2z = 8, 3x + 2y + Sz = 101.

g 6y-4x
^^ 5z-x y-2z ^

3z-l ' 2^^-32: ' '3y~2x

„ x+ 2y 3y + 4z 5x+ 6z ,^^
9- -7-^= 8

3
,

a; + y-2r= 126.

./.Ill 1 1 OR 434
X y 6 y z "' X y z

11. j/ + 5r=a, 2; + .r = 6, x + y = c.

12. a; + «/ + ;r= ci + i + c, ;c + a = ?/ + 6 = 2 + c.

13. y + 2;— .^•= a, z + ^c — y = ^, .c + y — z = c.

14.
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XXV. Problems which lead to gimidtaneons equati>T>t

of thefirst degree with more than one uyiktvucn quantittj.

220. We shall now nolve some problein.s whicli lead to

siinultaneous equations of the first degree mth more than

one unknown quantity.

2
Find the fraction which becomes equal to - when the

4
ninuerator ia increased by 2, and equal to - when the de-

nominator is increased by 4.

Let X denote the numerator, and y the denominator of

the required fraction ; then, by supposition,

.T-f-2 2 X _ 4

~J~ "3' y + \~ T
Clear the equations of fractions ; thus we o!)tain

Zx-2y^ -6 (1),

Ix-Ay^ 16 (2).

Multiply (1) by 2, and subtnict it from (2) ; thus

7;P-42/-&^+4»/=16+12;

that is, ;r=:28

Substitute the value of x in (1) ; thus

84-2?/^ -6^

therefore 2?/= 90 ; tli'.rcforc // = 45.

28
Menco tlio required fi-action is --.

.

4o

led e(iu;il
_,

certain number of persons ; If there had been .six moro,
each would ha\x' received two shillings less than he did

;

and if there had been three fewer, each would have re-

ceived two s'.illings more tlian he did : find the iiumbor of

persons, and what each received.
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Let X denote the number of persons, and y the number
of shillings wliich each received. Then xy is the number of
shillings in the sum of money which is divided ; and, by
supposition,

(j; + 6)(sr-2) = ^y (1),

{x-t){y^1)=xy (2).

From (1) we obtain

xy -^Qy — lx — ll-xy-,

therefore Gy-2^=12 (3).

From (2) we obtain

a;y+2.«-3s'-6 = ^^;
therefore 2a;-3y= 6 (4).

From (3) and (4), by addition, 3y- 18 ; therefore y=6.

Substitute the value of y in (4) ; thus

2a-- 18 = 6;

':herefore 2;i;= 24 ; therefore ;r =: 12.

Thus there were 12 persons, and each received 6
shillings.

222. A certain number of two digits is equal to five

iimes the sum of its digits ; and if nine be added to the
number the digits are reversed : find the number.

Lest X denote the digit in the tens' place, and y the digit

'n the units' place. Then the number is \^)x + y ; and, by
supposition, the number is equal to five times the sum of

its digits; therefore

10.c + ?/ = 5(a; + ?/) (1\

If nine be added to the number its digits are reversed,

that is, we obtain the mmiber 10?/ + :r ; therefore

\^x-\-y^^ = \<dy + x (2).

From (1) we obtain

5x= 4y .... (3).

From (2) we obtain 9.c + 9 = 9y ; therefore a; 4- 1 = i/.
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Substitute for y in (3) ; thus

therefore a; =4.

Then from (3) we obtain y = 5.

Hence the required number is 45.

223. A railway train after ti'avelling an hoiu- is detaini^d

24 minutes, after wliicli it proceeds at six-fifths of \\a

former rate, and arrives 15 minutes late. If the detention

had taken place 5 miles further on, the train would have
aiTived 2 minutes later than it did. Find the original rate

of the train, and the distance travelled.

Let hx denote the number of miles per hour at which

the train originally travelled, and let y denote the number
of miles in the whole distance travelled. Then y-hx mil
denote the number of miles which remain to be travelled

after the detention. At the original rate of the train this

distance would Ik) travelled in —^— hours; at the iii-

5.C

creased rate it wiH be travelled in ^—-— hours. Since
Gar

the train is detained 24 minutes, and yet is (nily l.'> minutes
late at its arrival, it follows that the remainder of the

journey is performed in 9 minutes less than it would havo

been if the rate had not been increfvsed. And 9 minutes

9
is -- of an hour ; therefore

60

y— bx y~5x 9 . .

(Cx~~ ox 6li
''

If the detention had taken place ;"> miles furtlicr (in

there would have been y — bx—5 miles left to be travelled

Thus we shall find that

y-5x-5 _ y-5.r-5 _ "!_

6x ^x 60
^'^''
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Subtract (2) from (1) ; thus

5 _ 5 2^

Ox " 5x
~'
60

'

therefore 50 = 60-2j;;

therefore 2a; =10; therefore ^ = 5.

Substitute this vahie of x in (1), and it will be found by
solving the equation that 2/ = 47^.

224. A, B, and G can together perform a piece of

work in 30 days ; A and B can together perform it in 32
days; atid B and C can together perform it in 120 days:

find the time in which each alone could perform the work.

Let X denote the number of days in whieh A alone
could perform it, y the number of days in which B alone
could perform it, z the number of days in which G alone
could perform it. Then we have

1111
x^y^z = ¥,

(^)'

111
5^r32 ^2),

Subtract (2) ft-om (1;; thus

1 ^ 1 _ 2 - JL
«~^30 3-2 ~ 480'

Subtract (3) from (1); thus

]^ _ j_ L _ 1
x~ m 120^40*

Therefore x = \0, and z = 480; and by substitution in

any of tlie given equations we shall find that ?/= l&O.

225. We may observe that a [iroblem may often be
solved in various ways, and with the aid of more or fewer
letters to represent the unkno^vn quantities, llius, to

take a very simple example, suppose we have to find two
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numbers stich that one is two-tbirds of the other, and their

sum is 100.

We may proeeed thus. Let x denote the greater

number, and y the less number; then we have

y=y, .r + ?/=100.

Or we may proceed thus. Let x denote the greater

number, then 100 — a; will denote the less number; there-

fore

100-a;=y .

Or we may proceed thus. Let 3:c denote the greater

number, then 2x will denote the less number; therefore

2.T + 3^=100.

By completing any of these processes we shall find that

the required aunibers are 60 and 40.

The student may acco;dingly find that he can solve

some of the examples at the end of the present Chapter,
with the aid of only one letter to denote an unknown quan-
tity; and, on the other hand, some of the examples at the
end of Chapter xxii. may appear to him most naturally

solved with the aid of two letters. As a general rule it

may be stated that the employment of a larger number of

unkno\VB quantities renders the work longer, but at the
same time allows the successive steps to be more readily
followed ; and thus is more suitable for beginners.

The beginner will find it a good exercise to solve the
example given in Art. 204 with the aid of four letters to

represent the four unknown quantities wliieh are required.

Examples. XXV.

1. If A's money were increased by 3fi shillings he would
have three times as much as B; and if B's money wei-e

diminished by 5 shilUngs he would have half as much aa
A : find the sum posses.sed by each.

2. Find two numbera such that the fir.st with half the
second may make 20, and also tliat the second with a third
of the first may make 20.
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3. If B were to give £25 to A they would have equal

sums of money ; if A were to give £22 to' B the money
of B would be double that of A : find the money which
each actually has.

4. Find two numbers such that half the first with a
third of the second may make 32, and that a fourth of the
Crst with a fifth of the second may make 18.

5. A person buys 8 lbs. of tea and 3 lbs. of sugar for

£\. 2». ; and at another time he buys 5 lbs. of tea and 4 lbs.

of sugiir for 15s. 2d. : find the price of t^ and sugar per lb.

6. Seven years ago A was three times as old as B
was; and seven j'ears hence A will bo twice as old as B
will be: find their pr^ent ages.

7. Find the fraction which becomes equal to J when
the immerator is increased by 1, and equal to J when the

denominator is incrca.sed by 1.

8. A certain fishing rod consists of two parts; the
length of the upper part is to the length of the lower as

5 to 7 ; and 9 times the upper part together with 13 timefr

the lower part exceed 11 times the whole rod by 36 inches:
find the lengths erf the two parts.

9. A person spends half-a-crowTi in apples and pears,

Inning tlie ajiples at 4 a penny, and the pears at 5 a
[)uuny; he sells half his apples and one-third of his pears
fur 13 pence, which was the price at which he bowght them:
find how many apples and how many pears he bought.

10. A wine merclipint has tv,o t<ort^ of wine, abetter
and a worse; if he mixes them in the proportion of two
quarts of the better sort witli three of the worse, the
mixture will be worth \s. 9d. a quart ; but if he mixes them
in the proportion of seven quarts of the better sort with
eight of the worse, the mixture will be worth Is. lOd. a
quart : find the price of a quart of each sort.

11. A farmer sold to one person 30 bushels of wheat,
and 40 bushels of l»arlev for £15. lOs.; to another person
he sold 50 bushels of wheat and 30 bushels of barley
for £17 : find the i^rice of wheat and barley per bushel.
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12. A farmer has 28 busbds of barley at 2s. Ad. a
bushel: with these he wishes to mix rye at 3». a bushel,

and wheat at 4s. a bushel, so that the mixture may consist

of 100 bushels, and be worth 3*. Ad. a bushel: find how
many bushels of rye and wheat he must take.

13. A and B lay a wager of 10 shillings; if A loses

he will have as much as B ^ill then have ; if B loses he
will have half of what A will then have: find the money
of each.

14. If the numerator of a certain fraction be increased
by 1, and the denominator be diminished by 1, the value
will be 1 ; if the numerator be increased by the denomi-
nator, and the denominator diminished by the numerator,
the value will be 4 : find the fraction,

15. A number of posts are placed at equal distances

in a straight line. If to twice the number of them we add
the distance between two consecutive posts, expressea m
feet, the sum is 68. If from four times the distance be-

tween two consecutive posts, expressed in feet, we subtract

half the number of posts, the remainder is 68. Find the

distance between the extreme posts.

16. A gentleman distributing money among .some poor
men found that he wanted 10 shilliDgs. in order to be
able to give 5 shillings to each man ; therefore he gives

to each man 4 shillings only, and finds that he has 5

shillings left : find the number of poor men and of

shillings.

17. A certain company in a tavern found, when they
came to pay their bill, that if there had been three more
persons to pay the same bill, they would have paid one
shilling each le.-<s than they did ; and if there had been
two fewer persons they would have paid one shilling each
more than they did : find the number of persons and the

number of shillings each paid.

18. There i>j a certiin rectangular floor, suclj that

if it had been two feet broader, and three feet longer, it

would have lieen sixty-four sfjuare feet larger ; but if it

had been three feet broader, and two feet longer, it would
have been sixty-eight square feet larger : find the length

and breadth of the floor.

10. A certain number of two digits is equal to four
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times the sum of its digits; and if 18 be added to the
number the digits are reversed/: find the number.

20. Two digits which fonn a number change places
on the addition of 9; and the sum of the two numbers is

33 : find the digits.

21. When a certain number of two digits is doubled,
and increased by 36, the result is the same as if the number
had been reversed, and doubled, and then diminished by
3G ; also the number itself exceeds foiir times the sum of

its digits by 3 : find the number

22. Two passengers have together 5 cwt. of luggage,
and are charged for the excess above the weight allowed
5s. 2d. and 95. \Qd. respectively ; if the luggage had all

belonged to one of them he would have been charged
I9«. Id. : find how much luggage each passenger is allowed
without charge.

23. A and B ran a race which lasted 5 minutes; B
had a start of 20 yards; but A ran 3 yards while B was
running 2, and won by 30 yards: find the tength of tho
course and the speed of each.

24. A and B have each a certain number of counters

;

A gives to i? as many as B has already, and B returns
back again to A as many as A has left ; A gives to B as
many as B has left, and B returns to A as many as A has
left ; each of them has now sixteen counters : find how
many each had at first.

25. A and B can together perform a certain work in

30 days; at the end of 18 days however B is called off

aaid A finishes it alone in 20 more days : find the time
in which each could perform the work alone.

26. A, B, and C cun drink a cask of beer in 15 days

;

A and B together drink four-thirds of what C does ; and
C drinks twice as much as A : find the time in which each
iiloue could drink the cask of beer.

27. A cistern holding 1200 gallons is filled by three
pipes A, B, C together in 24 minutes. The pipe A requires
30 minutes more than Cto fill the cistern; and 10 gallons
less rim through U per minute than through A and B
together. Find the time in wMch each pipe alone would
fill tho cistern.
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28. A and B run a mUe. At the first heat A gives B
a start of 20 yards, and beats him by 30 seconds. At tlie

second heat A gives B a start of 32 seconds, and beats him
^1 &A y£U'<is. Find the rate per hour at which A runs,

29. A and B are two to^vns situated 24 miles apart,

on the same bank of a river. A man goes from A to B
in 7 hours, by rowing the first half of the distance, and
walking the second half. In retumiag he walks the first

half at three-fourths of his former i-at«, but the stream
being with him he rows at double his rate in going ; and
he accomplislies the whole distance in 6 hours. Find his

rates of walking and rowing.

30. A railway train after travelling an hour is detained
15 minutes, after which it proceeds at three-fourths of its

former rate, and arrives 24 minutes late. If the detention
had taken place 5 miles further on, the train would have
arrived 3 minutes sooner than it did. Find the original

rate of the train and the distance travelled.

31. The time which an express train takes to travel

a journey of 120 miles is to that taken by an ordinary train

as 9 is to 14. The ordhiary train loses as much thne in

stoppages as it would take to travel 20 miles without stop-

ping. The express train only loses half as much tinio in

stoppages as tlxj ordinary train, and it also travels 15 miles

an hour quicker. Find the rate of eacb train.

32. Two trains, 92 feet long and 84 feet long respec-

tively, are moving with uniform velocities on parallel rails

;

when they move in opposite directions they are observed
to pass each other in one second and a half; but when they

move in the same direction the faster train is observed to

pa-ss the other in six seconds : find tlie rate at which each
train moves.

33. A railroad runs from A to C A goods' train

starts from A at 12 o'clock, and a passenger train at 1

o'clock. After going two-thirds of the distance the goods'

train breaks down, and can only travel at three-fourtha of

its former rate. At 40 minutes past 2 o'clock a collision

occurs, 10 miles from G. The rate of the passenger train

is double the diminished rate of the goods' train. Find the

disUuce from A to 0, and the rates of the train*.
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34. A certain sum of money was divided between A,
B, and C, so that A'a share exceeded four-sevenths of the
shares of B and C by ^30 ; also ^'s share exceeded threo-

eighths of the shares of A and C by £Z0; and C's share
exceeded two-ninths of the shares of A and B by ^30.
Find the share of each person.

35. A and B working together can earn 40 shillings

in 6 days; A and C together can earn 54 shillings in 9
days; and B and C together can earn 80 shillings in 15
days : find what each man can earn alone per day.

36. A certain number of sovereigns, shillings, and six-

pences amount to ^'8. 6*. 6d. The amount of the shillings

is a guinea less than that of the sovereigns, and a guinea
and a half more than that of the six^jences. Find the
number of each coin.

37. A and B can perform a piece of work together in

48 days ; A and C in 30 days ; and B and C in 26§ days

:

find the time in which each could perform the work alone.

38. There is a certain number of three digits which is

e<iual to 48 times the sum of its digits, and if 198 be sub-

tracted fi-om the number the digits will be reversed ; also

the sum of the extreme digits is equal to twice the middle
digit : find the number.

39. A man bought 10 bullocks, 120 sheep, and 46
lambs. The price of 3 sheep is equal to that of 5 lambs.
A bullock, a sheep, and a lamb together cost a number of

shillings gi*eater by 300 than the whole number of animals
bought; and the whole sum spent was £468. 6s. Find the
price of a bullock, a sheep, and a lamb respectively.

40. A farmer sold at a market 100 head of stock con-

sisting of horses, oxen, and sheep, so that the whole realised

£2. Is. per head ; while a horse, an ox, and a sheep were
sold for .£22, £12. 10s., and £1. 10,s. respectively. Had he
sold one-fourth the immber of oxen, and 25 more sheep
than he did, the amount received would have been still the

same. Find the number of horses, oxen, and sheep, respec-

tively which were sold-
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XXVI. Quadratic Equations.

226. A quadratic equation is an equation which con-

tains the square of the unknown quantity, but no higher

power.

227. A pure quadratic equation is one which contains

only the square of the unknown quantity. An adfected

quadratic equation is one which contains the first power
of the unknown quantity as well as its square. Thus, for

example, 2;r*= 50 is a pure quadratic equation; and
2x^ - 7j7 + 3 = is an adfected quadratic equation.

228. The following is the Rule for solving a pure
quadratic equation. Find the value of the square of the

unknovyn quantity by the Mule for 8olci7ig a simple equa-

tion; then, by extyactirig the square root, the values qf the

unknown quantity are found.

x^— 13 a;^— .5

For example, solve —-— -I- =6.

Clear of ft-actions by multiplying by 30 ; thus

10(«2-13) + 3(a;2-5) = 180;

tiierefore 13^2 = 180 + 130 + 16 = 326 ;

325
therefoK5 a;*=— = 25 ;

extract the square root, thiis:K= ±6.

In this example, we find by the Rule for solving a

simple equation, tliat x^ is equal to 25 ; therefore x must

bo such a number, that if multiphed into itself the pro-

duct is 25. That is to say, x must be a square root of

25. In Arithmetic 5 is the square root of 25 ; in Algebra

wo may consitlcr either 5 or —5 as a square root of 25,

since, by the Rule of Signs — 5x —5 = 5x5, Hence j;

iLiay have either of the vaUiiis 5 or — 5, and the equation

will be satisfiecL This wo deaoto thus, x= ±5.
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229, "We proceed to the solution of adfected quadra-

tics.

If we multiply x+ -hj itself we obtain

/ a\f a\ „ ^ ax a- „ a*

tivoA a;^ + ax + — is a perfect square, for it is the square

of « + - . Hence x'^ + ax is rendered a perfect square

a^
by the addition of j-j that is, hy the addition oftlie square

of half the coefficient of x. This fact is the essential part
of the solution of an adfected quadratic equation, and we
shall now give some examples of it.

«2+ 6a?; hei-e half the coefficient of a- is 3 ; add 3^, and
we obtain x'^ + Qx + 'i\ that is (a; + 3)-.

5
x^—5x; here half the coefficient oi x is — ; add2'

( - - j, that is (,3), and we obtain x--bx + i\y that

Ax 2 /^2\*
«2 + — ; here half the coeffitueut of a; is -

; add { )o 5 \5/

and we obtain x^-¥— + ( - ) , that is
( .c + -

)

.

3^ 3«^— -T-; here half the coefficient of x is --; add
4 8

(3\2 /3\2 3^ 73x2
—
-j, that is (

-j, and we obtain x-- +( j,that

The process here exemplified is called completing the
square.

T. A. 11
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230. The following is the Rule for solving an adfected

quadratic equation. By transposition and reduction

arrange the equation so that the terms which involve the

unknoicn quantity are alone on one side, and the coefficient

of X- is + 1 ; add to each side of the equation the square

of half the coefficient of x, and then extract tJie square

root qf each side.

It will be seen from the examples which we shall no"

solve tliat the above nile leads iis to a point from wliic.i

we can immediately ol)tain the values of the unknowu
quantity.

231. Solve af^-\0x + 2\ = 0.

By transposition, a;- — 1 Ox = — 24

;

(10\2— j, a;2-10.r + 52= -24 + 25=1;

extract the square root, « — 5 = * 1

;

transpose, ar = 5±l = 5 + l or 5 — 1;

hence x = Q or 4.

It is easy to verify that either of these values satisfies

the proposed equation ; and it will be useful for the stu-

dent thus to verify his results.

232. Solve 3.c«- 4* - 55 = 0.

By transposition, Zx^— 4j; = 55

;

J- -J 1. « , 4.r 55,
divide by 3, x— 3 = T '

,, /2V 2 4.i;^/2Y 55 4 169.

2 13
extract the square root, x— -=±-^\

2 13 11
transpose, ^=^1^ ^=5 or ——

.

00 A
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233. Solve 2j;2 + 3a:-35 = 0.

By transposition, 2«'- + 3ar= 35

;

divide by 2, a;2+~--;
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236. Solve a;2-Ga; + 13 = 0.

By transposition, ;c- - 6a; = — 13

;

add 32, a?'^-6j: + 3-= -13 +'9=-4

If we try to extract the square root we have

u;-3= ± ^/-4.

But —4 can have no square root, exaci or approximate,
because any number, whether positive or negative, if mul-
tiplied by itself, gives a positive result. In this case the

quadratic equation has no real root ; and this is sometimes
expressed by saying that tiie roots are imaginary or

impossible.

237. Solve oT-"—rv + -7^ = ^.

Here we first clear of fractions by luiiltiplying by
4(jr2-i), which is the least common multiple of the de-

nominators.

Thus 2(x + l)+l2 = a;*-l.

By transposition, a;'— 2^ — 15

;

addl", a;2-2a; + l = 15+l = lG;

extract the square root, a;— 1= ±4;

therefore d;= l±4 = 5 or — 3.

000 01 2a; 3a;-50 12a; + 70
238. Solve

f^
"^ spT^) = "1^ •

Multiply by 570, which is the least common multiple of

15 and 190; thus 5

yg^^
l90(3a;-50)

^3 ^^^
lO + o;

.u f 190(3.r-y0) „,„ ,^therefore —;^;;^
-^ = 210 -40a?:

lO + o;
'

therefore 190(3a;-50) = (210-40a;)(10 + «);



19^=-2
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240. Every quadratic equation can be put in the

form -sP- + px + q = 0, where p and q represent some knoicn
numbers, whole or frcictional, positive or 7iegative.

For a quadratic equation, by definition, contains no
I)ower of the unknown quantity higher than the second
Ix't all the terms be brought to one side, and, if necessai7,

change the signs of all the terms so that the coefficient of

tiio square of the unknown quantity may be a positive

iiiunber; then divide every term by this coefficient, and
t.ie equation takes the assigned fonn.

For example, suppose 1x — Ax^ = 5. Here we have

nx-Ax^-5^0;

tliercfore A^x^-lx + b — O;

therefore sx?—— +7 = 0.
4 4

7 5
Thus in this example we have p=—- and q=-.

4 4

241. Solve a^-^px + q^Q.

By transposition, X"+2^^—~9.\

extract the square root,
2

therefore x^ -?i =. ^Ik^^l^ = -p^sjjp^-^q)
^

242. We have thus obtained a general formula for

the roots of the quadratic equation ifi+px + q— Oy namely,
tliat X must be equal to

-/>+s'(^'-4g) -p-s/(p^-'^)- or to 2 .

Wo sliall now deduce from this general formula some
very important inferences, which will hold for any quad-
ratic equation, by Art. 240.
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243. A quadratic equation cannot have more than

two roots.

For we have seen that the root mtist be one or tfie

othei- of two assigned expressions.

244. In a quadratic equation where the terms are
aU on one side, and the coefficient of ilie square of the

unknown quantity is unity, the sum of the roots in equal
'.<! the coefficient of the second term, with its sign changed,

and the product of the roots is equal to tite last term.

For let the equation be x^ +px + q—0;

the sum of the roots is

ZP±^Mi:M + -P-^fi^P'-^)^ that is -p;

the product of the roots is

-P + nj(p'-4q) ^ -P - v/(jt>'-4g)

2 2*
that is ^:rir~i3.. thatis?.

4

245. The preceding Article deserves special attention,

for it furnishes a very good example both of the nature of

tlie general results of Aljjebia, and of the methods by
which these general results are obtained. The student
should verify these results in the case of the quadratic

equations already solved. Take, for example, that in

Art. 232 ; the equation may be put in the form

, 4a; 55 ^

and the roots are 5 and -~
; thus the sum of the roots i»

4 55
„ , and the product of the roots is — —

.

3 o



1C8 QUADRATIC EQUATIONS.

246. Solve au;2 + 6j!4C = 0.

By transposition, ax- \-h4c= —c;

,. ., , ^ bx c
divide by a, x-+—-=—

;

, /hy , hx /by c ¥
\2aJ a \2aJ a 4a^

¥-4ae
4a2 »

extract the square root, a;+ — = ±

tlierefore as

2a 2a

-b^J(l^-4ac)
2a

247. The general formulae given in Arts. 241 and 246
may be employed in solving anv quadratic equation. Take
for' example the equation 3x^— 4x— 55-0; divide by 3,

thua we have

., 4x 55 ^

Take the formula in Art. 241, which gives the roots of

4 55
iv--i-px + q = 0; and put jt>=-„, and 5=— -r-; we shall

o o
thiuj obtain the roots of the proposetl equation.

But it is more convenient to use the formula in Art. 246,

as we thus avoid fractions. The proposed equation being

:ix- — 4x — 5^) = 0, we must put a — 3, 6 =—4, and c=— 55,

in tlie formula wliich gives tlie roots of ax'- + bx + c=Oy

that IS, in ^>,^^ -.
'

2rt

_, . 4^ ^(16 + 660) ^, .. 4=fc^/(67g)
Thus we have —^^ -, that is, -->- -,

b o

4±26 .X , ^ 11
that IS, -^—

,
that is, 5 or - -

.
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Examples. XXVI.

1. 2(rr2-7) + 3(j^-ll) = 33. 2. (a;-15)(;c + 15)= 40a

3. _^ + _^=8. 4.
^

=36.

a;— 3 ;r4-3 3' ^ x d x'

7. ar2-3.c + 2 = a 8. a^-5j; + 6 = 0.

9. x-+\0x^2A, 10. 2^-l = 5ar + 2.

11. 3«2_4;» = 39. 12. a?2+10a; + 3 = 2^-5aJ+5a

13. (a; + l)(2a; + 3) = 4;c»-22. 14. {x-\){x-2) = -2(i,

15. 4(;j;2_i)^4^_l_ lg_ {2x-if= %x.

17. 3.fc'^- 17a; + 10 = 0.

5
19. .r = 2 + —

.

4ar

23. 4.^-1^ = 22.

25. — , + 2.c = 12. 26. -+ _ = 6fa;-3 7 a; + 5 '

27. 8a.-+ 1 1 + - = ^ . 28. + —z ==
V. .

a; 7 x~2 x + 2 6

SI. -^^-±1 = 2. 32.
^^,^^-^1 13

18.
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ar + 1 x-2_9 x-^4. x-\-2

37 ^z^_£i:i = li 38 ^-3 ^-^^ 6

a;-3 a;-l 15* ' x-2 x-4 5"

39 £zi_f^ = ii 40 -^ ?- = ^

x-4 x-2 12' * a;-2 x + 2 5'

3 _ 1 _ 1 a; _ 15 -7j;
'*^'

2{x^-l)~ 4{x + l)~S' ' x2-l~ b{l-x)

2a;+l 3^-2 _ 11 2^-1 _ 2^-3 1
*^-

a;-l "*"3;c + 2~ 2
• *** x-1 a;-2'^6~

3x+l 2^-7 5^ 2a;-

3

3^_-5 5

3(a;-5) 2a;-8 2~ ' 3a;-5
"*"

2a;-3 " 2'

3ar-2 2a;-5 ^1Q ar+2 4-a;_7
2d;-5 ^3a;-2'" 3 ^^ ~ 2x ~ 3'

49. (ar-3)2=2(a;2_9')_ 50. (a;+ 10)2=144(100-ar=0.

K, S
, 3 14 =1 4 5 12

51. ^ + - =
i" 52. - + ; =

X + 2 X x + 4 x-hi x + 2 x + 5

x + 1 a'-l ^2.g-l j:-2 a; + 2_^£C + 3

x + 2 x-2~ x-l
'

' x+ 2 x-2~''^^y

5-, ^-^ •^- 2
56 ^^+_5_ = _i2

« + l 6 7(.i;-l)' a; + 2 a: + 4 ar + 6'

a;-l j;-2 _ 2.r + 13 a! + l a- + 2 _ 2j-H3
x+l x + 2~ x + \Q

'
' x-l x-2~ x+\ '

^„ 2ar-l
.
3a?- 1 5a;- 11 ^„ 14a;-9 a;2-3

59. + - = ^. 60. x—- — = ~.
a; + l x + 2 x—\ 8a; -3 x + \

61. a«a;«-2a'a; + a«-l = 0. 62. 4cC-x = {a^-'b^+ xf

63. 5 + « = f + *. 61 U-1-^ =UJL
a X X X x + o a a+b
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XXVII. Equations which may he solved like

Quadratics.

248. There are many equations which are not strictly

qu:idratics, but which may be solved by the method oi com-
pirtlng the square; we will give two examples.

249. Solve ar«- 7.1^ = 8.

== .^49 81.

extract the square root, x^— -= ±-\

7 9
therefore a^ - -y^r ~ = s or — 1;

extract the cube root, thus .r = 2 or —1.

250. Solve ar2 + 3a? + 3V(«2^.3;j,_2) = 6.

Subtract 2 from both sides, thus

x'^ + Zx -2 + 3 ^{J!- + 3a; - 2) =^ 4.

Thus on the left-hand side we have two expressions,

namely, ^l{x- + 'Sx — 2) and j;^ + 3a.--2, and the latter is the
square of the former ; we can now complete the square.

Add ( 1 , thus

9 25
^4 +4=4;a^ + Zx-2 + Z ^{x'^ + 2,x-2) + \^\

o raot the square root, thus

J{x'^^Zx-2) + \
=
^l;

3 5
therefora ^(,z^+ 3x - 2) = -

^^
± = 1 or - 4.
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First suppose J{x^ + 3;c— 2 ) = 1

.

Square both sides, thus ar^ + 3x - 2 = 1.

This is an ordinary quadratic equation; by solving it

we shall obtain x = -^—

.

Next suppose J{a^ + 3u;— 2) = - 4.

Square both sides, thus a:^ + 3^- 2 — 16.

This is an ordinary quadratic equation; by sohing it

we shall obtain x— Z or —6.

Thus on the whole wc have four values for a;, namely,
-3± J-2\

3 or -6 or >

An important observation must bo made with respect

to these values. Suppose we proceed to verify them.
If we put a; = 3 we find that a;'- + 3a;— 2 = 16, and thus
,y/(a;2 + 3a; — 2) = ± 4. If we take the value + 4 the original

equation will not be satisfied ; if we take the value — 4 it

will be satisfied. If we put a; = — 6 we arrive at the same
result. And the result might have been anticipated,

because the values x = Z or — 6 were obtained from

v'(^'- + 3a; — 2)= -4, which was deduced from the original

equation. If we put x — ^
we find that

x^ + Zx — 2=^\, and the original equation will be satisfied

if we take >J{x- + Zx — 2)- +1; and, as before, the result

might have been anticipated.

In fact we shall find that we arrive at the same four

values of X, by solving either of the following equations,

ar2 + 3a; - 3 -s/(a;2 + 3a; - 2) = 6,

ar2 4- Zx + 3 sjix^ + 3a; - 2) = 6;

but the values 3 or -6 belong strictly only to the first

equation, and the values 7r~~ ^^^°°S strictly only to

the second equation.
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251. Equations may be proposed which will require

the operations of transposing and squaring to be per-

formed, once or oftener, before they are reduced to quad-
ratics ; we will give two examples.

252. Solve 2x-J{x^-Zx-Z)= 9.

Transpose, '2.x-^ = J{x'^-'ix-^)',

square, Ax'^-ZQx + Sl=x^—ix—Z;

transpose, Zx^— 33* + 84= ;

divide by 3, a;2_ii^^28= 0.

By solving this quadratic we shall obtain a;=7 or 4.

The value 7 satisfies the original equation ; the *3|lu«>. >

belongs strictly to the equation 2x-¥]J{x'^— Zx^'y~%.

253. Solve ,J{x + ^)+ sJ{2x + &) = J'Sx + d).

Square, «-t-4 + 2a; + 6 + 2V(« + 4;^(2.c + 6) = 8a?+9j

transpose, 2j{x+ 4) J{2x + 6) = 5a;- 1

;

square, 4(«+ 4)(2j? + 6) = 25^;^- 1 Oa;+ 1

;

that is, 8a"+ 56a;-i-96 = 25a;2-l0a; + l;

transpose, 17a;' -66a;-95 = 0.

By solving this quadratic we shall obtain a;=5 or —-.

The value 5 satisfies the original equation; the value
19—— belongs strictly to the equation

J{2x + Q)-J{x + A)=^ J{Sx + 9).

254. The student will see from the preceding examples
that in cases in which we have to square in order to re-

duce an equation to the ordinary fonn, we cannot be
certain without trial that the values finally obtained for

the unknown quantity belong strictly to the original

equation.



174 EQUATIONS LIKE QUADRATICS.

255. Equations are sometimes proposed which are
intended to be solved, partly by inspection, and partly by

ordinary methods ; we will give two examples.

„ , x + A .r-4 9-f-a; Q—x
256. Solve ^_^-^^ = ^^-y:j:^.

Bring the fractions on each side of the equation to a
common denominator ; thus

(j; 4. 4)2 -(a; -4)2 ^ (9 +3?)*-(9 -Xf

,, , . 16j; ZGx
that IS,.

ar2-16 81-a^2•

Here it is obvious that x= is a root. To find the
other roots we begin by dividing both sides of the equa-

tion by 4r ; thus

4 9

therefore 4 (bl - x-) = 9 'x" -16);

therefore I2x- = 324 + 144 = 468

;

therefore ar" = 36

;

therefore a; = ± 6.

Thus there are three roots of the proposed eqoatdon,

namely, 0, 6, — 6.

257. Solve aj»- 7xa» + 6a' = 0.

Here it is obvious that x=a is a rout. We may
write the equation x^— a?= 1a\x— a) ] and to find the
other roots we begin by dividing by «— a. Thus

3fi-¥ax + a'^= 'ta^.

By solving this quadratic we shall obtain x = 1aor - 3a
Thus there are three roots of the proposed equation,
namely, a, 2a, —3a.
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Examples. XXVII.

1. ar*-13A'2+ 36 = 0. 2. x-Oslx-\4: = 0.

3. x + J{pB-¥5) = l. 4. x'+ sJ{x'^ + Q)^2\.

5. 2v'(.^'''-2^ + l) + a:* = 23-^•2a;.

6. a,-^-2.f3 + .r2=:56. 7. v/(.r--6^+ 16) + (;p-3)''= 13.

S. ^ J{x^-dx + 2S) + ^x = x- + ZC).

9. 2j^ + 6.r = 226-v'(.'?;^ + 3.r-8\

10. a;* - 4.1-2 _ 2 ^/ (.,-» - 4.f' + 4 ) -: 3 1

.

11. ar + 2V(^^ + -'>^ + 2)=I0.

12. 3a;+V(«-'4.7^+5)=,19, ,3 x^ls,l{2-x^\

14. J(a! + 9) = 2v'.'C-3. 15. Jkx + S)- sJ{x+ Z)=Jx.

16. SVCl-a^^ + Soj^I

17. V(3^-3) + V(5^-19) = v'(2.y + 8).

18. ^(2« + 1) + ^(7a--27) = V(3^c + 4).

19. J{b'^ + ax)-sJ{a- + bx) = a + b.

20. 2a;v'(a+ a;^) + 2.c2 = a-_a.

a; + V(12a«-ar)^a + l J L. = J*_
' x-J{l2a^-x) a-1' ' 1-x 1+x 1 + a?'

23. 4- + _L- + JL.,_l_-o.
x+ 7 x-l x+1 x-1

24 J i <!.

a;+ iy(2-a^)^a;-V(2-a;2)~

x + s/{^-l) x- J{x'-\ )

x-J{a^-\) x^J[_x-'-\r^^^'' ^^

x-\-a x—a _ b + x b — x
x—a x-^a b—x b + x'

27. «^-»-3a*2:=4al 28. f>.i^ ^^n - x) -^ (a^ - x-){x '.- Za),
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XXVIII. Problems which lead to Quadratic
Equations.

"'258. Find two numbers such that their sum is 15,

and their product is 54.

Let X denote one of the numbers, then 15 — .r will

denote the other number; and by supposition

x{\5 — x)-54i.

By transposition, «'— 1 5;e = — 54

;

225 9

4'
(j5\2 225—

j
= — 54 + -^-

therefore x-— -±-;

15 3
therefore a;=-^*^ = 9or6.

If we take «= 9 we have 15-a: = 6, and if we take
«=6 we have 15 — a;= 9. Thus the two numbers are 6 and 9.

Here although the quadratic equation gives two values of

X, yet there ia really only one solution of the problem.

259. A person laid out a certain sum of money in

goods, which he sold again for £24, and lost as much per
cent, as he laid out : find how much he laid out

Let X denote the number of pounds which he laid out

,

then .r— 24 will denote the number of pounds which he
lost. Now by supposition he lost at the rate of x per cent.,

that is the loss was the fraction -— of the cost ; therefore

therefore x''- — \QQx=— 2400.

From this quadratic equation we shall obtain x-AQ
or 60. Thus all we can infer is that the sum of money laid
out was either £40 or £60; for euch of thc-c luirabers

eatisfioi All the conditions of the problem.
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2€0. The sum of £1. 4s. was divided equally among
A certain number of persons ; if there had been two fewer

persons, each would have received one shilling more : find

the number of persons.

Let X denote the number of persons; then each person

144
received ~ ; shillings. If there had been x — l persons

144
each would have received —- shillings. Therefore, by

supposition,

144 144 ,

S
= + 1-«-2 X

Therefore 1 44;?;= 144 (^- 2) + « (a; - 2)

;

therefore ar*- 2j; = 288.

From this quadratic equation we shall obtain a;=lN
or — 16. Thus the number of persons must be 18, for that

is the only number which satisfies the conditions of the
problem. The student will naturally ask whether any
meaning can be given to the other result, namely —16,
and in ordep to answer this question we shall take another
problem closely connected with that which we have here

Bolved.

261. The sum of £1. 4*. was divided equally among a

eertain number of persons ; if tliei'e had been two twir,'

persons, each would have received one shilUng less : find

the number of persons.

Let X denote the number of persons. Then proceeding

as before we shall obtain the equation

ill _144_
x-\-'l~ X '

therefore x'^ + 2x= 288

;

therefore x=16 or —18.

Thus in the former problem we obtained an applicablo

result, namely 18, and an inapplicable result, namely — !(>;

and in the present problem we obtain an applicable result,

namely 16, and an inapplicable result, namely — IS.

T. A. 12
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262. In solving problems it is often found, as in Art. 260,
that results are obtained which do not apply to the problem
actually proposed. The reason appears to be, that the
algebraical mode of expression is more general than ordi-

nary language, and thus the equation which is a proper
representation of the conditions of the problem will also

apply to other conditions. Experience will convince the
student that he will always be able to select the result

•which belongs to the problem he is solving. And it will be
often possible, by suitable changes in the enunciation of the
original problem, to form a new problem corresponding to

any result which wns inapplicable to the original problem;
this is illustrated in Article 261, and we will now give ano-
ther example

263. Find the price of eggs per score, when ten more
in half a crown's worth lowers the price threepence per
score.

Let X denote the number of pence in the price of a

score of eggs, then each egg costs — pence ; and therefore

the number of eggs which can be bought for half a crown
X 600

is 30 -^
st; > *^^ is — . If the price were threepence

x — Z
per score less, each egg would cost -—- pence, and the

number of eggs which could be bought for half a cro^^-a

would be . Therefore, by supposition,
a?-3

600 600 ,^- o =— +10;
ar-3 X '

therefore 6O.1;= 60 [x -2) + x{x-Z);

therefore a:^- 3x= 1 SO.

From this quadratic equation we shall obtain a;=15
or —12. Hence the price required is liui. per score. It

will be found that l"2t/. is the result of the follo^ving pro-

blem; find tli3 price of eggs per score when ten fewer
in half a cro\vn's worth raises the prico threepence per
score.
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EXAilPLES. XXVIII.

1. Divide the number 60 into two pai-ts such that
their product uiiiy be S64.

2. The sum of two numbers is 60, and the sum of

their squares is 1S72 : find the numbers.

3. The difference of two numbers is 6, and their pro-

duct is 720 : find the numbers.

4. Find three numbers such that the second shall be
two-thirds of the first, and the third half of the first ; and
that the sum of the squares of tbe numbei-s shall be 549.

5. The difference of two numbers is 2, and the sum of
their squares is 244 : find the numbers.

6. Divide the number 10 into two parts such that

their product added to the simi of their squares mav make
76.

7. Find the number which added to its square root

will make 210.

8. One number is 16 times another; and the product
of the numbers is 144: find the numbers.

9. One hundred and ten bushels of coals were divided

among a certain number of poor persons ; if each person

had received one bushel more l>e would have received as

many bushels as there were persons: find the number
of persons.

10. A companj- dining together at an inn find their

bill amounts to £S. 15.*. ; two of them were not allowed to

pay, and the rest found that their shares amomited to 10

shillings a man more than if all had paid : find the number
of men in the company.

11. A cistern can be supplied with water by two
pipes; by one of them it would be filled 6 houi-s sooner
than by the other, and by both together in 4 hours : find

the time in which each pi; e alono would fill it.

12—2
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12. A person bought a certain number of pieces of

cloth for £33. 155., wliich he sold again at £2. 8*. per piece,

and he gained as much in the whole as a single piece cost:

find the number of pieces of cloth.

13. A and B together can perform a piece of work iu

14? days; and A alone can perform it in 12 days less

than B alone : find the time in which A alone can per-

form it.

14. A man bought a certain quantity of meat for

18 shillings. If meat were to rise in price one penny
per lb., he would get 3 lbs. less for the same sum. Find
how umch moat he bought.

15. The price of one kind of sugar per stone of 14 lbs.

is Is. ^d. more than that of another kind; and 8 lbs. less of

the first kind can be got for £1 than of the second: find

the price of each kind per stone.

16. A person spent a certain sum of money in goods,

which he sold again for .£24, and gained as much per cent,

as the goods cost him : find what the goods cost.

17. The side of a square is 110 inches long: find the

length and breadth of a rectangle which shall have its

perimeter 4 inches longer than that of the square, and its

area 4 square inches less than that of the square.

18. Find the price of eggs per dozen, when two less in

a shilling's worth raises the price one penny per dozen.

19. Two messengers A and B were despatched at the
same time to a place at the distance of 90 miles; the

former by riding one mile per hour more than the latter

arrived at the end of his journey one hour before him: find

at what rate per hour each travelled.

20. A person rents a certain number of acres of pas-

ture land for £10 ; he keeps 8 acres in his own possession,

and sublets the remainder at 5 shillings per acre more than
he gave, and thus he covers his rent and has £2 over;
find the number of acres.
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21. From two places at a distance of 320 miles, two
persons A and B set out in order to meet each otlier,

A travelled 8 miles a day more than B\ and the number ci

days in which they met was equal to half the number of

miles B went in a day. Find how far each travelled before
they met.

22. A person drew a quantity of wine from a full vessel

which held 81 gallons, and then filled up the vessel with
water. He then drew from the mixture as nmch as he
before drew of pure wine; and it was found that 64 gallons

of pure wine remained. Find how much he drew each time.

23. A certain company of soldiers can be formed into

a solid square ; a battalion consisting of seven such equal
companies can be formed into a hollow square, the men
being four deep. The hollow square formed by the bat-

talion is sixteen times as large as the solid square formed
by one company. Find the number of men in the company.

24. There are three equal vessels A, B, and C; the

first contains water, the second brandy, and the third

brandy and water. If the contents of B and C be put
together, it is found that the fraction obtained by dividing

the quantity of brandy by the quantity of water is nine

times as great as if the contents of A and C had been
treated in like manner. Find the proportion of brandy to

water in the vessel C.

25. A person lends ^5000 at a certain rate of interest

;

it the end of a year he receives his interest, spends £25 of

it, and adds the remainder to his capital; he then lends
iiis capital at the same rate of interest as before, and at

;he end of another year finds that he has altogether

£5382 : determine the rate of interest.
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^XIX. Simultaneous Equations involving Quadratics.

264. We shall now solve soiue csaniples of simultane-

ous equations involving quadratics. There are two cases

of frequent occurrence for which iniles can be given ; in

both these cases there are two unkno\vn quantities and two
equations. The unknown quantities will always be denoted
by the letters x and y.

265. First Case. Suppose that one of the equations

is of the first -degree, and the other of the second degree.

Rule. From the equation of the first degree find the

value of either of the unknown quantities in terms of
the other, and substitute this value in the equation of
the second degree.

Example. Solve Zx + Ay-\ 8, bx^— 3xy = 2.

jg "j^

From the first equation y= —
^
— ' substitute this

value in the second equation ; therefore

therefore 20jr2- 54a; + 9x^ = 8

;

therefore 29x^- 5ix= 8.

From this quadratic equation we find jr=2 oi -- .

37

.58

267
then by substituting in the value of ?/ we find y = 3 or —

266. Solve 3x2 + 5.^_8y = 36^ 2.r=-3x-4i/ = 3.

Here although neither of the given equations is of the

first degree, yet we can iniinediatoly detluce from them au
equatio^.i of the first degree.
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For multiply the first equation by 2, and the second
by 3 ; thus

therefore, by subtraction, 10a;-16y+ 9<!P4-12y= 72— 9 ;

that is, 19^-4y= 63.

From this equation we obtain y =— ; substitute

tliis value in the first of the given equations; thus

3^ + 5:r-2(19a;-63) = 36;

therefore S.^.-^- 33;?:+ 90 = 0;

therefore a;2-ll;c + 30=0.

From this quadratic equation we shall find that a;=6
or 6; and then by substituting in the value of y we find

that y = 8 or 12f.

267. Second Case. When the terms involving the un-
known quantities iu each equation constitute an expression
which is homogeneous and of the second degree; see
Art. 23.

Rule. Assume y = vx, and substitute in both equa-
tions ; then by division the value of v can befound.

Example. Solve x'^-¥ooy-\-2y^= 4A, : -^slS.

Assume y= vx, and substitute for y ; tht

a;2(l+j? + 2»«) = 44, iB-{2-^ ^-v^)-

Therefore, by division,

l + g-f2c^ _44_
2-» + o2 ~r6~

therefore 4(l+tJ + 2»2)^ll(2-.

therefore 3»»-15?j+ 18= ;

therefore 92_5p^6 = Q, ^
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/rom this quadratic equation we shall obtain ?j = 2 or 3.

In the equation a;2(l +» + 2t>-) = 44 put 2 for v\ thus

ar=±2; and since ?/ = r.a;, we have ^ — =t 4. Again, in the

same equation put 3 for v ; thus x=±fj2i and since

y=cx, we have y=±Zij2.

Or we might proceed thus : multiply the first of the

given equations by 2 ; thus

the second equation is 2x'^-xy -k-y' = \&.

By subtraction Zxy-ifZy'^-T2, therefore y'^='2A — xy.

Again, multiply the second equation by 2 and subtract

the first equation ; thus

3.t"— Zxy =-12; therefore x'^= xy—^

Hence, by multiplication

xhf :^ (24- xy) (xy- 4),

or 2x'^y'-28xy^ -96.

By solving this quadratic we obtain xy= 8 or 6. Sub-

stitute the former in the given equations ; thus

ar- + 2y- = 36, 2^-2 + 7/2 = 24.

Hence we can find x- and y-. Similarly we may take the

other value of xy, and then find x'^ and y\

268. Solve 2x' + '3xy + y^^10, 6x- + xy-7/^ = 50.

Assume y=vx, and substitute for y; thus

x^{2 + :iv + V-) ^ 70, a;2(6 + v-v-) = 50.

Therefore by division

•J 4- 3p + V' _ 70 _ 7

.

ii-rv-V' ~50~5'

therefore (>{2 + 2p + v-) = 7{6 + v-v^;

therefore 12«2 + 8c-32 = 0;

therefore 3»- + 2p-8 = 0.
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4
From this quadratic equation we shall find » = - or — 2.

o
4

In the equation x-{2 + oV-^v^) — 10 put - for v; thus

a;=±3; aud since y= vx we have y==s=4. The value
«?= — 2 we shall find to be inapplicable ; for it leads to the
inadmissible rffeult a;- x = 70. In fact the equations from
which tl>e value of v was obtained may be written thus,

x^{2 + «)(! + ??) = 70, x-{2 + ?j)(3 - v) = 50
;

and hence we see that the value of v found from 2 + w=
is inapplicable, and that we can only have

= —x = ^', and therefore v = -.
3-» oO 5 3

269. Eqiiations may be proposed which do not fall

under either of the two cases which we have discussed,

but which may be solved by artifices which can only be
suggested by trial and experience. We will give some
examples.

270. Solve x + y = 5, x^ + y'^ = &o.

By division, ~ = —

,

"' ' x-^y 5

that is, x^— xy + y''-=\Z;

then from this equation combined with x + y = 5 we can
find X and y by the first case. Or we may complete the
solution thus,

x + 7/ = o
;

square x- + 2xy + y"-25 (1).

Also X'— xy + y^ — 13 (2).

Therefore, by subtraction, 3xy = 12
;

therefore xy=4;
therefore 40-^=16 (3).

Subtract (3) from (1); thus

x^—2xy + y^—9;

extract the square root, x-y= ^3.
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We have now to find x and y from the simple equatioos

x + y = 5, a;-?/-:±3;

these lead to ar=l or 4, t/ = 4 or 1.

271. Solve a;2+?/2 = 41, xy = -20.

Those equations can be solved l>y tli^ second case; or

they may be solved in the ntaniicr just exemplified. For
we can deduce from thcni

a:^ + y^ + 2xt/ = 4l+ 40 = 81,

a;2 + 2/2-2jry = 41-40= 1

;

then by extracting the square roots,

a; + i/=±9, x—y=^\.
And thus finally we shall obtain

ar= ± 5 or ± 4, ?/ = ± 4 or ± 5,

272. Solve x- + xy + y- = ld, .T* + x-?/* + y* = 133.

„ ,. . . x* + x'^y^ + i/* 133
By division, —5 ~ y = —— ;•' ' x^-i^xy + y^ 19

tliatis, x^-xy + y^ = T.

We ha^e now to solve the equations

x- + xy + y' = 19, x^— xy-hy'^=i.

By addition and subtraction we obtain snccc.?civclT

a;2 + 2/2^1.3, xy = G.

Then proceeding as in Art. 271, wc shall find

ar=±3 or ±2, 2/= ±2 or ±3.

273. Solve x-y = 2, x^-y^ = 2A2.

„,... x'-y' 242
By division, ^- = —-

;

that is, a^ + a^y + x-y^ + xy^ + y*= 121,

that is, x* + y* + xy{x- + y-) + x^y^= l-2l (1).

Now X -y=2;
square «* - 2xy + y^ = 4;

therefore x''- + y- = 2xy + 4 (2)
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Square x* + 2xh^^ + y*= 4x'h/'^ +I6xy+I6;

therefore a:* + ?/* = 2.r2y"+16ar2/+ 16 (3).

Substitute from (2) and (3) in (1); thus

2x^y^ + \ 6xij + IG + xy {2xy + 4) + xh/^= 121;

tliat is, 5x-y^ + 20xy= 105 ;

therefoi'e xh/"^ h4.xy = 2\.

From this quadratic equation we siiall obtain xy — S
or — 7. Take xy — 3, and from this combined with x — y=2,
we shall obtain ^ = 3 or —1, y=\ or —3. If we take
iry= — 7, we shall find that the ralues of x and y are im-
possible ; see Art. 236.

Examples. XXIX.

1. x — y = l, X' — xy + y^= 21.

2. 2x-5y= 3, x^+xy= 20.

3. x + y = 1{x-y\ x'^+ y'^= lQO.

4. 5{x^-y-) = 4{x^^y'^), x + y= 8.

5. x-y = 3, x^ + y^= 6o.

6. 4x — 5y = l, 2x^-xy + 3y- + Sx-4y=^'J.

7. 4x + 9y = l2, 2x- + xy = 6y'^.

8. ix-6y + {y-5)" + 2x.y^60, 5y-4x = l.

9. 4a;2 + 2.ry+^+ — (4;i: + ?/) = 41, 4.c-«/=4.

^ X y Ixy 2x ^
10. — + ' =x-v, —

^

2v=0.
12 10 •^' 15 3 ^

11. 3x + 2y = 5xy, l5x-4y = 4iXy.

12. ary + 2 = 9y, a?y + 2=a;.

13. 8(a;y+l) = 33y, 4(ar2^ + l) = 334r.

\4:. xy-x + y, ax = by.
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16. -4-^ = 2, xy = ab.
a

16. 1- £ = 2, — + x"= a + 0.
a a

17. - + f= 2, a^ + y--ax + by.

18. '^^^i, ^^i;=^i.

19. x^->rxy= 1%, xy-if-^Z.

20. .'c2 4-a:i/ = 45, y'^-¥xy=^ZQ.

21. 2.c2-;c2/ = 56, 2a;y- 1/2 = 43.

22. a;2-2xy==15, xy-2y'^= l.

23. a;'' + aa;y = 28, a;y + 42/*= 8.

24. a;2 + a;2^-6?/2 = 21, xy-ly"^-^

25. a;2 + 3a^ = 54, ary + 4^2^115.

iB—y x^-y 2' ^

-_ a;2 + y"- 25

28. ^Ltl + ^Z?/=10 ^,_
a;-2^ .r + y 3

-^

29. «(;r + ?/) + ?/(.c-i/) = 158, lx{x->^y)^11y{3C-y).

30. a^V (^ + 2/) = 80, a^V(2.c-3?/) = 80.

31. 2x- — xy + y'^-2y, 2a^ + 4cxy = by.

a2. ^_±2/ + ^^^£!±l, x2 + 2/=> = 6^.

x—y x+y a

33. a;2+a:jr = a(a + 6), x'^+i/^= a^ + b^.

34. a;U2xy-2/2 = a2 + 2a-l,
(a - l).?; (4; + 2/^ = a (a + 1) y («-|f),

35. x-y = 2, afi-y^ = 152.
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36. x + y= Q, «3 + y3 = 189.

37. «2 + j,2^20, xy-x-y = 2.

38. x-y=\, x^-y^^1Sl.

39. x+ y= ^, a^ + y^ = Z'i.

40. x^ + xy-^ry-^il, x^ + x'y'^ + y^^^^l.

41. —

^

^^=1, 2 + 3j'w = 3d;.
d;-2^ A- + y

42. ;c2 + y2 = 34^ a;2-?/2 + ^(a;2-?/2) = 20.

43. «- + 2/2—1= 2a;?/, xy{xy + \) = Q.

44. 4a;2 + ?/2 + 2 (2.r + ?/) = 6, 4ar?/ (.ry + 1 ) = 3.

45. x''--\-xy= Sx + Z, y^ + .ty = Sy + 6.

46. x'^' — xy — 2.1' + 5, a;y — 2/'^ = 2^ + 2.

47. 2.r+ 2/ + 6 V(2;» + 2/ + 4) = 23, 4a;2-6;»=j/2 + 3y.

48. 18 + 9(.r + y) = 2(^ + y)2, 6-(:r-y) = (a;-y)2.

49. x''--xy= a{x->t-\)'>rl->r\, xy-y'^^ay-¥h.

a^ ifi ah
50. - + f2 = 18, — = 1-

«^ ¥ xy

51. ^:-f:=i2, ^^=2.
x^ h- xy

52. x''''= ax + by, y'-ay + bx.

53. x^^z= a, xy-z = b, xyz^=c.

54. (.r + ?/)(a;+ z) = aS {y + z){y + x) = h\ {z+ x\z + ?/) = c\

55. Zyz-^^zx-\xy=\Q, 2yz-^zx + xy = 5,

Ayz — zx — Zxy = \b.
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XXX Problems which lead to Quadratic Eqzialiong
with more than one unhnoxcn quantity.

274. There is a certain number of two digits; the sum
of the squares of the digits is equal to the number in-

creased by the product of its digits ; and if thirty-six be

added to the number the digits are reversed: find the

number.

Let X denote the digit in the tens' place, and y the

digit in the units' place. Then the number is \()x + y; and
if the digits be reversed we obtain \\iy-^x. Therefore, by

supposition, we have

a;2 + ?/2 = ;r2/ + 10.i- + ?/ .(1).

10.r4-2/ + 36 = 102/ + .c (2).

From (2) we obtain 9?/ - 9.c + 36 ; therefore y = a: + 4.

Substitute in (1), thus

a;^ + (a; + 4)2=a; (a- + 4) + 1 0.r + a; + 4

;

therefore a;^- 7:c+ 1 2 = 0.

From this quadratic equation we obtain x=Z or 4;
and therefore y = 'l or 8. Hence the required number
must be either 37 or 48 ; each of these numbers satisfies

all the conditions of the problem.

275. A man starts from the foot of a mountain to

walk to its summit. His rate of walking during tlio

second half of the distance is half a mile per hour less than
his rate during the first half, and he reaches the summit in

5^ hour^. He doscends in 04 hours by walking at a uni-

form rate, which is one mile per hour more than liis rate

during the first half of the ascent. Find the distance to

the summit, and his rates of walking.

Let 2a; denote the number (^f miles to the summit, and
suppose that during the first half of the ascent the man
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ivalked y miles per hour. Then he took " hours for the
y

firsi half of the ascent, and hours for the second.

V—

Therefore - + 7 = 5i (1).
V 1

a-oinarlv, -^^ = 31 (2).

I^om(2), 2x=^-^{y + l);

15
therefore ar = — (y+ 1).

o

] .-cm (1), X
(^2;/ - 2)

" "2 ^ (^ ~ 2)
•

T Serefore, by substitution,

therefore 15{y+l){4y~l) = 4iy{27/-l);

therefore 28y^ -S9y + l5-0.

5
Tram this quadratic equation we obtain y = 3 or — .

5
The value — is inapplicable, because by supposition y is

28
1 15

greater than -. Therefore y= S; and then x= --
. so

that *he whole distance to the summit is 15 mi'es.
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Examples. XXX.

1. The sum of the squares of two numbers is 170, and
the difference of their squares is 72 : find the numbers.

2. The product of two numbers is 108, and their sum
is twice their difference : find tlie numbers.

3. The product of two numbers is 192, and the sum of

their squares is 640 : find the numbers.

4. The pi-oduct of two numbers is 128, and the differ-

ence of their squares is 192 : find the numbers.

5. The product of two numbers is 6 times their sum,
and the sum of their squares is 325 : find the numbers.

6. The product of two numbers is 60 times their differ-

ence, and the sum of their squares is 244 : find the numbers.

7. The sum of two numbers is 6 times their difference,

and their product exceeds their sum by 23 : find the num-
bers.

8. Find two numbers such that twice the first with
tliree times the second may make 60, and twice the square
of the first with three times the sqmire of the second may
make 840.

9. Find two numbers such that their difference multi-

plied into the difference of their squares shall make 32,

and their sum multiplied into the sum of their squares
shall make 272.

10. Find two numbers such tliat their dilTerence added
to the difference of their squares may niake 14, :ind their
sum added to the sum of their squares may make iti.

11. Find two numbers such that their product is equal
to their sum, and their sum added to t^e sum of their
squares equal to 12.
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12. Find two inmibers such that their sum increased

by their product is equal to 34, and the sum of their

squares diminished by their sum equal to 42.

13. The difference of two numbers is 3, and the dif-

ference of their cubes is 279 : find the numbers.

14. The sum of two numbers is 20, and the sum of

their cubes is 2240 : find the numbers.

15. A certain rectangle contains 300 square feet; a

second rectangle is 8 feet shorter, and 10 feet broader,

and also contains 300 square feet: find the length and
breadth of the first rectangle.

16. A person bought two pieces of cloth of different

soi'ts ; the finer cost 4 shillings a yard more than the

coarser, and he bought 10 yards more of the coarser than
of the finer. For the finer piece he paid £18, and for the

coarser piece £\Q. Find the number of yards in each piece.

17. A man has to travel a certain distance; and when
he has travelled 40 miles he increases his speed 2 miles

per hour. If he iiad travelled with his increased speed
during the whole of his journey he would have arrived 40
minutes earlier; but if he had continued at his original

speed he would have an-ived 20 minutes later. Find the
whole dist;uice,he had to travel, and his original speed.

18. A number consisting of two digits has one decimal
place ; the difference of the squares o'f'the digits is 20, and
if the digits be reversed, the sum of the two numbers is 11

:

find the number.

19. A person buys a quantity of wheat which he sells

so as to gain 5 per cent, on his outlay, and thus clears £16-
If he had sold it at a gain of .5 shillings per quarter, he
would have cleared as many pounds as each quarter cost

him shillings : find how many quarters he bought, and
what each quarter cost.

20. Two workmen, A and B, were employed by the

day at different rates ; A at the end of a certain numbOT
of days received .£4. 16.^., but B, who was absent six (rf

T. A. 13
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those days, received only £2. 14s. \i B had worked th«
whole time, and A had been absent six days, they would
have received exactly alike. Find the number of days,

and what each was paid per day,

21. Two trains start at the same time from two to\Tns,

and each proceeds at a uniform rate towards the other
to^\^l. When they meet it is found tiiat one train has run
I OS miles more than the other, and that if they continue
to run at the same rate they will finish the journey in 9 and
16 hours respectively. Find the distance between the
towns and the rates of the trains.

22. A and B are two towns situated 18 miles apart on
the same bank of a river. A man goes from ^ to ^ in

4 hours, by rowing the first half of the distance and ^valking

tho second half. In returning he walks the first half at

the same rate as before, but the stream being with him, he
rows 1^ miles per hour more than in going, and accom-
plishes the whole distance in 3j hours. Find his rates of

walking and rowing.

23. A and B run a race round a two mile course. In

the fii'st heat B reaches the winning post 2 minutes before

A. In the second heat A increases his speed 2 miles per

hour, and B diminishes his as much ; and A then arrives

at the winning post two minutes before B. Find at wliat

rate each man ran in the first heat.

24. Two travellers, A and B, set out from two places,

P and Q, at the same time; A starts from P with the

design to pass through Q, and B starts from Q and travels

in the same ilirectiou as A. When A overtook B it was
found that they had together travelled thirty miles, that

A had passed through Q four hours before, and that B, at

his rate of travelling, was nine hours' journey distant from
P. Find the distance between P and Q.
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XXX T . Involution,

276. We have already defined a potter to be the pro-
duct of two or more equal factors, and we have explained
the notation for denoting powers; see Arts. 15, 16, 17. The
process of obtaining powers is called Involution; so that
Involution is only a particular case of Multiplication, but
it is a particular case which occurs so often that it is

convenient to devote a Chapter to it. The student will find

that he is already familiar with some of the results which
we shall have to notice, and that the whole of the present
Chapter follows immediately from the elementary laws of

Algebra,

277. Any even power of a negative quantity is posi-

tive, and any odd 2}ower is negative.

This is a simple consequence of the Rule ofSigns. Thus,
for example, —ax —a= a-, —ax —ax —a = a-x —a——a^\
—ax —ax —ax —a=—a^x —a = a*; and so on. In the
following Articles, when we use the words yive the proper
sign, we mean that the sign is to be determined by the
rule of the present Article. (See Art. 38.)

278. Rule for obtaining a power of a power. Multiply
the numbers denoting the poioers for the new exponent,

and give the proper sign to the result.

Thus, for example, {d-f = a^; {
— a^Y=—a^; {a^j^ = d^^;

{ — a*'f= —a". This is a simple consequence of the law of

powers which is demonstrated in Art. 59. For example,

(a-)'z=a"xa-xa^ = a-'*"-*- = a^^ = a^.

The Rule of the present Article leads immediately to

tliat which we shall now give.

•279. Rule for obtaining any power of a simple integral

expression. Multiply the index of everyfactor in t/ie ex-

pression by the number denoting the power, and ffive the

proper sign to the residt.

13—2
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Thus, for example,

( - a'b'c*f - - a"5"c='''
;

(2rt6V)«= 2^aH/'^c'^ = 64a«6 '*c^.

280. Rule for obtaining any power of a fi-action. Raise
both the numerator and denominator to that power, and
(jive the proper sign to the result.

This follows from Art. 145. For example,

fifV _ a* / a-V __ar- / y^y _ 2V _ 1 6a«

\by ~
b'^' \ U')~ 6"' \-ibj "

-i-b'' bVb''

281. Some examples of Involution in the case of

binomial expressions have already been given. See
Arts. 82 and 88. Thus

(^a + bf= a^ + 2ab + h\

(a + 6/ = a" + 3«-6 4- 3a6*+ &*.

The student may for exercise obtain the fourth, fiftV.

and sixth powers of a 4- 6. It \s\Vl be found that

(a + b)* = a* + Aa^b + 6a''b^ + iab^ + b*,

{a + bf = a^ + 5a*b + lOaTfA + 1 Oa-^^* + 5ab* + V.

{a + t)«= as + 6a'6+ 15a^fc* + 2QaW + 15a*d* + Qab^ + 6*.

In like manner the following results may be obtained:

(rt-6)2==a«-2a* + M»

(a - ?*)' = a^ - Sa^ft + 3a.' * - &»,

(a- 6)* = a*- Ac^b + G^-i'/^ - 4a&3 + b\

(a - by = a^~ !ia*b + ICxr'b' - 1 Oa^^ + 5ab*- fc*.

{a-bf = af- 6a^b + Ua*b*- 20a^b^ + 1 5a^b*- 6ab^ + 6«.

Thus in the results obtained for trie powers of a — i

where any odd power of b occurB, the negative sign is pre
fixed; and thus any power of a— ft can be immediately
deduced from the same power of a + b, by char.<ring the
Bigua of the terms which involve the odd powers of' b.
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282. The student will see hereafter that, by the aid

ot a theorem called the Binomial Tlworem, any power
of a binomial expression can be obtained without the
labour of actual multiplication.

283. The formulae given in Article 281 may be used
in the way we have already explained in Art. 84. Sup-
pose, for example, we require the fourth power of 2x — '?,y.

In the formul i for {a — &)* put 2x for a, and Ay for h ; thus,

{2x- 3y)*={2x* - 4 {2x)\3y) + 6 (2x)\-3yY- 4 {2x){3yf + (32/)"

= l6x^-[)6x^y 4- 2l6a;V - 2l6xy^ + Sly*.

284. It will be easily seen that we can obtain required
results in Involution by different processes. Suppose, for

example, that we require the sixth power of a->-b. We
may obtain this by repeated multiplication by a + b. Or
we may first find the cube of a + 6, and then the square of

this result ; since the square of (o + h;^ is (a + b)^. Or we
may first find the square of a + b, and then the cube of this

result; since the cube of {a + b"/ is (a + by. In like manner
the eighth power of a+6 may be found by taking the
square of {a + by, or by taking the fourth power of {a + b)\

285. Some examples of Involution in the case of

trinomial expressions have already been given. See
Arts. 85 aixl SS. Thus

{a+ b-¥cf = a--\-b''' + c'^ + 2ab-\-2bc + 2ac,

{a + h + cf=
a' + i)^ + c-^ + 3a- (6 + c) + 35- {a + c) + Sc^ [a + h)^ liabc.

These furmulis uniy be used in the manner explained in

Art. 84. Suppose, for example, we re/juire (1 — 2j; + 3jr-)2.

In the formula for (a + 6 + cf put 1 for a, — 2x for b, and
3x^ for c; thus we Dhtain

{i-2x+3x-y =

{lf-i-{-2xY+{2x'''f+ 2ilX-2x) + 2{-2x){Sa^ + 2{l){^^)

= 1 ->- 4.c2 + 9x*- 4a; - 12.^" + 6x'^

=^l-'Lc+U!x^-l2x^ + 9x\
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Similarly, we have

l' + (-2.f;3 + (3^2)3

= 1-8^3 + 27^:®

+ 3(-2j;+ 3a;2)+ 12^2(1 + 3.c2) + 27jr*(l-2dT)-3Gj-^

= 1 -Gar+ 21;r'-44a^ + GSj.'* - 54jr' + 27a:*.

286. It is found by observation that the square of any
multinomial expression may be obtained by either of two
rules Take, for example, \a + b + c + d)-. It will be found
that tills

= a- + b^Jtc^ + d- + -2ab + 2ac + 2ad + 2bc + 2bd + 2cd
;

and this may be obtained by the following rule; the square
of any multinomial expression consists of the square of
each term, together with twice the product of every pair
of terms.

Again, we may put the result in this form

(a + b+ c+ d)^

= a^+ 2a {b + c + d) + b- + 2b [c + d) s- c- -*- -led 4- d\

and this may be obtained by the following rule; the square
of any multinomial expression consists 'f the square of
ea<:h tenn, together with twice the product of each term
by the sum of aU the ternts whicJifolloic it.

BxAMPLEa XXX I.

Find

1. {2.vh/z*)\ 2. {--Lr^y^j*)^.

3. (-3«6V;r 4. g^)l
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a + by. 8. {a -by.

a + bfia-by. 10. (l-xy.

2 + x)\ 12. (3-2^)».

l + x)\ 14. (^-2)*.

2.C + 3)*. 16. (ax + byf + {ax-bt/)*.

ax + bi/)*+ {ax-bi/)*. 13. il+xf-{l-x)\

1 + a-)* (1 - x)*. 20. {1+X+ x^f.

\-x^x^f. 22. {l + x-x^f.

\^Zx + 2x-f. 24. (l-3.c + 3.p2)S

2 + 3« + 4;i;2)2 + (2 - 3.r + 4:^2)2,

l+x + x^f. 27. (l-j; + a;*)l

l + a;-a;2)3. 29. {\ + Zx + 2j^f.

l-3a: + 3j;2)3,

:2 + 3.?+ 4a;2)3 - (2 - 8;r + 4a;«)^

l-a; + a;2 + ^)2 33, (H-2:» + 34:2 4.4^j'«

a^-b-¥c + df-{a-b + c-d)\

a + b-irc + dj^ + ia-b + c-d)*.

l + Zx+Zx-^JrO^f. 37. (l-6;»+12a;3-8«^\

1 + 4j; + 6«- + 4^-^ + ;2--*)^

1-Af (l+a; + ^)». 40, (l-« + d;»)»(H-^+ «*)»-
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XXXII. Ecolution.

387. Eyolution is tlie inverse of Involution; so that

Evolution is the method of finding any proposed root w"

ft given number or expression. It is usual to employ the

word extract and its derivatives in connexion •with tlie

word root; thus, for example, to extract the square roA
means the same thing as to Jind the square root.

In the present Chapter we shall begin by stating three

simple consequences of the Rule of Signs, we shall then
consider in succession the extraction of the roots of simple
expressions, the extraction of the square root of compound
expressions and luimbers. and the extraction of the cube
root of compound expressions and numbers.

288. Any even root of a jyositive quantity may he
either positive or negative.

Thus, for example, a x a = a-, and —ax —a= a-; there-

fore the square root of a- is either a or —a, that is, either

+ a or —a.

289. Any odd root of a quantity has the same sign
as the quantity.

Thus, for example, the cube root of a' is a, and the cube
root of — a^ is — a.

290. There can be no even root ofa negative quantity.

Thus, for example, there can be no square root of — a^;

for if any quantity be multiplied by itself the result is

a positive quantity.

The f.ict tliat there can bo no even root of a negative
quantity is sometimes expressed by calling such a root an
impossible quantity or an imaginary quantity.

291. Rule for obtaining any root of a simple integral

expression. Divide the index of every factor in the

expression by the number denoting the root, and give
the proper sign to tlie rcs'ulL
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Thus, for example, ^<y\Q>eR)^) = J'S-d^¥)= ±^'.nlP.

292. Kule for obtaining any root of a fraction. Fiyid

the root of the niwierator and denominator, and give the

proper sign to the result.

W.r example, ^ l^-j = ^^
^^^^j^.

"/f ^"A _ '/f ''A _
"^ \ G-ib'J

^ '^ \ 4H>')~

2a

3a2

46
•

293. Suppose we require the ciibj root of a^. In this

case the index 2 is not di^Tsible by the number 3 which
denotes the required root; and we have, at present, no
other mode of expressing the result than ^/a-. Siniilariy,

Ja, ,Ja^, i^/n^, cannot, at present, be othermse expressed,

buch quantities are called surds or irrational quantities ;

and we sliall consider them in the next two Chapters.

294. We now proceed to the method of extracting the
square root of a compound expre.sMon.

The square root of a^ + 2ab + h- ha + b : and we shall be
led to a general rule for the extraction of tlie square root

of any con^pound expres.?ion by obsert'ing the manner in

which a + b may be derived from a' + 2ab + b^.

Arrange the tenns accord- a^ + 2db + 6^ i^a + &
ing to the dimensions of one a^

letter a ; then the first term is
—

a\ and its square root is a, 2a + o^2ao + ?/-

which is the first term of the 2ab-¥b'

required root. Subtract its

square, that is a"^, from the whole expression, and bring
down the remainder 2ab + b^. Divide 2ab by 2a, and the
quotient is b, which is the other term of the required roo-t.

Tsbke twice, the first term and add the second term, that is,

take 2a + b; multiply this by the second term, that is by &,

and subtmct the product, that is 2ab + &-, fi-om the remaki-
der. This finishes the operation in the present case.
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If there were more terms we should proceed with a + 5

as we did formerly with a ; its square, that is, a*+2ai + 6-,

has already been subtracted from the proposed expression,

so we should divide the remainder by 2 (a + b) for a new
term in the root. Then for a new subtrahend we multiply

the sura of 2 (a + b) and the new term, by the new term.

The process must be continued until the required root

is found.

295. Examples.

^x- + 12ary + 9?/* [^2x + Zy

4x^

4x + 3yJ\2xy + 9y^

I2xy + 9?/'

4a;*- 20.r' + 37^' - 30:r+ 9 (^2^- 50! + 3

4^x*

Ax--bx) - ^Qx" -»- 37a;2- 30x + 9

-20j^-\-2ox^

Ax'^-lQx+Z) 12a;2_30a;+ 9

12j-*-30.r + 9

X* - Ax^y + 1 0.rV- 1 2^^* + 9y* (a:-- ary.+ Zy-

2*2- 2xy) - Ax*y + \(ix^y- - Uxy^ + 9y*

- 4xhj^ + Axhj-

2x^-4:cy+ 3yV G.iry- - 12xy' + 9y*

6.c*y--12ay + 9jf*
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y+-4;e* -10a-'3 +4a:+l (.r3 + 2.r2-2^-

i

J''

2x^ + 2x- )ix^ -10^-^ +4^ + 1

2.;-3-i-4a-*-4«-l^ - 2^-3 -4jr' + 4.7;+1

- 2a-=*-4.r2 + 4.t;+l

296. It lias been already observed that all even roots

admit uf a double sign ; see Art. 2S8. Tlius tiie square
root of a'- + 2a& + fe^ is either a + h or —a — h. In fact, in

the process of extracting the S(iaare root of a^ + ^ab + U^

we begin by extracting the square root of a'-; and this

may be either a or —a. If we take the latter, and con-

tinue the operation as before, we shall arrive at the result
— a— h. A similar remark holds in every other case.

Take. f<n- example, the last of tlmsc worked out in Art. 295.

Here we begin by extracting the square root of j;"; tliis

may be either x^ or —x^. If we take the latter, and con-
tinue the operation as before, we shall arrive at the result

-afi-2x^ + 2x+\.

297. Thefourth root of an expres.sion may be found
by extracting the square root of the squ:)re root ; similarly

the eighth root may be found, by extracting the square
root of the fourth root ; and so on.

29S. In Arithmetic we know that we cannot find the*

square root of every number exactly ; for example, we
cannot find the square root of 2 exactly. In Algebra ^\e

".annct find t!ic square root of every proposed expressiini
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exactly. We sometimes find sucli an example as the follow-

ing proposed; find four terms of the square root of 1 -2«.

•2x I I —.V— ,

V 2 2

1

2~xJ — 2x

-2x-¥cfi

2-2x-

"Z-'lx-x

D-



EVOLUTION. 205

number between 100 and 10000 of two places of figures, of

a number between 10000 and 1000000 of three places of

figures, and so on. If then a point be placed over every
second figure in any number, beginning with the figure in

the units' place, the number of points will shew the number
of figures in the square roct. Thus, for example, the
square root of 4356 consists of two figures, and the square
root of 6il52i consists of three fi";ures.

300. Suppose the square root of 3249 required.

Point tne number according to the 324§i^50 + 7

rule ; thus it appears that the root 2500
must consist of two places of figures.

Let a-^h denote the root, where a is 100 + 7^749
the value of the figure in the tens' 749
place, and h of that in the units' place. —
Then a must bo the greatest multiple
of ten, which has its square less than 3200 ; this is found
to be 50. Subtract a-, that is, the square of 50, from the
given number, and the remainder is 749 Divide this re-

mainder by 2^7, that is, by 100, and the quotient is 7,

which is the value of h. Then (2a + 6) 6, that is, 107 x 7 or

749, is the number to be subtracted ; and as there is now
no remainder, we conclude that 50 + 7 or 57 is the required
square root

It is stated above tliat n is the greatest multiple of ten

which has its square less than 3200. For a evidently can-

not be a greater multiple of ten. If possible, suppose it

to be some multiple of ten less than this, say x; then since

X is in the tens' place, and 6 in the units' place, ar + 6 is less

than a ; therefore the square of xA-h is less than a^, and
consequently a; + & is less tlian the true square root.

If the root consist of three places of figiires, let a re-

present the hundreds, and 6 the tens; then having ob-

tained a and h as before, let the hundreds and tens

together be considered as a new value of a, and find a nci?

value of 6 for the units.
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301. TIic cyphers may be omitted for the sake of

brevity, and tlic following i-ule may be obtained from the
process.

Point every second figure, beginning 324& ^57
rcith that in the units' place, and thus 25
divide the whole number into periods.

Find the greatest number whose square 107 ) 749
is contained in the first period; this j^g
is the first figure in tJie root ; subtract its —
square from the first period, and to the

remainder bring down the next peHod. Divide this

quantity, omitting the last figure, by twice tJie part of tlie

root already found, and aiinex the result to the root and
also to the divisor; then multiply the divisor as it now
stands by the part ofthe root last obtainedfir the subtra-

hend. If there be more periods to be brought down, the

operation must be repeated.

302. Examples.

Extract the square root of 132496, and of 5322249.

132496

9



EVOLUTION. 207

In tlie second example, the student should notice tho
(Mxiurrence of the cypher in the root.

303. The rule for extracting the square root of a

decimal follows from the preceding rule. We must ob-

serve, however, that if ai)y decimal be squared tliere will

be an even number of decinml places in the result, and
therefore there cannot be an exact square root of any
decimal which in its simplest state has an odd number of

decimal places.

The square root of 3249 is one-tenth of the square
root of 100x3249; that is of 3249. So also the square
root of '003249, is one-thousandth of the square root of

1000000 X -003249, that is of 3249. Thus we may deduce
this rule for extracting the square root of a decimal. Put
a j)oint over every second figure, beginning with that in
the units' place and continuing both to the right and to

the left of it; then proceed as in the extraction of the
square root of integers, and mark off as many decimal
places in the residt as the number of periods in the deci-

tnal part of the proposed manber. In this rule the stu-

dent should pay particular attention to the words beginning
with that in the units' place.

304. In the extraction of the square root of an integer,

if there is still a remainder after we have arrived at the
figure in the units' place of the root, it indicates that the
proposed number has not an exact square root. We may
if we please proceed with the approximation to any desired
extent, by supposing a decimal point at the end of the
proposed number, and annexing any even number of cy-

phers, and continuing the operation. We thus obtain a
decimal part to be added to the integral part already
found.

Similarly, if a de<^'ima1 number has no exact square
rJot, we may anuex cyphers, and proceed with the approxi
m'^tiou to any desired extent.
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305. Tlie following is the extraction of the squ&re root
•4 to Ecven decimal places

:

0-4000... (^•6324555

36

I

123; 400

369

1262^3100

2524

12644; 57600

50576

126485; 702400

632425

1264905; 6997500

6324525

12649105; 67207500

63245525

4051975

306. "We now proceed to the method of extracting the
cube root of a compound expression.

The cube root of a' + 3rt-6 + 3aZ>2 + &» is n + ^•, and we
shall be led to a general rule for the extraction of the cube
!"oot of any compound expression by observing the manner
in which a-\-b may be derived from a? + oa-b + '^al>- + b^.

An*ange the terms ac- o* + ou-b + 3<ib- + 1' {a + b

cordin? t<i the dimensions ^s

of one' letter a; then the

urst term is a', and its ctibe 3a-; Sa-b + 3aZ/-+ 6*

root is a, wliich i.s the first
3rt'& + 3ai- + &*

term of the rcquii'ed root.

Snlitract its cube, that is

«', !Vi:in tho whole expression, ai;<i bring down tl.c re-
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mainder 'ia"h -t- ."«&' 4- &'. Divide Za% by 3a*, and the quo-

tient is h, which is the other term of tlie required root;

tlien subtract Zd-b + 3a6* + b^ from the remainder, and the

wl.ole cube of « + & has been subtracted. This finishes the
opi}r,ition in the present case.

If there were more terms we should proceed with a + 6 as

we did formerly with a; its cube, that is a? + Za^b + 3ab^ + If,

has already been subtracted from the proposed expression,

so we should divide the remainder by 3 (a + b'f for a new
term in the root ; and so on.

307. It will be convenient in extracting the cube root
of more complex expressions, and of numbers, to arrange
the process of the preceding Article in three columns,
as follows:

3a + b Sa^ a^ + 3a'^b + 3ab- + b^(^a+b

{3a + b)b a'

3a^ + 3ab+ b^ 3d-b + 3ab^+ l^

3aib + 3ab^ +¥

Find the first term of the root, that is a; put a^ under
the given expression in the third column and 8ubti*act it.

Put 3a in the first column, and Sa^ in the second column;
divide 3a-b by 30^, and thus obtain the quotient b. Add
b to the expression in the first coluum ; multiply the ex-

pression now in the first column by b, and place the pi'o-

duct in the second column, and add it to the expression

already there; thus we obtain 3a^ + 3ab + l^. Multiply
this by b, and we obtain 3a^b + 3alr + b^, which is to bo
placea in the third column and subtracted. We have thus
completed the process of subtracting {a + b)' from the
original expression. If there were more terms the operar
tion would have to be continued.

T. A. 14
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SOS. In continuing the oiwration we mnst add such a

term to the first column, as to obtain there three times the

part of the root already found. This is conveniently

efiFected thus ; we have already in the first

column Za + b; place 2& below h and add ; 2a + h \

thus we obtain Sa + SJ, which is three times 9j|
a + h, that is, three times the part of the root

already found. Moreover, we must add such a 3a + 36

term to the second column, as to obtain there

three times the square of the part of the root already

fouyid. This is conveniently effected thus; wo have already

in the second colunm (3a + b)h, and below
that Sa^ + SoJ + ft"; place IP' below, and (3^

add the expressions in the three lines; 3a« + ;

thus we obtain Sa'+Gaft + Sfr^ which is

three times (rt + 6)', tliat is three times

the square of the part of the root already 3^2 4. g^ + 3^3
found.

ia + h)h
^

309. Example. Extract the cube root of

8a;»- sear" + 102a;*- I7la;^+ 204a:2_ 144^ + 64.

-Qx]

6a;*-9a;+4
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The cube root of So;*" is 2x\ which will be the Grst teiin

of the required root; put Sa^ under the given expression
in the tiiird column and subtract it. Put three times 1x^
in the first column, and three times the square of 2x'^ in

the second column; that is, put 6^-^ in the first column,
and \2a^ in the second column. Divide —36^ by \2x^,

and thus obtain the quotient — ix, which will be the second
term of the root; place tliis term in the first column, and
multiply the expression now in the first column, that is

Qx'^ — '&x, by — SiP; place the product under the expression
in the second column, and add it to that expression ; thus
we obtain 12ar* — 18^ 4- 9-r^ ; multiply this by — 3.r, and place
the product in the third column and subtract. Thus we
have a remainder in the third column, and the part of
the root already found is 2x- — Zx. We must now adjust
the first and second columns in the manner explained in

Art. 308. We put twice — Zx, that is — 6ar, in tiie first column,
and add the two lines; thus we obtain 6j?- — 9^, which is

three times the part of the root already found. We put
the square of —Zx, that is 9x^, in the second column, and
add the last three lines in this column ; thus we obtain
\2a^— ZQa?+ 2Tx^, which is three times the square of the
part of the root already found.

Now divide the remainder in the tliird column by the
expression just obtained, and we arrive at 4 for the last

term of the root, and with this we proceed as before.

Place this term in the first column, and multiply the
expression now in the first column, that is Qx^—Qx+4:,
by 4

;
place the product under the expression in the

second column, and add it to that expression ; thus we
obtain l2x^ — ZQa^ + 5\x^—Mx-¥\(3; multiply this by 4
and place the product in the third column and subtract.

As there is now no remainder we conclude that 2x^— Zx-\- 4
is the required cube root.

310. The preceding investigation of the cube root of

an Algebraical expression will suggest a method for the
extiaction of the cube root of any number.

The cube root of 1000 is 10, the cube root of 1000000 is

100, and so on; hence it follows that, the cube root of

14—

2
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a number less than 1000 must consist of only one fignre,

the cube root of & number between 1000 and 1000000 of
two pJjAjee of figures, and so on. If then a point be pl:iced

over every third figure in any number, beginning with the
figure in the units' place, the number of points will shew
tlie number of figures in the cube root Thus, for example,
the cube root of 405224 consists of two figures, and the
cube root of 1281 §904 consists of three figures.

Suppose the cube root of 274G25 required-

180 + 5 lOSOO 27462$ (,60 + 5
925 216000

11725 5S626
58G26"

Point the number according to the rule ; thus it appears
that the root must consist of two places of figures. Let
a + b denote the root, where a is the value of the figiu-e in

the tens' place, and b of that in the units' place. Then a
must be the greatest multiple of ten which has its cube
less than 274000 ; this is found to be 60. Place the cube
of 60, that is 216000, in the third column under the given
number and subtract Place three times 60, that is ISO,

in the fir.st colunm, and three times the square of 60, that

is lOSOO, in the second colunm. Divide the remainder in

the third column by the nurabca" in the second column,
that is, divide 58625 by 10800; we thus obtain 5, which
is the value of b. Add 5 to the first column, and multiply
tlie sum thus formed by 5, that is, multiply 185 by 5; we
thus obtain 925, which we place in the second column and
add to the number already there. Thus we obtain 11725;
multiply this by 5, place the product in the third column,
and subtract. The remainder is zero, and therefore 65 is

the required cube root.

The cyphers may be .omitted for brevity, and the pro-

cess will stand thus;

186 108 274625 (65
925 216

11725 58625
68625
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311. Example. Extract the cube root of 109215352.

10§2lS352(478

64

1271

14f
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313. If the root have any uumber of decimal places,

the cube will have thrice as many ; and therefore the num-
ber of decimal places in a decimal number, which is a
perfect cube, and in its simplest state, will necessarily be a

multiple of three, and the number of decimal places in the

cube root will necessarily be a third of that number. Hence
if the given cube number be a decimal, we place a point

over the figure in the units' i)lace, and over every third

figure to the right and to the left of it, and proceed as in

the extraction of the cube root of an integer; then the
number of points in the decimal part of the proposed
number will indicate the number of decimal places in the
cube root.

Example. Extract the cube root of 14102-327296.

l4l05-327296(.24-16

8

6102

5824

7236

173521 r

174243

43416

17467716

278327

173521

104806296

104806296

315. If any number, integral or decimal, has no cxiXA

cube rr«iti we may annex cyphers, and proceed with th*-

approxiniatiou to the cube root to any desired extent.

The following is the extraction of the cube root of '4 to
four decimal places

:
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•400... (-7368

343

213)

6)
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17. iC*-\-2a^-¥2x^-^2x+\. 18. \-2x-¥5afi-'i3fi-i^Ao^

19. «4 + 6a;' + 25a-^ + 48.r + 64. 20. a;* - 4a?3 + s.r+ 4.

21. l-4a;4-10^-12.c3 + 9;r*.

22. Ax^-Ax^-lx^A-^x^ + A.

23. ai^-2a3fi-irba!^x'^-Ad^x + Aa\

24. a;*-2a^-3 + (rt* + 2&2)a"2-2a62;r + 6*

25. .r«- 12a:» + 60a:* - 160^,-^ + 240.^*- 192a; + 64.

26. a^ + 4«x'- 1 Oa\v^ + 4a*a;+ a*.

27. l-2a; + 3a;''-4a.-' + 5a;*-4a:' + 3a:«-2.r' + a:».

4.r'_a;_16^ 9j^ 6£y 16^
^^' gp ~ 2r 152/;?

"*"

1G;2»
"^

52^2
"*

25z»

'

Find the fourth roots of the following expressions

:

29. l + 4a; + 6a;'4-4a;' + aT*.

30. 16.r*-96.c^i/ + 216a:V-216.iy + 81?/*.

31. l-4.c+10.l•^-16a;^ + 19.^'*-16.^'' + 10a:«-4a;^^-a,•^

32. {x" - 2(a + b)afi + {a^ + 4afe + 62).,.2 _ 2ab{a + &)a; + a"lP(\

Find the eighth roots of the following expressions :

33. x^ + Qx' + 28a;« + 56a;' 4- 70a;* + 56a;3 + 28^:3+ 8a; + 1

.

34. {a.-* -2a;3?/ + 3a;V-2a-y^+ ?/*}*.

Find the square roots of the following numbers

:

35. 1156. 36. 2025. 37. 3721. 38. 5184.

39. 7569. 40. 9801. 41. 15129. 42. 103041.

43. 165649. 44. 3080-25. 45. 41-2164.

46. -836396. 47. 1522756. 48. 29376400.
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4981-5364. 51. 64-128064.

144168049. 54. 254076-4836.

56. 4-54499761.

58. 196540602241.

Extract the square root of each of the following num-
bers to five places of decimals

:

49.
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XXXIII. Indicei.

316. Wo have defined an index or exponent in Art. 16,
and, according to that definition, an index has hitherto
always been a positive whole number. Wo are now about
to extend the definition of an index, by explaining the
meaning of fractional indices and of negative indices.

317. If m and u are any positive whole numbers
a"" xa"=a"''''".

The truth of this statement has already been shewn
in Art. 59, but it is convenient to repeat the demonstra-
tion here.

a"=axaxa x to m factors, by Art. 16,

a' —ax ax ax to n factors, by Art. 16;

therefore

a"xa"= rt X axax ...xaxaxax ... to m + n factors

= a-+", by Art. 16.

In like manner, if j? is also a positive whole number,

a" X a" X flP= a"+" X o^= a"*"*'

;

and so on.

318. If m and n are positive whole numbers, and m
greater than n, we have by Art. 317

a""" X a"= a"~"+" = a";

therefore — = a" ""
-

This also has been already shewn ; see Art. 72.

319. As fractional indices and negative indices have
not yet been defined, wo are at liberty to give what defini-

tions we please to them ; and it is found convenient to
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give such definitions to them as will make the important
relation a'"xa"=^a'"*'' always true, whatever m arid n
may ^e.

For example ; required the meaning of a^.

By supposition we are to have a^ xa^ = a^ = a. Thus a '

must be such a number that if it be multiplied by itself

the result is a; and the square root of a is by definition

such a number; therefore a* must be equivalent to the

square root of a, that is, a'^= V«-

Again ; required the meaning of a'.

By supposition we are to have

^ i J ^+i+i 1

a y.a '<a =a =a —a.

Hence, as before, a^ must be equivalent to the cube

root of a, that is a^= ^a.

Again ; required the meaning of a .

\ \ % \By supposition, a xa xa xa —a^;

i
therefore a = ^a\

These examples would enable the student to under-
stand what is meant by any fractional exponent ; but we
will give the definition in general symbols in the next two
Articles.

1

320. Required the meaning of a" where n is any
positive whole number.

By supposition,

therefore a" must be equivalent to the n'*" root of a,

1

that is, a'= ;^a.
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321. Required the meaning of a" where m and n ar4
any positive whole numbers.

By supposition,

ri" X rt" X a" X ... to n iactors = a =a";

therefore ft" must be equivalent to the n"" root of a",

that is, a* = V"""-

flence a" means the «" root of the Tn"" power of a\

that is, in a fractional index the numerator denotes a power
and the denominator a root.

322. We have thus assigned a meaning to any positive

index, whether whole or fractional ; it remains to assign a

meaning to negative indices.

For example, required the meaning of a~\

By supposition, a? x a~'= a^-' = a' = a,

therefore
'

a-^= —, = —i.

"We will now give the definition in general symbols.

323. Required the meaning of a~'/ where n is any
positive number wfiole orfractional.

By supposition, whatever m, may be, we are to have

a"* X a-" = a"-".

Now we may suppose m positive and greater than tj,

and then, by what has gone before, we have

a"~
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In onler to express this in words we will define the
word reciprocal. One quantity is said to be the recivru-
cal of anotlier when the product of the two is equal to

unity ; thus, for example, x is the reciprocal of -

.

X

Hence «~" is the recijirocal of a" ; or we may put this

result symbolically in any of the following ways,

_n 1 n 1 n „ ,

324. It will follow from the meaning which has been
given to a negative index that «"*-=- a" ^a"*"" when m is less

than n, as well as when m is greater than n. For suppose
m less than n ; we have

a" 4- a" = — = —-— = «-<"-"' = a"-".
a a

Suppose m = n ; then a"* -f- a" is obviously = 1 ; and
«"-" = «". The last symbol hct.3 not hitherto received a
meaning, so that we are at liberty to give it the meaning
which naturally presents itself; hence we may say that

a»=l.

325. In order to form a complete theory of Indices it

would be necessary to give demonstrations of several pro-

positions which will be found in the laryer Algebra. But
tl;ese propositions follow so naturally from the definitions

and the properties of fractions, that the student will not
find any difficulty in the simple cases which will come be-

fore him. "We shall therefore refer for the complete theory
to the larger Algebra, and only give here some examples as

specimens.

326. If m and n are positive whole numbers we know
that («""]"= «'"'•; see Art. -i'/iJ. Now this result will also

hold when m and n are not positive whole numbers. For
example,

For let {a^)*-^x', then by raising both sides to tliQ

fourth power we have c^ — x*; then by raising both siiles
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to the tliird power wehaveo^ar"; therefore a;=«a^ which
was to be shewn.

327. If n is a positive whole uumber we kuow that

a'xb' = {ab". This result will also hold when n is not

a positive whole number. For example, a^ x 6 — {ab'r.

For if we raise each side to the third power, we obtain in

each case ab ; so that each side is the cube root of ab.

In like manner we have

•11 1
a' X fe" X c" X . . . = {abc.

.

.)".

Suppose now that there are m of these quantities

a, b, c,..., and that all the rest are equal to a; thus we
obtain

1 1

{a")"' = {a")

'

; that is, ( l/a)^ = ^a".

Thus the m"" power of the w" root of a is equal to the

n"" root of the m"' power of a.

32S. Since a fraction may take difiFerent forms without
any change in its value, we may expect to be able to give

different forms to a quantity with a fractional index, with-

out altering the value of the quantity. Thus, for example,
2 4 ,24

smce ^ = ;^
we may expect that a'^a^ : and this is the

o o

case For if we raise each side to the sixth power, we
obtain a* ; that is, each side is the sixth root of a*.

329. We will now give some examples of Algebraical
operations involving fractional and negative exponents.

Multiply a*6'c* by a-b^c^.

2 1_7 3 1 13 1 2
3'*"2~6' 4"^3*12' 3"^3~ •

tl^croforo fi* 6' c* x a** b^ c^ = a« &"c
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Divide x^y''^ by x^t^.

311 ?_1_1.
4 2~4' 3 6~2'

herefore a;^ ?/^ -^ a:^ j^^ = a:^ y^.

Multiply x + x^ + a?"' by x^ + a;~^ - «" .

i -i
a; +«' +x ^

x^+x~^-x~^

x^ + x^ +1

x^ -¥2x^ + 1 -x~^

Here in the first line x^ x ;»= a;^*^ = a; , x^ x a!'=^%

a;3 X x~^ = 3tf^= \ ; and so on.

DiWde

x'^-ix^y~^ + ^x^y~^ — y~^ by u;^-2.c^y~^ + ?/~^.

«^ - 2ji^y~^ + y~i; a;^ - Zx^y~^ + Zx^y'^ -y~\x^ - y~^

x^ — 2x^y~^+ x^y~^

- x^y~^ A- 2j^y~^ - y~^

— x^y'^ + 2x^y~^—y~^
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ExAMPu:a XXXIII.

Find the value of

I. 9"i 2. 4"-. 3. (100)"-^. 4. (lOOO)i 6. (81)"^-

Simplify

6. (a2)-3. 7. {a-^-\ 8. ^/o-^ 9. Ua-\

10. a- xa^ y.a *.

Multiply

II. w^ + y^ by a;*-y^. 12. a^ + ah^ + b^ by «*-&*.

13. ;r + ;r- + 2 by x + .t^-2.

14. ar* + a^ + l by a;"*-x"^ + l.

15. a~^ + a~^ + l by o~3_i_

16. a^-2 + a"^ by o^-a"^.

17. a + a2&--ar^?/^ by a + a^b^ -i-x^y'.

18. x^ — xy'^ + x^y-y^ by a; + ar^y^ + y.

DiA^de

19. a-3-jr^ by x^-t^. 20. a-& by a^-ft^.

21. 64.?!-^ + 27?/-^ by 4ar"^ + 3?/~i

22. x- — xy'- + x-y — y^ by x* — y'-.

23. a^ + <*M + 63 by a^ + a*?>^ + &^.

24. a^ + &^-c3 + 2rtM by a^ + fc^ + ci

25. x^-2a^-x^ -\-a? by a;i-2aM + a.

26. a;^-4ar^y« + 6;r^j/^-4.r»y^ + y^ by a^-2x^y^-¥y^.

Find the square roots of the following expressions

:

27. x^--A + Ax--^. 28. (j; + «-!)»- 4 (jr-a;-!).

29. a:'-'-4j;* + 2j;* + 4a;-4«T + xi

30. 4jr--12jr5 + 25-24»~?4-16j:~*.
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XXXIV. Surds.

330. When a root of a number cannot be exactly
obtained it is called an irrational quantity^ or a surd.
Thus, for example, the following are surds;

/2 « /3

And if a root of an algebraical expression cannot be
denoted without the use of a fractional index, it is also

called an irrational quantity or a surd. Thus, for ex-
ample, the following are surds

;

J a, J\, J{a- + ab-^l)-'), lla-, ^{c^ + b'

The rules for operations with surds follow from the
propositions of the preceding Chapter ; and the present
Chapter consists almost entirely of the application of those
propositions to arithmetical examples.

331. Numbers or expressions may occur in the form.
of surds, which are not really surds. Thus, for example,
^/9 is in the form of a surd, but it is not really a surd, for

^/9 = 3; and tj{a- + 2ab + b'^ is in the form of a surd, but
it is not really a surd, for Jia"^ + 2ab + b'^ = a + b.

332. It is often convenient to put a rational quantity
into the form of an assigned surd ; to do this we raise the
quantity to the power corresponding to the root indicated
by the surd, and prefix the radical sign. For example,

^-J-^'-'s/O; 4 = ^4:^= ^Qi; a=^a*; a + b= ^(a + bf.

;i ; ;. Hie product of a rational Quantity and a surd
11;, ly bu c?;pressed as an entire sura, by reducing the
rational quantity to the form of the surd, and then multi-

pi }-ing ; see Art. 327. For example, 3 J2 =^9 x ^/2 = ^18;

2 ^4 = 4/8 X ^4= ^32 ; a Jh ^Ja?x ^b - Jia^b).

334. Conversely, an entire surd may l.-e expressed as

the product of a rational quantity and a .surJ, if the root of

one factor can be axtiacted.

T. A. 15
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For example, ^/32 = J(16 x 2) = ^I'J x ^2 = 4 ^2

;

.^48= V(8x6>= 4/8x 4/6-2^6;

335. A surd fraction can bo transformed into an
equivalent expression with the surd part integraL

For example, Jl^JlH^ 7^^ = "^ ',

y? ^ y2jr9 ^ y18 _ 4/18

S3j5. Surds which have not the same index can be
trausfoimed into equivalent surds which have ; see Art 327.

Fftr exan4)le, take JSand^ll: J5 = 5^y ,yil = (ll)*;

5* = 5^= 4/68= «/i25, (11)* = 11^= */(ll)«= 4/l21.

337. We may notice an application of the preceding
Article. Suppose we wish to knew which is the greater,

^5 or 4/11- When we have reduced them to the same
index we see that the former is the greater, because 125 is

greater than 1^1.

338. Surds are said to be similar when they have, or

can be reduced to have, the same irrational factors.

Thus 4*/? and .'-^/7 ai-c similar surds; 5 lj2 aiul 44^1 ff

are also similar surds, for 44/ 16 = 8 4/ '2.

330. To add or subtract similar surds, add or subtract

their coefficients, and affix to the result the common
irrational factor.

For example, ,^/12 + ^75 - JAS ^2j3 + Sj3-4j-3

-(2 + 5-4)^3 = 3^/3.

3 y3 1 y256_2 Yl2 \ V64 x 12

i '^ 2
*"

4 ^ "F "'3 ^ 8
"^

4
"^"27"

^•2^1 4J/12 ^ 24/12

3 2 4 3 3 '
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340. To multiply simple surds which have the same
index, multiply separately the rational factors and tin-

irrational factors.

For example, 3j2xj3^3^/6; ^ ^^5 x 7 v/6 = 28 ^30 ;

2*^4x3,^2 = 6 4/8 = 6x2 = 12.

341. To multiply simple surds, which have not the same
index, reduce them to equivalent surds which have the same
index, and then proceai as before.

For example, multiply 4/^/5 by 2 ^/H-

By Art. 3.36 V5 = 'yi25, 4/11=^/121.

Hence the product is 8,y(125 x 121), that is, 84/15125.

342. The multiplication of compound surds is per-

fonued like the multiplication of compound algebraical

expressions.

For example, (6 ^^3 - 5 ^/2) x (2 ^3 + 3 ^/2)

= 36 + 18^6-10^/6-30 = 6 4-8^6.

343. Division by a simple surd is perfonned by a rule

like that for multiplication by a simple siu'd; the result

may be simplified by Art. 335.

3v/2 3 /2 3 /6 V6
For example, 3 ^8-4 ^/3 =^ = 4^3 = 4^9 = ^'

s /.-ovii *'^^ 24/12.5 yi25_ yi25x(ll)^

4^5^2^11 =
2^y7J

= -yj^-2Vj^l-2 Vi2ix(ll)*

2 4/1830125

11

The student mil observe that by the aid of Art. a;i5 the

results are put in forms which are more convenient for nu-

merical application ; thus, if we have to find the approxi-

mate numerical value of 3 ^2+ 4 ^3. the easiest method is

to extract the square root of 6, and divide the result by 4.

15—2
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344, The only case of diyision by a compound surd
which is of any importance is that in which the divisor is

the sura or difference of two quadratic surda, that is, surds

involving square roots. The division is practically effected

by an important process whicl) is called, rationalising the

denominator of a fraction. For example, take the fraction

4
^ Y

—

cTT-y '> ^^ ^'® multiply both numerator and denomi-

nator of tliis fraction by 5 ^/2 — 2^3, the value of the frac-

tion is not altei'ed, while its denominator is made rational

;

thus - 4 _ 4(5V2-2,/3)
5;^2 + 2^3 (5 j2 + 2;V3)(5x/2-2V3)

^ 4(5,^2-2^3) _ 10 V2-4J3
50-12 ~ 19

Rin>n,vlv v^3+V2 _ (V3+s/2)(2V3 + ^2)
Buniiai ly,

2 3 _ ^2 "
(2^3- ^2) (2^3+ ^2)

_ 8 + 3V6 8 + 3;^
12-2 ~ "10

345. We shall now shew how to find the square root of

a binomial expression, one of whose terms is a quadratic
surd. Suppose, for example, that we require the square

root of 7-i-4y'3. Since {Jx-^ Jyf =x + y-k-2 J{xy), it is

obvious that if we find values of x and y from x + y = T,

and 2 sj{xy) = 4 ,^3, then the square root of 7 + 4 ,,/3 will bo
^x + Jy. "We may arrange the whole process thus

:

Suppose J{7 + 4 JS) ^ Jx + J'y ;

square, 'J + ^J^ = x + y + 2 Jixy).

Assume x + y^l, then 2j{xy)= 4 ;^3

;

square, and subtract, (x + y)-— 4xy = 49 — 48 = 1

,

that is, {x— yy=\, therefore x— y=l.

Since z+ y = 7 and x— y = l, we have x= 4, y = 3;

therefore ^(7 + 4 ^3) = ^4 + v'3 = 2 + v 3-

Similarly, ^/(7 - 4 J3) = 2 - v 3.
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Examples. XXXIV.

Simplify

1. 3^2 + 4^/8- v'Sa. 2. 24/4 + 5^'32-4,'U)a

3. 2V:5 + 3v'(li)-V(5i). 4. 4- ^

4/2 ^16-

Multiply

5. s/5+V(U}- 4:- by ^;j.

7. 1+ v/3-,v'2by JG- ^/2.

8. v/3W2by^.^^.

Rationalise the denominators of the following fractiong:

3W2 „) v/3+V2
2-V2' s/3-^/2•

2sy5+ J3 2^3 + 3^2
3V5 + 2J8' 3^/3-2^5"

Extract the square root of

13. 14 + 6^5. 14. 16-G^7. 15. 8 + 4^3.

1(5. 4-^15.

Simplify

17. -TT- ,^ , . 18,
.y(5+^/24)* •

v/(7-4^3)'

19.
-^J+^'Ja^^-

20. V(3+V5)+v'(3-V6).
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XXXV. RaHo.

346. Ratio is the relation which one quantity bears

to another with respect to magnitude, the conipa.rison

being made by considering wliat multiple, part, or parts,

the first is of the second.

Thus, for example, in comparing 6 with 3, we observe
that 6 has a certain magnitude with respect to 3, which
it contains twice ; again, in comparing 6 \\ ith 2, we see that

6 has now a different relatice magnitude, for it contains

2 three times ; or 6 is greater when compared with 2 than
it is when compared with 3.

347. The ratio of a to 6 is usually expressed by two
points placed between them, thus, a : h; and the former is

called the antecedent of the ratio, and the latter the conse-

quent of the ratio.

34S. A ratio is measured by the fraction which has for

its numerator the antecedent of the ratio, and for its

donominator the consequent of the ratio. Thus the ratio

of a to 6 is measured by , ; thou for shortness we may

d a
say that the ratio of a to 6 is equal to t or is r .

349. Hence wc may say that the ratio of a to 6 is equal

to the ratio of c to d, when r = . •

b a

350. If the terms of a ratio be multiplied or divided
by the same qtiuntity the ratio is not altered.

Forf-.'"4* (Art. 135).
h ml)

351. We compare two or more ratios by reducing
the fractions which measure tiiese ratios to a common
denominator. Thus, suppose one ratio to be tliat of a to ft,
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and another ratio to be that of c to d; then the first ratio

.- = i-,, and the second ratio j = rj.
bd a ba

Hence the first ratio is greater than, equal to, or less

than the second ratio^ according as ad is greater than,

e(iual to, or less than be.

352. A ratio is called a ratio of greater ineqiuUity, of

less inequality, or of equality^, according as the antecedent
is greater than, less than, or equal to the conse(Juent,

353. A ratio of greater iiiequalitij is diminished,
and a ratio qf less inequalitg is increased, by adding
any number to both terms qf the ratio.

Let the ratio be , , and let a new ratio be formed by

adding x to both terms of the origimd ratio; then r—

—

"T" iB

is greater or less than v, according as b{a + .v) is greater or

less than a{b-^x); that is, according as bx is greater or less

than ax, that is, according as fc is gi-eatei* or less than a.

354. A ratio of greater inequality is increased, and
a ratio of less inequality is diminished, by takingfrom
both terms of the ratio any number which is lesT'than
each of those tei'm.s.

Let the ratio be : , and let a new ratio be formed by
b

taking x from b«th terms of the original ratio; then ^-

—

is gi-eater or less than ^ , according as b{a—x) is grater

or less than a(J>^x); that is, according as bx Is less or

greater than ax, that is, according as' b is less or greater
than a.

355. If tlie antecedents of ^ any- ratios be multiplied
togcthci, and also the consequents^ a new ratio is obtained
which is said to be compounded of'the former ratios. Thus
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the ratio ac:'hd\?, said to be compounded of the two ratioB

: b and t : d.

"Wlien the ratio a : 6 is coiupomided with itself the
resulting ratio is ci- : b^ ; this ratio is sometimes called the
duplicate ratio of a : 6. And the ratio a' : 6' is sometimes
called the triplicate ratio of a : ft.

356. Tlie following Is a very important theorem co!>-

ccrning equal ratios.

Suppose that i = ^ = ^., then each of the-HA ratios

_ fpa* + q<f + re'\i
~~

\j)b' + qd' + r/'J

where />, q, r, n are any numbers whatever.

For let ^ = ; = -- = -
; then

h d f
lb— a, kd = c, k/^e;

therefore p{kb)'+ q {kd/* + r{kf,' -pa'+q<f + r^;

... ,, pa" + uc' + re"
therefore k" = -C——2-^ —

;

pb' + qd'+ rf"

therefore k = {^—^^i-

—

'^ ]
" •

\pb'+ qd' + rJ^J

The same mode of demonstration may be applied, and
a similar result obtained when there are more than three

ratios given ccjual.

As a particular example wo may supi»se »= 1, then we

see that if ", = , = >, each of these ratios is equal to
b d f

^——~ • and then as a special case we may suppose
pb -i-qd + rf
pz=q-r,so that each of the given equal ratios is equal to

h + d+f'
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Examples. XXXV.

1. Find the ratio of fourteen shillings to throe guineas.

2. Arrange tlie following ratios in the oixler of magiii'

tude; 3 : 4, 7 : 12, 8 : 9, 2 : 3, 5 : 8.

3. Find the ratio compounded of 4 ; 15 and 25 : 36.

4. Two numbers are in the ratio of 2 to 3, and if 7 be
added to each the ratio is that of 3 to 4 : find the numbers.

5. Two numbers are in the ratio of 4 to 5, and if 6 bo
taken from each the ratio is that of 3 to 4 : find the numbers.

6. Two numbers are in tho ratio of 5 to 8; if 8 be
added to the less number, and 5 taken from the greater

number, the ratio is that of 28 to 27 : find tJic numbers.

7. Find the nimiber which added to each term of tho
ratio 5 : 3 makes it three-fourths of what it would have be-

come if the same number had been taken from each term.

8. Find two numbers in the raiio of 2 to 3, such that

their difference has to the difference of their squares tho

ratio of 1 to 25.

9. Find two numbers in the ratio of 3 to 4, such that

their sum has to the sum of their squares the ratio of

7 to 50.

10. Find two numbers in the mtio of 5 to 6, such that
their sum has to tlie difference of their squares the ratio of

1 to 7.

11. Find X so that the ratio a; : 1 may be the duplicate

of the ratio 8 : x.

12. Find x so that the ratio a—x -.b-x may be the
duplicate of the ratio a : h.

13. A person has 200 coins consisting of guineas, half-

sovereigns, and half-crowiis ; the sums of money in guineas,

half-sovereigns, and half-crowns are as 14:8:3; find

the numbers of the different coins.

14. If b-a lb + a= 4a- b : \5a-h, find a : b.

15. If 7 = I— =— , then < +m 4- n = 0.
a~o o-c c-a
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XXXVI. Proportvjru

357. Four numbers are said to be proportional when
the first is tlie same multiple, part, or parts of the second

as the third is of the fourth ; that is when r = -; the four
a

numbers a, b, c, d are called propoi-tionals. This is usually

expressed by saying that « is to & as c is to d; and it is

represented thus a : b :: c : d, or tims a :b-c : d.

The terms a and d are called the extremes, and b and c

the means.

;?r)8. Thus when two ratios are equal, the four numbers
which form the ratios are called proportionals ; and the pro-

sent Chapter is devoted to the subject of two equal ratios.

359. WJienfour numbeKS are proportionals the pro-
duct of the extremes is equalfo the product qf the means.

Let rt, b, c, d be proportionals
;

., a c
then \=j',

a

multiply by hd; thus ad=bc.

If any three terms in a proportion are g^iven, the fourth

may be determined from the relation a<I=bc.

If b = c we have ad—b''; that is, if the first be to the

second as the second is to the third, the product qf the

extremes is eqiuil tn the square of the meiDi.

When a -.b -.-.b : d then a, b, d are said to be in con-

tinuedproportion ; and b is called the tnean proportional
between a and d.

360. Jf the product rf two numbers be eqmU to the

product of two others, the four are proportionals, the

terms of either pmd'ict being taken for the means, and
the terms qf the othi:r productfor theextremct.

X b
For let xu^ab; divide by au, thus = - :" '

J i" ay
or X : a :: b -.y (Art. 357).
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361. \l a : h v. c : d, and c : d w e :f, then a : h w e :/.

For Y ^ j> and -,= -?; therefore r = :?

:

ha d f b f
or a \ h :: e : f.

362. Iffour numbers be proportionals, they are pro-
portionals when taken inversely ; that is, if a : 6 :: c : </,

then 6 : a :: c/ : c.

For T = -^
; divide unity by each of these equals;

thus - = - ; or 6 : a w d : c.

a c

363. If four numbers be proportionals, they are pio-

portionals when taken alternately ; that is, ii a : b :: c : d,

then a : c :: b : d.

For T = "1 ; multiply by ; thus -= -,:
b d ^•'•'c' c d'

or a : c :: b : d.

364. If four Jiumbi'rs are proportionals, the first
together with the second is to the second as the third
together with the fourth is to the fourth; that is

if a : b :: c : d, then a + b : b :: c + d : d.

For T = ^ ; add unity to these equals ; thus

" 1 '^ ^ ^i J.
• ^ + b c + d , , ,,

,- + 1 = -, + 1, that 18 —r— = —r—
; OT a + b : :: c + d : 4.

b d b d

3G5. Also the excess of the first dbore the second is v>

the second as the excess of the third above the fourth is Co

the fcnirth.

For v~-j', subtract unity from these equals; thus

^ , £ 1 i.1 i.
• C'~b <^-(l

, , J J
r — 1 =^ J — 1, that IS —r— = —7- ov u—b : b :: c— d : d.

a b a
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366. Also the first it to the excess of thefirst abuve il%^

tecond as the third is to the excess of the third above the
fourth.

By the last Article —^ = —j—
; also , = -,

;

d b d
,, , a— h b c— d d a-b c-d
tlierefore —;— x - = —;— x , or =

.bade a c

or a — b : a :: c-d : c; therefore a : a-b :: c : c-d.

367. I'Vhcit four numbers are proportionals, tlte sum
of the first and second is to their difference as the sum
qf the third and fourth is to their difference; that is, if

a :h :: c : d, then a + b : a-b :: c + d . c — d.

By Arts. 364 and 365 ,- =

—

-y- , aud —5— = —=- :^
b d b d '

. a + b a—b c + d c-d ^, . a + b e+d
therefore —j

—

'- —j— — -j -. j- , tliat is -—^ = -,,

c — d

368. It is obvious fi-om the preceding Articles that if

four numbers are proportionals we can derive from thera

many other proportions; see also Art. 356.

369. lu the definition of Proportion it is supposed that

we can determine what multiple or what part one quantity

is of another quantity of the same kind. But we cannot
always do this exactly. For example, ii tlie side of a

square is one inch long the length of the di:igonal is de-

noted by sj'l inches ; but pjl caimot be exactly found, so

that the ratio of the lengtli of the diagonal of a square

to the length of a side cannot be exactly expressed by
numbers. Two quantities are called incommensurable
when the ratio of one to the other cannot be exactly ex-

pressed by numbers.

The student's acquaintance with Arithmetic will sug-
gest to him that if two quantities are really incommen-
surable still we may be able to express the ratio of one to

the other by numbers as nearly as we please. For example,
we can find two mixed numbers, one less than ^^2, and the
other greater than v"2, and one difi'cnng from tne other by
M small a fraction as we please.
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370. We will give one proposition with respect to the
comparison of two incommensurable quantities.

Let X and \j denote two quantities; and suppose it

known that however great an integer q may be we can find

another integer p such that botli x and y lie between

and : then x and y are equal.

For the diiBFerence between x and y cannot be so great

as - : and by taking a large enough - can be made less
q

' <:> 1 o
q

than any assigned quantity whatever. But if x and y were
tmequal their difference could not be made less than any
assigned quantity whatever. Therefore x and^ y must be
equal.

371. It will be useful to compare the definition of pro-

portion which has been used in this Chapter with that
which is given in the fifth book of Euclid. Euclid's defini-

tion may be stated thus: four quantities are proportionals

when if auy equimultiples be taken of the first and the
third, and also any equimultiples of the second and the
fourth, the multiple of the third is greater than, equal to,

or less than,' the multiple of the fourth, according as the
multiple of the first is greater than, equal to, or less than
the multiple of the second.

>

372. We will first sliew that if four quantities satisfy

the algebraical definition of proportion, they will also
satisfy Euclid's.

For suppose that a : h :: c : d: th<i t = ? ; therefore
b d

-; =
:, , whatever numbers p and q may be. Hence pc is

greater than, equal to, or less tlian qd, according as pa is

greater than, equal to, or less than qb. That is, the four
quantities a, b, c, d satisfy Euclid's definition of proportion.

373. We shall next shew that if four quantities satisfy

Euclid's definition of proportion they will also satisfy the
algebraical definition.

For suppose that a, ^, c, d are four quantities sncb that
whatever aumbei's p and q may be, pc is gi-eater than,
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equal to, or less than qd, according as /w is greater than,

equal to, or less than qb.

First suppose that c and d are commensunable ; taka

p and q such that pc = qd; then \>j hj-pothesis pa = qb : thu?

z = 1 = —zi therefore , = ,. Therefore a : b :: c : d.
qb qd b d

Next suppose that c and d are incommensurable.
Then wo cannot find whole nunibcrs p and q, such that
pc = qd. But we in?}y tjike any multiple whatever of c$ as

gc?, and this will lie between two consecutive multiples of c,

say between pc and (j9 + l)c. Thus ~ is less than unity,

( p + V)c
and -——

- is greater than unity. Hence, by hypothesis,

, is less than unity, and ——t— is greator than unity.

Thus 3 and r are both greater than -
, and both less than

d b
'^

q
n + \
-— . And since this is true however great p and q may

be, we infer that , and ^ cannot be unequal; that is, they

must b« equal : see Art. 370. Therefore a ' b :: c : d.

'Hiat is, the four quantities a, b, r, d satisfy the alge-

braical definition of proportion.

374. It is usually stated that the Algebraical definition

of proportion cannot be used in CJeonietry becfiuse there is

no mvtliod of representing geometrically the result of the
operation of division. Straight lines can bo represented
geometrically, but not the abstract number which expresses
how often one straight line is conuiincd in another. But it

should bo observed that Euclid's definition is rigorous and
applicable to incmmnejisurabl.c as well as to commen*'ur-
(me quantities; while tho Algebraical definition is, strictly

spcaUng, confined to the latter. Hence this consideration
alone would furnish a suUicicut reason for the definition

adopted by Euclid.
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Examples. XXXVI.

Find the value of x in each of the following pK)por-
tious.

].
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XXXVII. Variation.

375. The present Chapter consists of a series of pro-

positions connected with the definitions of ratio and pro-

portion stated in a new phraseology which is convenient
for some purposes.

376. One quantity is said to vary directly ajs another
when the two quantities depend on each Other, and in such
a manner that if one be changed the other is changed in

the same pro^TOrtion.

Sometimes for shortness we omit the word directly

and say simply that one quantity varies as another.

377. Thus, for example, if the altitude of a triauglo be
invariable, the area varies as the base ; for if the base be
iiicreased or diminished, we know from Euclid that the

area is increased or diminished in the same proportion.

We may express this result with Algebraical symbols thus

;

let A and a be numbers which represent the areas of two
triangles having a common altitude, and let B and b be
numbers which represent the bases of these triangles re-

A B
spectivelv ; then ~ = -^ . And from this we deduce^ ' a

7> = T ) ^y "'^J't^ 363. If there be a third triangle having tlie

same altitude as the two already considered, then the r;ii ;

of the number which represents its area to the number wliidj

represents its ba.se mil al.so bu eciual to j . Put ^
= r»,

tlicn n-^'h ^"'i A-mB. Here .1 may represent i;ic

area of any one of a series of triangles which have a com
nion altitude, and B the corresponding base, and tu n-
inain.s constant Hence the statement that the area varit's

as tli9 base may also be expressed thus, the area Las a
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constant ratio to the base; by which we mean that the
number which represents the area bears a constant ratio

to the number which represents the base.

These remarks are intended to explain the notation and
phraseology which arc used in the present Chapter. When
we say that A varies as B, we mean that A represents the
numerical value of any one of a certain series of quantities,

:ind B the numerical value of the corresponding quantity
in a certain other series, and that A — mB, where ni is

some number which remains constant for every correspond-
ing pair of quantities.

It will be convenient to give a formal demonstration
of the relation A-mB, deduced from the definition in

Art. 376.

378. J/A vary as B, then A is equal to B multiplied
by some constant number.

Let a and b denote one pair of corresponding values of

the two qiytntities, and let A and B denote any other pair

;

then —— r I
by defmition. Hence A =^B = mB, where

a b

ni \i equal to the constant v

.

379. 1'he symbol x is used to express variation ; thus
A a: B stands for A varies as B.

380. One quantity is said to vary inversely as another,

when the first varies as the reciprocal of the second. See
Art. 323.

Or if A = V, , where m is constant, A is said to vary

inversely as B.

381. One quantity is said to vary as two oi\\ers jointly,

vvlien, if the former is changed in any manner, tbe product
of the other two is changed in the same proportion.

Or if ^ = mBC, where m in constant, A is said to vary
juintly as B and C.

V A 10
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382. One quantity is said to vary directly as a second

and inversely as a third, when it varies join% as the

second 'and the reciprocal of the third.

Or if ^ = -79- , where m is constant, A is said to vary

directly as B and inversely as C.

383. //" A oc B, and B oc C, then A oc C.

For \QiA = mB, a^nd B= nC, where m and n are con-

stants; then A — rnnC; and, as nvn\& constant, A a: C.

384. J/ k. cc Q, and B oc C, then A=fc.B oc C, and
V(AB) X C.

For le.t A =mC, and B— nC, where m and n nre con-

stants; then A'^B= {mdtrn)C; therefore ^^^ x C.

Also J(,AB)=^f{m7iC^) = C>J(m7i); therefore J{AB) oc C.

385. JC/" A oc B.C, then B oc ^, an<i C oc 4-

For let ^ =mBC, then 5 = - 4; therefore ^ x ^

.

m C C

Similarly, C x -^ .

386. j(/'A X B, antf C x D, then AC x BD.

For let A^mB, and O^nD; then AC^mnBD;
therefore .4 C^x i?Z>.

Similarly, if A <x B, and C x D, and E <x F, then
^C£ X Z?Z>F; and so op.

387. //"A X B, ^Am A" X B".

For let A=mB, then A"^m'B'; therefore A' cc jB".
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388. jQf A oc B, then AP cc BP, where P is any
quantity variable or invariable.

For letA =mB, tlicu .1P=mBP ; therefore^P « i?P.

389. 7/" A X B ?f/^«« C «s invariable, and A oc C w/^^n
B is invariable, then A cc BC when both B anc? C are
variable.

The variation of A depends on the variations of the
two quantities B and C ; let the variations of the latter

quantities take place separately. When B is changed to b

A B
let A be changed to a' ; then, by supposition, - , = -^ .

Now let C be changed to e, and in consequence let a' be

changed to a ; then, by supposition, — = - . Therefore

A a' B G .. .. A BC ^^ . . ,, „
-^ X — = - X — ; that IS, — = -r'~ ; therefore A x BC.
a a b c a be

A very good example of this proposition is furnished in

Geometry. It can lie shewn that the area of a triangle

varies as the base when the height is invariable, and that

the area varies as the height when the base is invariable.

Hence when botli the base and the height vary, the area

varies as the product of the numbers which represent the

base and the height.

Other examples of this proposition are supplied by the
questions which occur ie Arithmetic under the head of the
Double Rule of Three. "For instance suppose that the
quantity of a work which can be accomplislied varies as

the number of workmen when the time is given, and varies

as the time when the number of workmen is given ; then
the quantity of the work will vary as the product of the
number of workmen and the time when both vary.

390. In the same manner, if there be any number of

quantities B, C, Z), ...each of which vai'ies as another
quantity A when the rest are constant, when they all vary

A varies as their product.

16—2
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Examples. XXXVII.

1. A varies as B, and ^ = 2 when B-\; find the
value of A when B = 2.

2. If A^'+B^ varies as A- - BT; shew that A-^B
varies as -<4 — i?.

3. ZA + !jB varies as bA + 35, and -<4 = 5 when B = 2;
find tho ratio A : B.

4. ^ varies as nB + C; and A = A when 5=1, and
C= 2 ; and ^ = 7 when B = 2, and C= 3 : find n.

5. -4 varies as B and C jointly ; and ^ =^ 1 when
/? = 1, and C= 1 : find the value of A when 5 = 2 and C= 2.

G. -4 varies as B and C jointly ; and ^ = 8 when
5 = 2, and C=2 : find the value of BC when ^ = 10.

7. A varies as 5 and C jointly; and A — \'2 when
5= 2, and C=3: find tho value of .1 ': 5 when C=4.

8. ^ varies as 5 and C jointly ; and A = a when
5 = 6, and C=c: find the value of A when B= b- and
C= c'-^.

9. ^ varies as 5 directly and as C inversely ; and A = a
wiicn B — b, and C=c: find the value of A when 5 = c and
C=b.

10. The expenses of a Charitable Institution are partly

c^mstant, and partly vary as the number of inmates.

When the inmates are 960 and 3u00 the expenses are re-

.<; cctively £112 and £1S0. Find the expenses for 1000

inmates.

11. Thy wages of 5 men for 7 weeks being £17. 10.?.

find how many men can be hired to work 4 weeks for £30.

12. If the cost of making an embankment yarj- as tho

length if the area of the transverse section and height bo
constant, as the height if tho area of the traiisvcr.-<c .section

nnd length be constant, aiul as the area of tb.e transverse

s 'jtion if the length ami height be constant, and an cm-
b.inkment 1 mile long, 10 feet higli, and 12 feet broad cost

i;y(iO() find the cost of an embankment half a mile long,

16 feet high, and 15 feet broad.
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XXXVI H. Arithmetical Progression.

391. Quantities are said to be in Arithmetical Pro-

gression when they increase or decrease by a common dif-

ference.

Thus the following series are in Arithmetical Pro-
gression,

2,5,8,11,14,

20, IS, 16, 14, 12,

a, a + 5, a + ib, a + Zb, a + Ab

The common difference is found by subtracting any
term from that which immediately follows it. In the first

series the common difference is 3 ; in the second series it is

— 2; in the third series it is b.

392. Let a denote the first term of an Arithmetical
Progression, b the common difference; then the second
term is « + 6, the third term is a + 2b, the fourth term is

a+ 3&, and so on. Thus the »'-^ term is a + (w — 1) &.

o9o. To find the sum of a given number of terms of
an Arithmetical Progressioyi, the first term, and the com-
mon difference being supposed known.

Let a denote the first temi, h the common difference, n
the number of terms, I the last term, s the sum of the
terms. Then

s = a + {a, -^b) + {a *- 2h) + + /.

,And, by writing the scries in the reverse order, we have
.ilso

s = l + {l-b) + {l-2b)+ + a.

Therefore, by addition,

Is ~{l + a) + {I + a) + to n tci-nia

— n{l+a);

n
therefore s = -{l + a) (1),
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Also l^a^{n~i)l ^2),

thus #=| {2a + (71-1)5} (3).

The equation (3) gives the value of « in terms of the
quantities which were supposed knovra. Equation (1) also

gives a convenient expression for s, and furnishes the

following rule : the sum of any number of terms in
Arithmetical Progression is equal to the product of the

number of tJte terms i7ito half the sum of the first and
last terms.

We shall now apply tl*e equations in the present Article

to solve sOine examples relating to Arithmetical Pro-

gression.

394. Find the sum of 20 terms of the series 1, 2, 3, 4,. .

.

Here a = \, & = 1, n = 20; therefore

20
s= „-(24-19) = 10x21 = 210.

395. Find the sum of 20 terms of the series, 1, 3, 5, 7,...

Here a= l, & = 2, n = 20; therefore,

IQ 20s=- (2+19x2)= — x40 = (20)2=400.

396. Find the sum of 12 terms of the scries 20, IS, 16,..

Here ^ = 20, 6= -2, 7^ = 12; therefore

12
s= (4!)-2x li) = f;(40-22) = 6x I8=l(>8.

111!
S!)7. Find the sum of 8 terms of the series

, ^ , „ , ,„,...
12 6 '1 D

Here « - rs i ^ = 1.9'" = ^! therefore

-^tl L\-A. 1
~2Vl2^"*"l2;" i2

3.
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398. How many terms must be taken of the series

15, 12, 9,... tliat the sum may be 42 ?

Here *= 42, a = 15, 6=— 3; therefor©

42=^|30-3(«-l)J=^(33-S«).

We Lave to find n from this quadratic equation ; by
solving it we shall obtain n = 4 or 7. The seiries is 15, 12,

9, 6, 3, 0,-3, ; asd thss it will be found that we ob-
tain 42 as the sum of the first 4 terms, or as the siim of tfie

first 7 terms.

399. Insert five Arithmetical m^ns between 11 and
23.

Here we have to obtain an Arithmetical Progression

consisting of seven terms, beginning with 11 and ending
with 23. Thus a = ll,^= 23-, «= 7; therefore by equation

(2) of Art. 393,
23 = 11 + 66,

therefore &= 2.

Thus the whole series is 11, 13, 15, 17, 19, 21, 23.

Examples. XXXVIII.

Sum the following series .

1. 100,101,102, to 9 terms.

2. 1,2^,4, to 10 terms.

3. 1, 2|, 4^, to 9 terms.

4. 2, 3J, 5i to 12 terms.

2 5
6. „, „, 1, to 18 terms.

3 6

„ 1 2 11 ^ ...
2' ~3' ~6 to 15 terms.

?. Insert 3 Anthmetical means between 12 and 20.

b. Insert h Arithmetical means botwxjen 14 and 16.
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9. Insert 7 Arithmetical means between 8 and - 4.

10. Insert 8 Arithmetical means between — 1 and 5.

11. The first term of an Arithmetical Progression is

13, the second term is 11, the sum is 40: find tlie nmnbor
of terms.

12. The firet term of an Arithmetical Progression is

5, and the fifth term is 1 1 : find the sum of 8 terms.

13. The sum of four terms in Arithmetical Progi'ession

is 44, and the last term is 17: find the terms.

14. The sum of three numbers in Arithmetical Pro
gression is 21, and the sum of their squares is 155 : find the

numbers.

15. The sum of five numbers in Arithmetical Progres-

sion is 15, and tlie sum of their squares is 55: find the

numbers.

16. The seventh term of an Arithmetical Progression

is 12, and the twelfth term is 7; the sum of the series is

171 : find the number of terms.

17. A traveller has a journey of 140 miles to perform
He goes 26 miles the first day, 24 the second, 22 the
third, and so on. In how many days does he perform I'.ie

journey ?

18. A sets out from a place and travels 2^ miles an
hour. B sets out 3 hours after A, and travels in the
same direction, 3 miles the first hour, 3i miles the secojul.

4 miles the third, and so on. In how many hours wiU B
overtake A ]

19. The .sum of three numbers in Arithmetical Pro-
gression is 12 ; and the sum of their squares is 66: fintf

the numbers.

20. If the sum of 7i terms of an Arithmetical Pro-
gression is always equal to n^, find the first term and tlie

common diflference.
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XXXIX. Geometncal Progression.

400. Quantities are s;iid to bo iu Geometrical Pro-
gression when each is equal to the product of the preceding
and some constant fector. The constant factor is called

the common ratio of the series, or more shortly, the ratio.

Tlius the follo\ving series are in Geometrical Progres-
sion.

1,3,9,27,81,

1 ' i ^ 1
' 2' 4' 8' l(i'

a, ar, ar-, ar\ ar*,

The common ratio is found by dividing any term by
that which immediately precedes it. In the first example

the common ratio is 3, in the second it is - , in the third

it is r.

401. Let a denote the first term of a Geometrical Pro-
gression, r the common ratio; then the second term is ar,

the third term is ar-, the fourth term is a)-^, and so on.

Thus the n'^ term is a)-"~^.

402. To Jind the sum ofa given number of terms of a
Geometrical Progression, the first term and the common
ratio being sitpposed knoicn.

Let a denote tlie first term, r the common ratio, n the
number of terms, s the sum of the terms. Then

s-a + ar + ar" + ar^ + . . . + ar"'^

;

therefore sr = ar + ar- + a)-^ + . . . + ar"~^ + ar".

Therefore, by subtraction,

sr — s = ar'' — a,
''--

therefore « = ^^:t" (*)•
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If I denote the last term we have

l=ay'-^ (2),

therefore »= , (3).

Equation (1) g;ives the value of * in terms of the
quantities which were supposed known. Equation (3) is

sometimes a convenient forai.

We shall now apply these equations to solve some ex-

amples relating to Geometrical Progression.

403. Find the sura of 6- terms of the series 1, 3, 9, 27,. .

.

Here a=l, r = 3, n = 6; therefore

3^-1 729-1
3-1 3-1

= 364.

404. Find the sum of 6 terms of the series 1, —3,
9, -27,..

Here a~\, r= — 3, w = 6; therefore

(-3)«-l 729-1
3-1 -4

= -182.

405. Find the sum of 8 terms of the series 4, 2, 1, -....

Herea = 4, »"=-, n = 8; therefore •

"V2« ;
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407. Insert three Geometrical means between 2 and
32.

Here we have to obtain a Geometrical Progression
consisting of five terms, beginning with 2 and ending with
32. Thus a = 2, ^ = 32, n = 5; therefore, by equation (2)

of Art 402,
32 = 2r*,

tliatis r*=16 = 2*;

therefore r = 2.

Thus the whole series is 2, V8, 16, 32.

408. "We may write the value of s, given in Art. 402,
thus

aCl-r")
s= -\ —.

\-r
Now suppose that r is less than unity; then the larger

n is, the smafler will r" be, and by taking n large enough
r" can be made as small as we please. If we neglect r"

we obtain

a

and we may enunciate the result thus. In a Geontetrieal
Progression in which the common ratio t* numerically
less than unity, by taking a sufficient nunfiber of terms
the sum. can be made to differ as little as we please

from .

1—

r

409. For example, take the series 1,, -, -,...
2 4 8

Here a = l, r= „; therefore
:j
— =2. Thus by taking

a sufficient number of terms the sum can be made to differ

as little as we please from 2. In fact if we take fow-

terms the sum is 2 — -. if we take five terms the sum is

2
, if wo take six terms the sum is 2

, and so on.
\i\ 32'

The result is sontetimes expressed thus for shortness,

the sum of an infinite number of terms of this series is

2; or thus, the sum to infinity is 2.
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410. Recurring clecinials sire examples of wlir.t um
called infinite Geometrical Progression. Thus for e.vampie

3 24 24 24
•3242424... denotes ^-^ + j^ +

j^, ^ j^ + ...

3
Here the terms after — form u Geometrical Progres-

24
sion, of which the first tenn is —^ , and the common ratio

is —J. Hence we may say that the sum of an infinitt

24 / 1 \
number of terms of this series is rr^ ^ 1 - tt- )

. that i».

lO'^ \ lU-/

24
. Therefore tlio value of the rccuning decimal ii

990
^

3^ 2^
10'^990' *

The value of the recurring decimal may be found pno
tically thus

:

Let s= -32424...;

then 10 s= 3-2424...,

and 1 000 s:= 324-2424...

Hence, by subtraction, (1000- 10).s = 324 -3 = 32J;

., c
321

therefore *= 990-

And any other example may be treated in a similiJ'

manner.

Examples. XXXIX.

Sum the following series :

1. 1,4,16, to 6 terms.

2. 9,3,1, to 5 terms.

3. 25, 10, 4, to 4 terms.

4. 1, v/2, 2, 2^/2, ... to 12 terms.
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3 1 1

4' 6^
5, , ^, -, to G terms.

2 3
6- o» ~1>9> *'0 7 terms.

7. 1, — -, r, to infinity.

8. 1, -, ,- , to infinity.
4' IG

•'

9. 1,
— -, -, to infinity.

2 4

10. G, -2, r., to infinity.

!-'ind the value of the following recurring decimals:

II. -lolSl.j... 12. •1-2.''.123123...

13. -4282828... 14. -28 131 31 3...

I."). Insert 3 Geometrical means between 1 and 25G.

16. In.sert 4 Geometrical means between 5^ and 40^.

17. Insert 4 Geometrical means between 3 and -729.

IS. The sum of three terms in Geometrical Progression

Is G3, and .the, difference of the fii-^t and third terras is 45:

find the terms.

19. The sum of the first four terms of a Geometrical
Progression is 40, and the sum of the first eight terms is

3280 : find the Progression.

20. The sum of three terms in Geometrical Progtes-

sion is 21, and the sum of their squares is 189 : find the

terms.
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XL. Harmonical Prngrtssion.

411. Three.quantifies A, B, C are said to be in Har-
monical Progression when A : G :: A — B : B — C.

Any number of quantities are said to be in Harraoniciil

Progression when every three consecutive quantities are in

Harmonical Progression.

412. The reciprocals of quantities in Harmonical
Progression are tii Arithmetical Progression.

Let A, B, C be in Harmonical Progression ; tlien

A : C -.-.A-B : B-C.

Therefore A{B-C) = C{A - B).

Divide by ABC ;
thus r^-'n = -n- -j •

This demonstrates the proposition.

413. The property established in the preceding Article

will enable us to solve some questions relating to Har-
monical Progression. For example, insert five Harmonica!

means between ^ and — . Here we have to insert fivo
6 15

3 15
Arithm,etical means between - and — . Hence, by equa-

tiou (2) of Art. 3<)3,

-8=2-^^^'

3 1
therefore 6?) = -, therefore 6 = 77;.

S 16

3 25 26
Hence tlie Arithmetical Progression is -

, f^ , -
,

2 16 lb

27 28 29 15 , ^, , *i 11 • 1 t>
r?» r;; > rs"? ^J *nd therefore the Harmonical Ppo-
lo 16 lb o

gressiun is
2 16 16 16 16 16 8

'3' 25' 2^' 27' 28' 29' 15"
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414. Let a aad c be any two quantities; let A be
their Arithmetical moan, G their Geometrical mean, H
their Harmonical mean. Then

A —a^c-A ; therefore ^ — - (a + c).

a : G :: G : c; therefore G= Jiac).

2ac
a : c :; a—H : H—c; therefore H~

a + c

EXAMPLKS. XL.

1. Continue the Ilarmonical Progression 6, 3, 2 for

three terms.

2. Continue tlie Ilarm'onical Progi-ession 8, 2, 1^ for

three terms.

3. Insert 2 Harmonical means between 4 and 2.

4. Insert 3 Harmonical means between ~ and —

.

5. The Arithmetical mean of two numbers is 9, and
the Harmonical mean is 8 : find tli« numbers.

6. The Geometrical mean of two numbers is 48, and
the Harmonical mean is 462-5 • ^^^ ^^^ uumbcrs.

7. Find two numbers such that the sura of their Arith-

metical, Geometrical', and Harmonica^ means is 9^, and the

product of these means is 27.

8. Find two numbers such that the product of tkeir

Arithmetical and Harmonical means is 27, and the excess

of the Arithmetical mean above the Harmonical mean
is 1|.

9. If a, b, c are in Harmonical ?rogressioD, shew that

a + c — 2b : a^c :; a-c : a + c.

10. If three numbers are in Geometrical Pj:x5gression,

and each of them is increased by the middle number, sliew

that the results are in Harmonical Progression.



256 PERMUTATIONS AND COMBINATIONS.

XLI. Permutations and Combinations.

415. The (lin'crcnt orders in which a set of things can
I/O ^u-ranged are called ihGir permutations.

Thus the permutations of the three letters a, b, c, taken
two at a time, are ab, ba, ac, ca, be, cb.

416. The combinations of a set of thinj^s are tlie

different collections which can be formed out of them,
without regarding the order in which the things are placed.

Thus the combinations of the three letters a, b, c, taken

two at a time, are ab, ac, be ; ab and ba, though different

permutations, form the same combination, so also do ac
and ca, and be and cb.

417- T7ie number nf permutatioiit ^f n things tak^n
r at a time is n (u — l)(u — 2) (n— r+ 1).

Let there be n letters a, b, c, d, ; we shall first find

the number of permutations of them taken two at a time.

Put a before each of the other letters; we thus obtain

n — \ permutations in which a stands first. Put b before

each -of the other letters; we thus obtain n — \ permuta-
tions in which b stands first. Similarly there are •«—

1

permutations in which c stands first. And so on. Thus,
on the whole, there are n{n — \) permutations of n letters

taken tico at a time. We shall next find the number of

permutations of n letters taken three at a time. It has
just been shewn that out of n letters we can form n (» — 1)

permutations, each of two letters ; hence out of the n — \

letters b,c,d, we can form {n — 1) (n — 2) permutations,

each of two letters : put a before each of these, and
we hava"(n— 1) (») — 2) permutations, each of three letters,

in which a stands first. Similarly there are (» - 1) (w —2)
permutations, each of three letters, in which b stands first

Similarly there are as many in wliich c stands first. And
Boon. Thus, on the whole, there are n{n — \){ii— 2) per-

mutations of n letters taken th ree at a time.
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From considering these cases it might be conjectured
that the number of permutations of n letters taken ;- at a
time is n (« — 1) (/i-2)...(w-r+ 1 1; and we shall shew
that this is the case. For suppose it known that the num-
ber of permutations of n letters taken r—\ at a time is

u {n — l'){n — 2). . (n — (r— 1) + 1}, we shall shew that a similar

formula will give tlie number of pernmtations of n letters,

taken r at a time. For out of the « — 1 lettei-s b, c, d,...

y-'e can fonn (n — 1) (?i -2) {ii — 1 — (r— 1)+ 1} permuta-
tions, each of r— 1 letters: put a before each of these, and
we obtain as many permutations, each of r letters, in

which a stands first. Similarly there are as many permu-
tations, eacli of ;'• letters, in which b stands first. Simi-
larly there are as many permutations, each of r leiters,

in which c stands first. And so on. Thus on the whole
there are n{7i— l){n — 2)....{n— r + l) permutations of n
letters taken r at a time.

If then the formula holds when the letters are taken r— 1

at a time it will hold when they are taken r at a tima
But it has been shewn to hold when they are taken three
at a time, therefore it liolds when they are taken /our at a
time, and therefore it holds when they are taken Jive at a
time, and so on : thus it holds universally.

418. Hence the number of permutations of 7i things
taken all together is w («— 1) (n— 2)... 1.

419. For tiic sake of brevity n(n — l)(n— 2)...l is often

denoted by [/? ; thus [n denotes the product of the natural

numbers from 1 to n inclusive. The symbol [n may be
vcad, Jactorial n.

420. Any oiinhiiiation of r things imU produce |_r

permutations.

For by Art. 418 tlie r things which form the given
combination can be arranged in \r different orders.

421. The number of combinatio7is ofn things taken r

. ^. . n(n-l)(n- 2) ...(n-r + 1)
at a time is — r ^^

•

LL 17
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For the number oipermutations of n things taken r at

a time is « (n— l)(n — 2) ... (« — r+l)by Art 417; and each
combination produces \r permutations by Art 420 ; heuce

the number of combinations must be

K(n-l)(ft-2)...(n-r+l)

If we multiply both numerator and denominator of

In
this expression by \n — r it takes the form -.

—^ , tho^ ^- (_r
I

n -ir

value of course being unchanged.

422. To find tlie mimher ofpermutations of n things
taken all tor/ether tcliich are not all different.

Let tlicre bo n letters ; and suppose p of them to be a,

q of them to be h, r of them to be c, and tho rest of them
to be the letters d, e, ..., each occumug singly: then the
number of permutations of them taken jJl together will be

For suppose N to represent the required number of

permutations. If in any one of the permutations the j)

letters a were changed into p new and diffcient letters,

tlien, without changing the situation of any of tlio other
letters, we could from the single permutation produce \p
dilFercnt permutations: and thus if the ^j letters a were
changed into p new and different letters the whole number
of permutations would be Nx \p. Similarly if the q letters

I were also changed into q new and different letters the
wi.ole number of pennutations we could now obtain would
he Nxl^p X q. And if tlio r letters c were who changed

into r now and different letters the whole number of per-

mutations would be iV X l/j X [£ X [r. But this number
must be equal to the number of pei'mutations of n different

letters taken all together, that is to 'n.

1"
Thus Ny.\v\ '.(IK

I

/• = hi ; therefore N--,—r^— .

Li- U. L_ L_» LpULJ
And similai-ly any other case may be treated.
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423. The stiulout should notice the peculiar method of
demonstration which is employed in Art. 417. This is called

mathematical inditcllun, and may bo thus described: Wo
shew that if a theorem is true in o)ie case, whateTcr that
case may be, it is also true in another case so related to the
former that it may be called the next case; we also shew
in some manner that the theorem is true in a certain case

;

hence it is true in the next case, and hence in the next to
that, and so on ; thus finally the tlieorem must be true
in every case after that with wliich we began.

The method of mathematical induction is frequently

used in the higher part.s of mathematics.

Examples. XLI.

1. Find how many parties of 6 men each can be formed
from a company of 24 men.

2. Find how many permutations can be formed of the
letters in the word compamj, taken all together.

3. Find how many combinations can be formed of the

letters in the n'ord longitude, taken four at a time.

4. Find how many permutations can be formed of tlw
letters in the word consonant, taken all together.

5. The number of the combinations of a set of things
takenybwr at a time is twice as great as the number taken
three at a time : find how many things there are in the set.

6. Find how many words each containing two conso-

nants and one vowel can be formed from 20 consonants
and .5 vowels, the vowel being the middle letter of the
word.

7. Five persons are to be chosen by lot out of twenty:
find in how many ways this can be done. Find also how
often an assigned person would be chosen.

8. A boat's crew consisting of eight rowers and a
steersman is to be formed out of twelve persons, nine of
whom can row but cannot steer, while the other three can
steer but cannot row: find in how many ways the crew
c:in be formed. Find also in how many ways the crew
could be formed if one of the three were able botli to row
and to steer.
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XLIl. Binnmial Theorem.

424. We have already seen that {x-\-a)-= a?+ 2xa + a^,

ami that {x + a)^ = x^ + 'ix-a -^ ^.m^ ~ a* : tlie object of the

jireseiit Cliapter is to fiud an expression for {x-^-a)" where
n is any positive integer.

425. By actual multiplication we obtain

{x + a) {x ^h) = x^ + {a + h).*.+ ab,

{x+ a) {x + b) {x + c) = x^ + (a + b -^ c}x- + {ab + bc-i-ca)x + abc,

{x + a) {x + b) {x + c) {x + d) = X*+ {a + b + c + d )x^

+ {ab + ac + ad + bc + bd + cd)x*

+ {abc + bed + cda + d(ib)x + abed.

Now in these results wc see that the following laws

hold:

I. The nitmber of tonus on the right-hand side is one
more than the number of binomial factors which are multi-

plied together.

II, Tlie exponent of ;r in the first torm is the same as

the number of binomial factors, and in the other terms
each exponent is less tlmu that of the preceding term by
imity.

in. The coefficient of the first term is unity; the
coefficient of the second term is the smn of the second
letters of the binomi:iJ factors ; the coefficient of the third

icnu is the sum of tlie products of the second lettci-s of

the binomial factors taken two at a time ; the coefficient of

tlie fourth term is the sum of the products of the second
letters of the binomial factors taken three at a time; and
so on; the last term is the product of all the second letters

of the binomial factoi-s.

"We shall shew that these laws always hold, whatever
bo the number of binomial factors. Suppose the laws

to hold when n- 1 factors are multiplied together; that is.
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suppose there are «-i factdis x + a, x+h, x-vc,...x-^k,
and that

(yX + a) (.c + 6).

.

.{x + k) - xP~^ +px"-- + g.i-""^ + 7'x"~ ' - . . + m,

where j3 = the sum of the letters a, h, c, ... k,

5 = the sura of the pi'oducts of these letters taken
two at a time,

r = the sum of the products of these letters taken
three at a time,

u = the product of all these letters.

Multiply both sides of this identity by another factor

« + /'., and arrange the product on the right hand according
to powers of x ; tlius

{x ^a){x + b) ix + c) ... {x + k) {x + l) = x' -t (
jt> + /).f"~'

-f- (7 + pi) .r"~* + (r + ql) x"~^ + . . . + id.

Now p^l=a + b + c + ...+k + l

= the sum of all tlie letters a, b, c,...k, I
;

q +pl —q-^ l{u -i-b + c + ... + k)

= the sum of the products taken two at a

time of all the letters c, b, c,...k, I
;

r+ ql = r+ l{ab + ac + bc+ ...
)

— the sum of the products taken three at a time
of all the letters a, b, t-,...k, I

;

«^ = the product of all the letters.

Hence, if the laws hold when n— 1 factors are multi-

plied together, tliey hold when n factors are multiphed
together; but they have been shewn to hold when yo7zr

feictore are multiplietl together, tlierefore they hold when
/Ite factors are multiphed together, and so on : thus they

hold universally.
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We sliall write the result for the multiplication of n
factoi's thus for abbreviation :

(^ + a) (j; + &) . . Jx + k) (;c + = ^" + Pa.""' + Qx" *

H-A'.c"-='+...+ V.

Now P is the sum of the letters o, b, c,... k, I, which are

n in number; Q is the sum of the products of these
nut — 1

)

letters two and two, so that there are -y—^—- of these

products; R is the sum of—j—^^- products; and so

on. Sec Art. 421.

Suppose b, c,..Jc, I each equal to a. Then P becomes
„ , n{n-\) , „ , n(w-l)(n-2) ,

na, Q becomes '
a-, R becomes '\ 'or;

and so on. Thus finally

nin-\)(n-'2)(n-2 , „ ^

-^^-1727-3:^ ''•'' ^"-

426. The formula just obtained is called the Binomial
Theoiem; the scries on the right-haud side is called the

expansion of(.x-i-a)", and when we put this scries instead

of {x + a)" we arc said to expand (x + a". The theorem
was discovered by Newton.

It will be seen that we liave demonstrated the theorem
in the case in which the exponent n is a positice integer;

and that we have used in tliis demonstration the metho.4
nf mathematical induction.

427. Take for example (.r + a)^ Here w = 6,

n(n-l )_6..5 »(ra-l)(7t-2)_6.5.4_^
1.2 ~1.2~ ' 1.2.3 ~1.2.3~ ^'

7j(«-l)(n-2)(??-3) _ 6.5.4. 3_" 1.2.3.4 " r.2.3.4" ^'

«(n-l)(n-2)(»-3)(«-4) _ 6.5.4.3.2
1.2.3.4.5 "1.2.3.4.5" •
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thus

{x + af = x^ + 6a.r= + \ba?x*' + 20a'a^ + 15a*«* + Qa'^x + a«.

Again, suppose we requii-e the expansion of (]t^-¥cyf:

we have only to put ¥• for x and cy iov a in tho precerlin;?

identity; thus

(62 + cy)i^
(fp.f ^ Qcy(bj + i5(cy)2(&2)4 + 20{cy)\F-f

4- l5{C!/)\¥f 4- 6{eyfb- + {cyf= ft'» + QcyH"" + I5c-y%^

+ 20c32/*&« + 1 Zc*y^h* + Sc'^ft" +cV

.

Again, suppose we require the expansion of {x— c)'; we
must put — c for a in the result of Art. 425 ; thus

{X -cY =x-- ncx"-' +
"'^"~^W-«

„rn-lXn-2)
1.2.3 '^'^ ^••

Again, in the expansion of (x+ a)' put 1 for «; thus

/i \» 1
w(w-l) , n(n-l)(n-2) .

{l + a)''= l+na+ ^
^^ V + ^ '^ —^a^ + ...

and as this is true for all values of a we may put x for a ; thus

/, N. , n(n-l) „ n(n-l)(n — 2) ,

428. "We may apply the Binomial Theorem to expand
expressions containing more than two terms. For example,
required to expand (1 +2aT— .r^)*. Put y for 2x—X'; then
we have (1 + 2j;- x-)*= (1 + y)*= 1 + 4?/+ 6|/^ + 4y^ + y*

= l+4{2x-x-) + 6(2x-x'^'^ + 4:{2x-x^^ + (2x-x^)*.

Also (2.r - .-r*)2

=

{2xY - 2 {2x)x* + {x-f= Ax"--Aa^ + x*,

{2x- aP'f = {2xf - Z[2xfx^ + 3(2a;) {a^f-{x'^^

= Sx'^-\2x^-irQx^-a^,

{231-<^Y = (2^;)" - 4 {2xYx' + 6 {2x)\aP'f- 4 {23ir){aPf+ («•)•

= I6x*- 32a;5 + 24a;« - 8:?;^ + ;r«.
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Hence, collecting the terms, we obtain (1 + 2j' - aF)*

= 1 + 8jr + 20a;* + bx^ - 2<lx* ~Sj^ + 2Qa^->ix~ + ^-s.

429. In the expansion f\f {\-^ x)" the coejjicients r,f

terms equally distant frvm the hetjinning and the end
are the same.

The coefficient of tlic r"" term from the beginning is

n{n-l){n-2)...{n-r-^--2) u- i
•

i n-^— j-^ ; by multiplying both numeratur

and denominator by I n— r + 1 this becomes , }^^———r

.

I [r-l|«-r-l

The ?•" t«rm from the end is the (« - r+ 2)"' term fiom

the beginning, and its coefficient is

n{n-l)...{n-{n-r + 2) + 2
} ^.^^^^ -^

«(«-l)...r

I

n — r + 1
'

[
«-?•+! '

by multiplying both numerator and denominator by
[

r— 1

in

this also becomes , --j
,

.

[1
— 1 [(/-r + 1

430. Hitherto in speaking of tlie expansion of (ar + a)"

we have assumed that n denotes S'ime pusitire integer.

But the Binomial Theorem is also applied to expand
(x + a)' when n is a positive fraction, or a negative quan-
tity whole or fractional. For a discussion of the Binomial
Theorem \nth any exponent the student is referred to the
larger Algebra; it will however bo a useful exercise to

obtain various particular oases from the general formul ).

Thus the student will assume for the present that whatever
bo the values of x, a, and n,

(X + a)"=x' + na.v" ' + -^

—

—^ aw" * + -^ ':- a\(f^
1 .

L

1.2.3
^

1.2.3.4 ^-^ ^

If n is not a positive integer the series never endi
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431,' As an example take (1 +?/)-. Here in the f>:rinulR

of Art. 430 we put 1 for x, y for a, and - for n.

JG-') .ot(w-1:)_ 2

1.-2 " 1.2 ~ 8'

n{n-\){n-2) ^ l\2~^)\2~'^) _ J_
1.2.3 1.2.3 1 ti

'

:a-oa-)a-on{n-\){n-'2){n - 3) _ 2y2^ / \-2 / V2 J ^ _ 5

1.273 .4 1.2.3.4 ~ 12S

'

and so on. Tlius

As another example take (1 + y) -. Here ^Ye put 1 for x,

y for a, ami —
.^ for n.

__1 «fn-l)_3 n[n-\){n- 2)_ 5
"~ 2' 1.2 ~ 8' 1.2.3 16'

«(w— l)(n — 2)f7? — 3) 35
, rri

1.2.3.4 -r28''"'''°''°-
^'"•''

Again, expand (1 + «/;""• Here we put 1 for a;, y for a,

and - in fur >?.

«.(/«- 1) ??i.(m4-l)
"="'"'

1.-2 ^ 1lT2~'

w(n-l)(7i-2) _ _ 7nim + l)(w + 2)

1.2.3 ^ 1.2.3 '

n(w-l)(n-2)(y?-S-: ^ m(w -t- 1 )(m + 2)(m + 3) ^ ^^ ^
1.2.3.4 1.2.3.4 '
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m /, N-« 1
m(m+l) , /«(»« + l)(m+ 2) .Thus (l+2/)-'" = l-my+—i^-^t/2- --—j-^^^3 --1^

1.2.3.4 ^

A3 a particular case suppose m = 1 ; thus

{I +y)~^ = \-y + rf-y^ + i/- ...

Tins may be verified by dividing 1 by 1 + y.

Again, expand (1 +2.v~x-f^ in powcis of .v. Put y foi

tx- x^; thus we have (1 + 2;r

-

x^- = 'y\ + y)^

^l + ]^(2x-x^-l{2x-x^f+^{2x-x-^^-:^i2x-xy + .

Now expand (2.r-.i-^)-, {2x — x-y,... and collect the
terms ; thus we sliall obtain

(1 + 2x—x-)'^= I + X— X- + x^ — '^ X* -h . .

.

Examples* XLII.

1

.

Write down the first three and the last three terms
ofiu-x)"^.

2. Write down the expansion of (3 - 2.c-f.

3. Expand (l-2v/)".

4. Write domi the first four tornia iu the expansion
of (x^2y)*.

5. Expand {l+.r-.r-)*.

6> Expand \^i+x + J!-)\
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7. Expand {X-lx + x")".

S. Find the coefficient of x' in tlie expansion of

(1 4- 2.<; + 3^-2)^

f). Find the coefficient of a^ in the expansion of

(l-2.J,' + 3^-2)^

10. If the second term in the expansion of {x+yf be

240, the third term 720, and the fourth term lOSO, find

X, ?/, and n.

11. If the sixth, seventh, apd eighth terms in the ex-

pansion of (x + y)" be respectively 112, 7, and -, find x, y,

and n.

12. Write down the first five terms of the expansion

of (a -2^)*.

13. Expand to four terms (
1 " j;

*') •

14. Expand (l-2^)~\

15. "Write down the coefficient of a;*" in the expansion

(t{l-x)-'.

IG. Write doAvn the sixth t«rm in the expansion of

17. Expand to five terms (a-Sb)'^: shew that it

I- 1 and b = - the fourth term is greater than either tlu>
5

third ur the fifth.

is. •"rite down the coefficient of x^ in the expansion
of (l-.r -\

I'.k i'.xpand (1 +x + x-)- to four terms in powers of r..

20. lixpaud (1 —x + x^y"^ to four terms in powers of «l
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XLIIL Scales nf Notatinv.

432. The student will of course have learned from|
Arithmetic that in the ordinary method of expressing

whole numbers by figures, tlie number represented by each
figure is always some multiple of snne power of ten. Time
in 523 the 5 represents 5 hundreds, that is 5 times 10*;

the 2 represents 2 tens, tliat is 2 times 10*; and the 3,

which represents 3 units, may be said to represent 3 times
10''; see Alt. 324.

This mode of expressing whole numbers is called the
common scale of notation, and ten is said to be the hose

or radix of the common scale.

433. We shall now shew that any positive integer

greater than unity may be used instead of 10 for the radix

;

and then explain how a given whole numlx^r m.iy be
expressed in any proposed scule.

The figures by means of which a number is expressed
are called digits. Wlien we speak in future of any radix
we shall always mean that this radix Ls some positive

integer greater than unity.

434. To shew that any whole number may he express-
ed in terms of any radix.

Let N denote the whole number, r the radix. Suppose
that r" is the highest power of r which is not greater than
N; divide N by r"; let the quotient be a, and the re-

mainder P : thus

N^ai'^+P.

Here, by supposition, a is less than r, and P is less

than y". Divide P by ;'"~^; let the quotient be b, and the
remainder Q: tlms

P^hr'-^ + Q.

Proceed in this way until the remainder is less than r

:

thus we find iV expressed in the manner shewn by tiu;

following ideutitj',

N=ar'+ br''~^ + cr'~-+ +/tr + ,t.

I
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Each of the digits a, b, c, h, k is less than r; and
any one or more of them aifter the first may happen to be
zero.

435. To express a giren whole number in any pro-
posed scale.

By a given whole number we mean a whole number
expressed in word.?, or else expressed by digits in some
assigned scale. If uo scale is mentioned the common scale

is to be understood.

Let iN^be the given whole number, r the radix of the
sc.ile in which it is to be expressed. Suppose k, h,...c, b, a
the required digits, n +- 1 m number, begmning with that

ou the right hand : then

N= a?-" + &;-""' + cr"~^ + ... + hr + k.

Divide i\^by r, and let 31 be the quotient; then it is

obvious that M=ar''~^ + hr''~^+ + /*, and that the
remainder is k. Hence tlie first digit is found by this

rule: divide the giren number bif tlie proposed radix,
and tlie remainder is the first of the reqmred digits.

Again, divide il/ by r ; then it is obvious that the
rcm-ainder is h; and thus the second of the required
digits is found.

By proceeding in this way we shall find in succession
all the required digits.

4.36.
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Transform 74194 into tlie scale of which the radix ii

twcivc.

12 1^194
12 |6iV2 ...1Q

12|_51_»...2

12j_42...11

3... 6

Thus 74194 = 3. l^i + G. 123h- 11 .122+2.12 + 10.

In order to express the number in the scale of which
che radix is twelve in the usual manner, we require two
new symbols, one for ten, and tlie other for eleven : we will

use t for the former, and e for the latter. Thus the number
expressed in the scale of which the radix is twelve is

Transform G4o032, which is expressed in the scale of

which the radix is nine, into tiie scale of which the radix is

eight

8 I
G45032

72782... 4.

The division by eight is performed thus: First eight is

not contained in G, so we have to find how often eight is

contained in 64 ; here 6 stands for six times nine, that Ls

fifty-four, so that the question is how often is eight con-

tained in fifty-eight, and the answer is seven times with
two over. Next wo have to find how often eight is con-

tained in 25, that is how often eight is contained in twenty-
three, and the answer is twice with seven over. Next we
have to find how often eight is contained in 70, that is how
often eight is contained in sixty-three, and the answer is

seven times with seven over. Next we have to find how
often eight is contained in 73, that is how often eight is

contained in sixty-six, and the answer is eight times with
two over. Next we have to find how often eight is con-
tained in 22, that is how often eight is contained in twenty,
and the answer is twice with four over. Thus 4 is the first

of the required digits.

Wo will indicate the remainder of the process ; the
Bludeut should carefully work it for himself, and then com-
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pare his resvilt vsith tliat which is hei'e obtaiued-

8 72782

b|'_S-210...2

8 I
1023. 3

8i 113...

6

8|J^...6
1...3.

Thus the number = 1.8^ + 3.8*+ 5. 8*+ 6. 83 + 3. 8^ + 2.8 + 4,

80 tliat, expressed in the scale of which the radix is eight, it

is 1356324.

437. It is easy to form an unlimited number of self-

verifying examples. Thus, take two numbers, expressed in

the common scale, and obtain their sum, their difference,

and their product, and transform these into any proposed
scale; next transform the numbers into the proposed
scale, and obtain their sum, their difference, and their pro-
duct in this scale ; the results should of course agree re-

spectively with those already obtained.

Examples. XLIII.

1. Express 3404-2 in the scale whose radix is five.

2. Express 45792 in the scale whose radix is twelve.

3. Express 1866 in the scale whose radix is two.

4. Express 2745 in the scale whoso radix is eleven.

5. Multiply e\t by te; these being in the scale with
radix twelve; transform them to the common scale and
uuiltiply the.;i together.

6. Find in what scale the number 4161 becomes 10101.

7. Find in what scale the number .5261 becomes 40205.

8. Exprc. 3 171^1 in the scale whose radix is twelve,

and divide it by tc in th.it scnlc.

9. Find the radix of tlie scale in which IS, 22, 33 are
in geometrical progression.

10. Extract the square root of eeWOl, in liiu scaly

wiiosc radix is twelve.
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XLIV. Interest.

438. The su'jcctof Interest is discussed in treatises

on Arithmetic; but by the aid of Algebraical notition
the rules can bo presented in a form easy to nnderstaud
and to remember.

439. Interest is money paid for the use of money
The money lent is called tlie .Priiirii al. The Avfjunt at

the end of a given time is the sum of the Principal and the
Interest at the end of that time.

440. Interest is of two kind.s, simple and compound.
When interest is charged on the Principal alono it is called

sim]ilc interest ; but if the interest as soon as it becomes
due is added to the principal, and interest charged on the
whole, it is called compound interest.

441. The rate of interest is the money paid for the use

of a certain sum for a certain time. In practice the sum is

usually .£"100, and the time is one year; and when we say

that the rate is £\. 5s. per cent, we mean that £4. 5«., that

is i;4j, is paid for the use of £100 for one year. In theory

it is convenient, as we shall sec, to use a symbol to denote
the interest of one pound for one year.

442. To find the amount of a given sum, in any given

time at simple interest.

Let P be the number of pounds in the piincipal, n the

number of years, r the interest of one pound for one year,

e.Npressed as a fraction of a pound, M the number of

pounds in the anuiunt. Since r is the interest of one pound
for one year, Pr is the interest of P pounds for one year,

and wPr is the interest of P pounds for n years; therefore

M^P + Pnr=P{y-^nr).

443. From the equation M= P(l + nr), if any three of

tlie four quantities M, P, n, r are given, the fom-tli caa bo

found: thus

^"l+n>' "~ Pr '

**" P« •
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444. To find the amount of a given stmi in any
given time at compound interest.

Let P be tlie number of pounds m the principal, n tho
number of years, r the interest of one pound for one year,

expressed as a fraction of a pound,M the number of pounds
in the amount. Let R denote the amount of one pound in

one year ; so that R=^l + r. Then PR is the amount of P
jKJunds in one year. The amount of PR pouuds in one
year is PRR, or PR^ ; which is therefore the amount of P
jx»unds in tico years. Similarly the amount of PR^ pounds
in one year is PR'R, or PR', which is therefore the amount
ofP pounds in three years.

Proceeding in this way we find that the amount of P
pouuds in n years is PR" ; that is

M^PR^.

The interest gained in n years is ^
PRT-P or P{R"-\).

445. The Present value of an amount due at the end
of a given time is that sum which with its interest for tlie

given time will be equal to the amount. That is, the Prin-
cipal is the present value of the Amount; see Art. 439.

446. Discount is an allowance made for the payaieiit

of a sum of money before it is due.

From the definition of present value it follows that a
debt is fairly discharged by paying the present value at

once: hence the discount is equal to the amount due
diminished by its present value.

447. To find the present value of a sum of money due
at the end ofa given time, and the discount.

Let P be the number of pounds in the present value, n
the number of years, r the interest of one pound for one
year expressed as a fraction of a pound, M the number of

pounds in the siim due, D the discount.

Leti2 = l + r.

T. A. 18
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At simple interest

3f=P(l +nr), by Art. 442;

therefore P^~^-; d=M-P =^^ .

At compound interest

M-^PR', byArt. 444;

therefore P=f; D=M-P=^^-^\

448. In practice it is very common to allow the
interest of a sum of money paid before it is due instead of

the discount as here defined. Thus at simple interest in-

stead of , the payer would be allowed Mnr for im-

mediate payment.

Examples. XLIV.

1. At what rate per cent, will £a produce the same
interest in one year as £b produces when the rate is £c
per oent. ?

2. Shew that a sum of money at compoimd interest
becomes greater at a given rate per cent, for a g^ven number
of years than it does at twice that rate per cent for half
that number of ycai-s.

3. Find in how many years a sum of money will double
itself at a given rate of simple interest.

4. Shew, by taking the first three tonus of the Bi-
nomial series for (1 + r)^, that at five per cent, comjiound
interest a sum of money will be more than doubled in fifteen
years.
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Miscellaneous Examples,

1. Find the values when a — h and & = 4 of

a3 + 3a2^4.3a&2 + &3^ of a2 + 10a& + 9&2, of(a-6)»,

and of (a+9&)(a-&).

2. Simplify 5a; - 3 [2j; + 9y - 2 {3a; - 4 (y- a;)}].

3. Square Z — Zx-vIx^.

4. Divide 1 by X—x + .x?- to four terms: also divide
1 —a; by 1 — ^^ to four terms.

^ „. ... ^x^-V]x^\'l
5. omiplify ^ „ ,

—
.

6. Find the l.c.m. of 4a-- -9, 6 j;'- - 5.?; - 6, and
6dr2 + 6a;-6,

-+--2 -+-+2
. Simplify • —— + .

x — a x-i-a

c, , x — 2 x + o Ix — G
8. Solve ^-f— = -^.
9. The first edition of a book had 600 pages and was

divided into two parts. In the second edition one quarter
of the second part was omitted, and 30 pages were added
to the first part ; this change made the two parts of tlie

same length. Find the number of pages in each part in

the first edition.

10. In paying two bills, one of which exceeded the
other by one third of the less, the change out of a £5 note
was half the difference of the bills : find the amount of e.icii

bill.

11. Add together 2/ + 2 --g.f, z + -^s- ^y, x +^y- ,-^z;

and from the result subtract „x— y-z.

la—

2



276 MISCELLANEOUi^ EXAMPLES.

12. If a = 1 , ft = 3, and c = 5, find the value of

2a^-¥h^ + c^ + a^ (b-c) + b^{2a-c) + c^(2a + b)

2a3- 6^ 4- c^ + a^{b-c)-b-{2a-c) + c\2a+ b)

'

13. Simplify(a + &)2-(a + &Xa-&)-{a(2&-2)-(6*-2a^}.

14. Divide

2.r' — x^y— 4x^2/* + bx^if- 4y^ by x'— xy* + 2^^^.

15. Reduce to its lowest terms ^—9. -
.

16. Find the L.C.M. of x-— ^x~\0, x^-lx-Z%
{x+ l)(.c + 3)(.T-10), and ;r^ + 4.1; + 3.

17. Simplify

2 3 5

x'--^x — \Q X' — lx— ^Ki x- + Ax + o'

,„ r. ,
^-2 iF+15 a;

18. Solve a; -— =—; z.
6 4 o

19. Solve |(a;-l)-^(« + 2) + i(a:-3) = 4.

20. Two persons A and B own together 175 shares in

a railway comjKiny. Tlicy a^^ee to divide, and A takes b.j

shares, while B takes 90 shares and pays £100 to A. Find
tlic value of a share.

21. Add together rt + 2.r— 7/ + 24?), .vi-4j'-2.v-S16.
x-hy—2a + i)bb;

and subtract the result from oa + b + '^x + 2y.

22. Find the value of ~ +Jlab^2c--ab) -{2a-Sbf,

when « = 3, & = 2^, and c= 2.

23. Simplify {x {x +a)- a{x - a)] {x{x— a)- a{n - ;r)}.

24. Divide -x - -^+ r.-''' by „ - = ; and verify the
b 4 o i5() i Z

result by multiplication.

25. Find the a.cm. of a.-* + 3j^ - 1 and .r* - Sx* + 2.
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26. Simplify £s—7-, - ,—r- + -r =

.

27. Find the l.c.m. of .x' — 4, 4^ -7a;— 2, and
ia^ + 1x-2.

„ , 2j; x—1 i.i'—

1

2S. Solve — —- + ^ =4.
3 lo 6

29. A man bought a suit of clothes for £4. Is. 6d.

The trowsers cost half as much again us the waistcoat, and
the coat half as much again as the trowsers and waistcoat
togetner. Find the price of each garment.

30. A fanner sells a certain number of bushels of

wheat at Is. 6d. per bushel, and 200 bushels of barley at

4s. 6d. per bushel, and receives altogether as much as if he
had sold, both wheat and barley at tlie rate of 5s. 6d. per
bushel. How much wlieat did he sell ?

31. If a = l,b = 2,c= -^,d=0, find the value of

a—b-^c ad — bc_ f/b^ a^\

li— b — c bd+ac \/ \c^ c'J'

32. Multiply together x— a, x— b, x + a, and x-rb;

au# divide the result by x- + x{a + b) + ab.

33. Divide Sx^ - x"y^ + ^ if by '2x + y.

34. Find the g.c.m. of 4x{x-+\0i)-2ox-Q2 and

aP -7.C+10.

\2x''-— \oxy-^?>y'^
35. Reduce to its lowest terms

^_-^:^^:i^^^^^:^-

1 a
36. Simplify + —

1 + a + & + j
, c d

37. Solve ^zi_2:if:-_2^^^2-3^^
9 4 14 ?.()
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38. Solve -^^ r-=-27--
39. -4 can do a piece of work in one hour, B and C

each in two hours: how long would A, B, and C take,

working together ?

40. A having three times as much money as B gave
two pounds to B, and then he had t^vice as much as B
had. How much had each at first ?

41. Add together 2x + Zy + 4z, x-2y + bz, and
Ix— y + z.

42. Find the sum, the difference, and the product of

3a-2-4^?/ + 4^2 and 4x'- + 2xi/-Sy^.

43. Simplify

2a-S{b-c) + {a-2{b-e)}-2{a-3(fi~c)}.

44. Find tlie g.c.m. of

ai* + 67x^+ 66 and x-^ + 2x^ + 2x' + 2x+l.

45. Simplify ^^ x
^"*"^

x^-L a:* + 2.?^+ 2a;2 + 2j;+l'

46. Find the L.c.M. of .c- — 4, a;-— 5.1; + 6, and ar*— 9.

47. Reduce to its lowest terms
Gx^-llj^-lOx +T

48. Solve 3(:»-l)-4(ar-2) = 2(3-a;).

49. Solve J{9 + 4x) = 5-2^x.

50. How much tea at 3*. 9d. per lb. must be mixed
with 45 lbs. at 3*. id. per lb. that the mixtui-e may be
worth 3s. 6d. per lb. ?

51. Multiply 3a- + rt& — ^- hy a'-2ab-3b', and divide
the product by a + b.

52. Find the g.c.m. of 2.r(.r— 3) + 3(jr-6j)+ 15 and
2ai^-5a^-iiX+irx

53. Simplify .
^

^
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64, Simplify
a—h ' d^—ab'

65. Solve -+- =
, = --(l+2A

3 7 2 26
56. Solve ;r + ^ = 2, 3;r--=-.

67. Solve 2(:j;-3)-^(y-3) = 3,

3(y-5) + ^(-«-2) = io.

68. Solve

7y«^=10(2/4-;2;), 3jra;= 4 (« + ar), 9^=20(d?+y).

69. Solve - + - =m, =n.
j; ?/ X y

60. The denominator of a certain fraction exceeds the
numerator by 2 ; if the numerator be increased by 5 the
fraction is increased by unity : find the fraction.

61. Divide ;i^--g by a;—

.

33;i*-49«-10
62. Reduce to its lowest terms

s-P"*('-fT)-(f*4-0'

21a;*-14«»-29«-10'

la ^ fx
63.

I x-\-
X'

64. Solve 3(a;-l)+ 2(;c-2) = «-3.

-- Qi «-l J' + l 2;r-3 13-2y
65. Solve -^ = -^, g-=-^—

.

66. Solve 5x + 2 = Zy, 6a^-10«'+~— =8.

67. Solve -y^ 3-=3, —^-+—T^-Q'
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68. Solve ^(d;2+ 40)= a;+ 4.

69. Solve -— ^r— = — .

x+l x+2 2

70. A father's age is double that of his .so» ; 10 years

ago the father's age ^vns three times that of his sou : rind

the present age of each.

71. Find the value when x — 4: of

^(--)-(--:^)-(-dk)
72. Reduce ^^—r^^j—r„ -„ to its lowest terms,

2u^ — ll.r^+17j;-6

and find its value when x = 3.

73. Resolve into simple factors .c*— 3jr + 2, ;i-* — 7x + 10,

and x*—6x + o.

74. Simplifv ;; ^ 4- -=
;:; r^r — -j .

* • x^-Zx + 2 xf-,x+\0 ar-Qx + b

75. Solve -^ [zx+^{)-\ {4.x- 2|) = ^
(5:r - 1).

76. Solve ^x"- - 63.r + 68 = 0.

77. A man hnd a 1>oy being paid for certain days" work,
the man received 27 shillings and the boy who liad been
absent 3 days out of the time received 12 shillings: had tha
man instead of the boy been absent those 3 days they would
both have claimed an equal .sum. Find the wages of each
per day.

78. Extract the squai-e root of Qx*— &.v^+''iX^-2x + 1

;

and shew that the result is true when .r= 10.

79. U a : b :: c : d, show tliat

a-c + ac^ : b^d + lhP :: {a + cf : (b + df.

80. If a, b, c, d be in geometrical progression, shew that
a'^-*;?* is gi-eater than U^ + c^.

81. If « is a whole positive number 7*"'^' + 1 is divisible

by 8.
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82. Find the least common multiple of x- — 4y\
ar )-6j^+l2x'j' + 8y^, and x^-6x^y + l2xfj^~Si/^.

83. Solve - + -^ = i,
"^-^=2^

84. Solve x'' + 2x +2j [x"^ + 2.f + 1) = 47.

85. The sum of a certain number consisting of two
digits and of the number formed by reversing the digits is

121 ; and the product of the digits is 23 : find the number.

86. Nine gallons are dra^vn from a cask full of wine,

and it is then filled up with water ; then nine gallons of tho
mixture are dra\vn, and the cask is again filled up with
water. If tlie quantity of wine now in the cask be to tho
quantity of water in it as 16 is to 9, find how much the ca^
holds.

87. Extract the square root (;f

16.c«+ 2.3?/«- SO.f'T - -l^x'y^ + ^x'y^ + m.v^y^.

88. In an arithmetical progression the first term is 81,

and the fourteenth is 159. In a geometrical progression

the second term is 81, and the sixth is 16. Find the

barmonic mean between the fourth terms of tlie two pro-

gressions.

89. If ^5 = 2-23606, find the value to five places of

decimals of -r.- -,

.

s/o—

1

90. If x be greate4- than 9, shew that -Jx is greater

than4^(;r+18).

91. Divide {x-yf-2y(x-yf + y\x-y) by {x-2yf.

92. Find the g.c. m. and the l. cm. of

24 {ss^ + x-y 4- xy- + r/) and 1 6 (ar* - x'y + xy^ - y^).

93. SimpUfy

X y I \

a^ + jiPy + xif + y^ x^ - x'y + xy-- 1/' x^-y- x^ + y''
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94. Solve -^ + -y-^3--^.
95. Solve

xy-ir20{x-y) = 0, yz + 30iy-z) = 0, 3a;-2xf=0.

96. Solve S.f"- 2u; + V (Sjc^- 4a; - 6) = 1 8 + 2ar.

97. ^ rows at the rate of 8J miles an hour. He leave«

Cambridge at the same time that B leaves Ely. A spends

12 minutes in Ely and is back in Cambridge 2 hours and
20 minutes after B gets tliere. B rows at the rate of 7^
miles an hour; and there is no stream. Find the distance

from Cambridge to Ely.

98. An apple woman finding that apples have this

year become so much cheaper that she could sell 60 more
than she used to do for five shillings, lowered her price and
sold them one penny per dozen cheaper. Find the prico

per dozen.

99. Sum to 8 terras and to infinity 12 + 4+1J + ...

100. Find three numbers in geometrical progression
stich that if 1, 3, and 9 Ix; subtracted from them in order
they will form an arithmetical progression whose sum is 15.

101. Multiply.c^-.r'4-a?^-ar^ + ar^-a; + a;^-l by x^ + y-.

and divide 1 — .c* by l-,ar».

102. Find the ii.c.M. of a? -a?, 3fi-\-d?, x*'t-a*a^-¥a

a^ — ax*— a'x + a^, ajidx^ + (13^- a*x—a^.

103. Simplify
^~^2h^~ '

, a + b

a —

104. Solve

ar+ 5 lAr 2\ 2,, ^ .

inr a„, 6 8 7 18
106. Solve + = -^ + -.

x-l x~5 ar+1 x+ 5

44?-14 ;r+ 10

3 10



MISCELLANEOUS EXAMPLES. 288

106. Solve «2+ y2 4.2;2= 50,

ifz +xp—zx-l,
xy — yz— zx= 4il.

107. A and B travel 120 miles together by rail. B
intending to come back again takes a return ticket for

which he pays half as much again as A ; and they find that

B travels cheaper than A by 4s. 2d. for every 100 miles.

Find the price of yl's ticket.

108. Find a third proportional to the harmonic mean

between 3 and -
, and the geometric mean between 2

and 18.
'^

109. Extract the square root of

y\ y) A*\ X y)

110. If a : & :: 6 : c, shcAv that &*= —^'^^^^
, -

3n Sn n n

111. Divide x"^ — x' '^ by a;» - x' » .

x^ + 3 1'- — 20
112. Reduce —r

—

'-,—r^ to its lowest terms, and
A"' — ;r--12

find its value when x-2.

x-3 13 x + 2
113. Solve x-i 3 3(6-a?)'

114. Find the values of m for which the equation
m?x^ + {m^ +m)ax + a'^= vnU have its roots equal to one
another.

1 15. Solve Zxy + x^=lO, bxy- 2x^= 2.

116. Solve - + - = 5, - + ^ = 2i.
X y ' y x ^

117. Find the fraction such that if you quadruple the
numerator and add 3 to the denominator the fraction is

doubled ; but if you add 2 to the numerator and quadruple
the denominator the fraction is halved.
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118. Simplify [-{x'fY^^l-i-x)-^]^.

119. The third term of an arithmetical progression is

18; and the seventh term is 30: find the sum of 17 terms.

120. If —^, &, —^ be in harmonical progression,

sliew that a, b, c are in geometrical progression.

1

121. Simplify a-

b+ —

7

a—b

122. Extract the square root of

37^2^2_ 'iQj-iy + 9j,^ _ 20.r7/»+ 4y*.

123. Resolve Za^— \Aa^-2^ into its simple factors.

,«. o , ^ + 5 3(5:c+l) 4
124. Solve r i -^ =

^ ~2k.
2x — l ox+ 4 2.r-l ^

,

125. Solve ;c'+l.= 5.
or 8

126. Solve X'-y-^d, .r + 4 = 3(y-l).

127. Solve y + J(.r- - 1) = 2, ^(.i- + i)- ^[x-\)= slV

128. If a, b, c, d are in Geometrical Pnjgrossion,

a : b ¥ d :: c^ : c^d+d^.

129. The common difference in an arithmetical pro-

gi-ession is equal to 2, and the number of terms is equal t<i

the second term : find what tlie first term must be that the

sura may be 35.

1:50. Sum to n terms tlie series wliose >«»•> tcnn is

2x3".

c- ,.,. l+J(l-2;r) X- Jy\-2x)
131. Simphfy ^Jj^z^,^ ^;, ^

132. Find the o.c.m. of 30«» + 16a;3_ 50^.2_ 04,. ^nd
'iAx* + 1 4.C' - 48«» - 32u;.
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133. y»!ve a:2-.r-12 = 0.

134. Form a quadratic eqiintlou whose roots shall be
3 and - 2.

136. S>Ive ;jr' + — rt*+ ,.
,„4 (j4.

1 ^

136. Solve -77-,—_-x=l +

137. Ha\ing given J3 = 1-73205, find the value of

-7- - to five places of decimals.
V'' — 1

1 38. Extract the squai-e root of 61 — 28 >JZ.

139. Find the mean proportional between andx—y
aP' — y^

xhf-

140. If a, 6, c be the first, second and last terms of an
a!-ithmetical progression, find the number of terms. Also
liud the sum of the terms.

141. If d, c, b, a are 2, 3, 4, 5, find the values of

a + b+e ab — cd , /a— 1

a^b + c' a^bd' ^ b^3'

142. In the product of 1 +4.c + 7.?^+ 10.?'* + 15.r* by

I + i)X + 9x' + I3a;^ + 1 7x^, find the coelEcient of x*.

Divide 21ar'' - 2.r* - 70x^ - 23.1-'''+ 33.r + 27 by 7.^* + 4;»- 9.

,,o o- IT a*-b* a-b
143. Siraphfy ——rr,—r-r -^ — i,
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144. Solve the following equations

:

, . a; + 4 _ 5x + 12

^ ^ ^+3~43^
9

"^"^

3.t-+Jy 5£-3y x+J _ 2
^-^^ 20 "^ 8 "•*'

2/ + 2~3'

145. Solve the following equations

:

^0 21
(^^

ft r + 7^ = ^^-
b — .r 6 — 1^;

(2) ^I^JZ^I = 1.

(.3) 3.t-2-4a;?/= 7, 3a;?/-4y2= 5.

146. A bill of £2Q is paid in sovereigns and crowns,
Rnd 32 pieces are used : find how many there were of each
kind.

147. A herd cost £180, but on 2 oxen being stolen, the
rest ftverage £\ a head more than at first : find tlie number
of oxen.

148. Find two inimbcrs when their sum is 40, and the

5
sum of their reciprocals is -

.

149. Find a mean proportional to 2^ and 5|; and a

third proportional to 10;) and 130.

l.jO. If 8 gold coins and 9 silver coins are worth as

much as 6 gold coins and 19 silver ones, find the ratio of

the value of a gold cnin ist that of a silver coin.

151. Remove the hrackeis from

{x—a){x-h) {x — c)- \bc (.c - a) - {(a + 6 + c) j;- a {b + c)] j].

1 52. Multiply a + 2 ^ (a-6) + 2 Jb by a - 2 HJia-b) + 2 Jb.

153. Find the q.c.m. of .r'- 16jr' + 93a:*-234x + 2IG
aod 4.i-'- 48.<;' + i86j;- 234.
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154. Solve the following equations

:

„, 13:c-l 28-5^ ,„ 3.r + l

(1) -^ ^=17- - -.

(2)

2.g + 3 _ 2^-8
3j; + 9~3j:-13

155. Solve the following eqxiations:

(1) ^(.r+l) + ^(2^)= 7.

(2) lx-2(\lx = X

(3) Ixy - :>x- =-• 36, 4xy -3i/^=l05.

156. A boy sptuds liis money in oranges; if he had
bougiit 5 more for his money they wouhi have averaged
an half-penny less, if 3 fewer an half-peony more : find how
much he speut.

157. Potatoes are sold so as to gain 25 per cent, at

6 lbs. for 5d. : find tlie gain per cent, when they are sold at

5 11)3. for 6c?.

158. A horse is sold for £24, and the number ex-
pressing the profit per cent, expresses also the cost price
of the horse : find the cost.

159. Simphfy ^{^a- + sj{l Qd-x"- + Saa^ -t- a^)).

160. If the sum of two fractions is unity, shew that the
first together with the .square of the second is equal to the
second together with the square of the first.

161. Simplify the following expressions :

a_[t-{a + (6-a)}],

25a-19&-[3&-{4a-(56-6c)}]-8a,
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162. Find the g.c.m. of 18a*-18a2a;+ 6/2a?*-6ar3, and
60a--75ffj,'+ IS*'*.

161 Kind the l.c.m. of ISix"--^), \2{x-yY, and
24 {jfi + y^).

1<J4. Solve the following equations

:

2a;-4 3a:-2 „
(1)

7 5

. . to + 20 _ 4.r-12 «

(3) in ^

(4) 1{x-y) = Z{x-Ay\ 14(jr + y) = ll(ar+ 8)

165. Solve the following equations :

(1) Z2x-5x"=\'2.

(2) J(2x + 3)^/(^-2) =15.

(3) a;2 + ?/"= 290, a-y=143.

(4) Zx'^-Ai/^ii, 5x^-6xy= 32.

1G6. ^ and B tugcthur cuiuplete a work in 3 days
which Avould have occupied A alone 4 days: how long
would it employ B aloue I

2
167. Find two numbers whose proauct is - of the sum

of their squares, and the difference of their squares is

96 times the quotient of the less number divided by the

greater.

168. Find a fraction which becomes „ on increasing its

numerator bv 1, and , on similarly increasing its deuomi*
4

nator.
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169. li a : 1) :: c : d, shew that

1 l.i_l., 1 1.1_1
a b ' a h " c d ' c d'

170. Find a mean propoi-tional between 169 and 256,

and a third proportional to 25 and 100.

171. Remove tlie brackets from the expression

6-2{&-3[a-4(a-&)]}.

172. Simplify the folio^ving expressions :

y xy x-y a^y-
'

{p-q—m)p— {m + q—p)q + {q +m)m + m(j>— m) + q^,

173. Find the g.c.m. of x^ + as^-da'x^+na^ai-ia*
and x*-ax^- Sa^x-+ 5a^x- 2a*.

1 74. Solve the following equations

:

,,, 2^+1 x + 7
(1) X =

,

^ ^
3 5

. . lO.g+17 _ 12^:+

2

_ 5j?-4
^'^

18 13a;- 16" y '

(3) 9x+f = lQ, 72/- ^=44

^ ' 5x+l~ x+ 7 '

175. Solve the following equations:

(1) a!+4-'-^^^S.
X

(2) 2x'-3y^ = 2, xy^20.

(3) 2y'-x-=l, 3x^-4xy= 7.

(4) «-n/-=G, a;» + ?/«=126.

OCA. 19
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176. "When are the clock-hand^ at right angles first

after 12 o'clock ?

177. A number divided by the product of its digits
gives as quotient 2, and the digits are inverted by adding
27 : find the number.

178. A bill of £26. 1.5*. was paid with half-guineas and
crowns, and the number of half-guineas exceeded the num-
ber of crowns by 17 : find how many there were of each.

179. Sum to six terms and to infinity 12-I-8 + 5J + ....

180. Extract the square root of 55 — 7 J'2A.

181. If ^7 = *^'

_

, and y= '^
, find the value of

182. Reduce to its lowest terms
x^-Sx'-l2x+\AA'

183. If two numbers of two digits be expressed by tho
same digits in a reversed order, shew that the difference of
the numbers can be divided by 9.

184. Solve the following equations:

. , 3aj-3 Zx-4. 2\-AX

(2) =^^4^ + :>8, ^^-5-^-y-ll.

(3)

185 Solve tho following equations:

(1) J(.i;-(-3)x^/(3.r-3) = 24.

(2) V(«-l-2) + ^/(3.c-l-4) = 8.

(3) x*-x"-{1x-Z) = 2x+S.

186. Find two numbers in the proportion of .'/ to 7

snc-h that the square of their sum shall be equal to the
cube of their dillcrence.

4 3
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187. A traveller sets out from A for B, going 3i miles

an hour. Forty minutes afterwards another sets out from
B for A, going 4^ miles an hour, and he goes half a mile
beyond the middle point between A and B before he meets
the first traveller; find tlie distance between A and B.

138. Two persons A and B play at bowls. A bets B
four shillings to three on every game, and after playing a
certain number of games A is the winner of eight shillings,

The next day A bets two to one, and wins one game more
out of the same number, and finds that he has to receive
three shillings. Find the number of games.

189. If m = .r— a;"' and « = y — ?/~',

shew that mn + s/Km"^+ 4) (h^ + 4)} = 2 / ^2/ + — )

.

9 3 3
190. Sum to mneteen terms - + - + - + ....

4 2 4

191. Multiply |'-|+'bj£%f-i.

Divide ?2f_4j^ + iZ;5>_li!a^_^a;+27bj|-'-a! + 3.
4 8 4 4 2

192. Reduce to its lowest terms

4a-^ - 27^-2 + 5S.2;- 39

ar*- 9^:* + 29^;^- 39;c + 18

'

193. Find the l. c. m. of x^+ 2.v'^y+ Axy'^+ Sy'^ and
«3— 2x'^y + 4.i'?/2 — Sy^.

194. Solve the following equations

:

(1) l(;r + 6)-^(16-3.r) = 4^.

(3) ^(^ + y)-^(2.r + 4), \{x-y)==\{x-24.),

IS—

2
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195. Solve the following equations

:

(1) ^(x^-3)-g(;»-3).

(•2) J{x + Z) + J{2x-Z) = \Q.

(3) x + y^G, {afi+ y'^){x!^-¥y^) = \^0.

196. The express train between London and Cam-
bridge, whicli travels at the rate of 32 miles an hour, per-

forms the Journey in 2^ hours less than the parliamentary
train which travels at the rate of 14 miles an hour: find

the distance.

197. Find the number, consisting of two digits, which
is equal to three times the product of those digits, and is

also such that if it be divided by the sum of the digits the

quotient is 4.

198. The number of resident members of a certain
college in the Michaelmas Term 1864, exceeded the num-
ber in 1863 by 9. If there had been accommodation in

1864 for 13 more students in college rooms, the number in

college would have been 18 times the number in lodgings,
aud the number in lodgings would have been less by 27
than the total number of residents in 1863. Find the
number of residents in 1S64.

199. Extract the square root of

a" - 2a^h + Za^T-- 2a5' + 6*,

and of (a + 6)^-2 {a- + V^) {a + If + 2 (a* + V).

200. Find a geometrical progression of four terms
Buch that the tliird term is greater by 2 tlian the sum of

tlie first and second, and the fourth term is greater by 4
than the sum of the second aud third.

n/M ur u- 1 o o 3Sa;-6«2-58
201. Multiply 8-3x4- —-

—

l-2x '

. no 7^-5.5 + 30a;
^^ ^-'•^>^-633F--

a02. Find the G. c. m. of x* 4- 4ar= 4- 16 and x*- x» 4- Sj?- a
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1 2x — b x^—XA-Q
203. Add together

2 + 3u;' (2 + 3^;)" (2 + 3jr/
'

Take , ; from
l+A' + .»^ \—x + x-'

204. Solve the following equations:

(2) {a + h){a~x)= aip-x\

,„. 2^ + 3v X „.^ ly-'ix „
(3) -^+12 = 21, -^^ a'--

205. Solve th<5 following equations:

(1) 6^+ = 44.

(2) 4:{x^ + Zx)-2J{x^ + ^x) = l^.

(3) a;- + ^?/=15, 2/^ + ;rt/ = lf*

206. A person walked out from Cambridge to a viTIago

at the rate of 4 miles an hour, and on reaching the railway

station had to wait ten minutes for the train which was
then A^ miles off. On arriving at his rooms which were
a mile from the Cambridge station he found tliat he had
been out 3j hours. Find the distance of the village.

207. The tens digit of a number is less by 2 than the
units digit, and if the digits are inverted the new number
is to the former as 7 is to 4 : find the number.

208. A sum of money consists of sJiillings and crowns,
and is such, that the square of the number of crowns is

equal to twice the number of shillings; also the sum ia

worth as many florins as there are pieces of monev : find

the sum.

209. Extract the square root of

Ax*' + Sax^ + Aa^x- + \&¥x^ 4- 1 QaWx + 1 G&*.

210. Find the arithmetical progressiuii ui wnica Ui9
first term Ls 7, and the sum of twelve terms is 348.
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211. Divide 6^-25^2/ + 47a7V-49^V + 62ary«-45i/'

by '2x^— '!xy + ^y^.

212. Multiply

3 + 5;r —r by5-2.r-)- —
.

213. Reduce to its lowest terms

Ax^ - 45.r2 + 1 62.g-185

x^-Voii^ + blx-- 185a; + 150'

214. Solve the following equations:

3£-2_]h::5^-^
^ -* 6 11

(2) ar+-?/ = 17, y+;^a; = 8.

1 1__1 1 14 11_J.
^^' x'^y~2' x^z~9' y z~lS'

215. Solve the following equations :

^ ' X x + 'i 6

(2) XOxy-lx"^^!, 5y--3xy = 20.

(3) x + y = 6, x* + y* = 212.

216. Divide .£34. 4*. into two purtb such that the num-
ber of crowns in the one may be equal to the number of

bhillings in the other.

217. A number, consisting of three digits whose sum is

9, is equal to 42 times the sum of the middle and left-hand

digits; also the right-hand digit is twice the sum of the
otlier two : find the number.

218. A person bought a number of railway shares wlien

tlicy were at a corta.in price for £2625, and afterwards
when the price of each share was doubled, sold them all

but five for £4000 : find how many shares he bought.
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219. Four numbers are in arithmetical progression;

their sum is 50, and the product of the second and third is

1 56 : find the numbers.

220. Extract the square root of 17 + 12 ^2.

221. Divide a^-l by ^— 1 ; and

m {qj?' — rx) +p [mx^ — nx"^) — n {qx— r) by ?nar — n.

222. Simplify

ajT-haf*'^'^ , a^ + &- + c- + 2a6 + 2a<; + 2ic

a^bx—b^x^ a- — b^ — c^—2bc

223. Find the L. c. M. of 7;»3-4iF2_21;r+i2 and
21x^-26x + 8.

224. Solve the following equations :

(1) ?^-?^=7.
(2) 17ar-13?/ = 144, 23a; + 19y = 890.

X y~S' x'^z~9' z y~ 12'

225. Solve the following equations

:

^ ' 100 25.2? 4

(2) •0075a^ + -75a;=150.

(3) ^/(.« + t/) + ^/(«-2/) = ^/c,

b{x-a) + a(Tb-y)=^Q.

226. A person walked out a certain distance at the

rate of 3^ miles an hour, and then ran part of the way back

at the rate of 7 miles an hour, ^valking the remaining dis-

tance in 5 minutes. He was out 25 minutes : how fiir did

he run 1

227. A man leaves his property amounting to J7500
to be divided between his wife, his two sons, and his three

daughters as follows: a son is to bi.ve twice as much aa
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a daughter, and the widow £500 more than all the five chU-
dren together : find how much each person obtained.

228. A cistern can be filled by two pipes in 1 J houra.

The larger pipe by itself will fill the cistern sooner than
the smaller by 2 hours. Find what time each will sepa-

rately take to fill it.

229. The third term of an arithmetical progression is

four times the first term; and tlie si.xth term is 17: find

the scries.

230. Sum to « terms 3^ + 2^+ 1§+,..

231. Simplify the follomng cxj^rcssions

:

Z> a 4- 6 c^-^lr
+

a + 6 2a 2a{a-hy

a'-ab + V^ a^-b^

a?--iah{a-h)-¥ a^ + Iy^'

232. Reduce to its lowest terms
Du;^ + 53.52 _9j._i{j

•

233. Solve the foUowmg equations:

1 1_ _ i. .. 7

X 2x 'Sx~ 3'(1)

(2)
3 3

l+x l-x'

,„. 4X + 57J "ix— y „ 1

(3) -lo^=^-y. -3^ + 2y= .^.

234. Solve the following equations :

^^^ x + z~^TYo~'''

(2) ax' + Ir + c== a- + 2&c + 2 (ft- c):r Ja,
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235. A body of troops retreating before the enemy,
from which it is at a certain time 26 miles distant, marches
18 miles a day. The enemy pursues it at the rate of 2.3

miles a day, but is first a day later in starting, then after

two days' march is forced to halt for one day to repair a
bridge, and this they have to do again after two days' more
marching. After how many days from the beginning of the
retreat will the retreating force be overtaken 1

236. A man has a sum of money amounting to £23. 15^.

consisting only of half-crowns and florins ; in all he has 200
pieces of money : how many has he of each sort ?

237. Two numbers are in the ratio of 4 to 5 ; if one is

increased, and the other diminished by 10, the ratio of the
resulting numbers is inverted : find the numbers.

238. A colonel wished to form a solid square of his

men. The first time he had 39 men over; the second time
he increased the side of the square by one man, and then
he found he wanted 50 men to complete it. Of how many
men did the regiment consist 1

239. Extract the square root of

and of a^ + 46^ + 9c2 + 4a& + Qac + \2bc.

240. Multiply x^y^ - Ixy + ix^y^ by x^ + 2yK

241. Simplify

40xy - {9x - Sy) {5x + 2y) - {Ay- Zx) (1 5a- + 4y\

and i±i'+^^_lz^±^_l±£±£!+ 2\-x l+x l+.r- \-x-

242. Find the g.c.m. of a^-t-a.r' + 2«2^-' + 3a*ar+rt*,
and X* + ax^ + 2a'j?- + Sd\v + ah-x + a* -i- a^F-.

243. Two shopkeepers went to the cheese fair with the
same sum of money. The one spent all his money but 5s.

in buying cheese, of which he bought 250 lbs. The otlier
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Iwught at the same price 350 lbs., but was obliged to

borrow 35s. to complete the payment. Ilow much had
they at first ?

244. The two digits of a number are inverted ; the
number thus formed is subtracted from the first, and
leaves a remainder equal to the sum of the digits; the dif-

ference of the digits is unity: find the number.

245. Find three numbers the third of which exceeds
the first by 5, such that the product of their sum multi-

plied by the first is 48, and the product of their sum mul-
tiplied by the third is 12y.

246. A person lends £1024 at a certain rate of

interest ; at the end of two years he receives back for his

capital anil compound interest on it the sum of £1150:
find the rato of mterest.

247. From ft sum of money I take awaj £50 more
than the half, then from the remainder £30 more than the
fifth, then from the second remainder £20 more than the
fourth part; at last only £10 remains: find the original

sum.

248. Find such a fraction that when 2 is added to the

numerator its value becomes -, and when 1 is taken fron

the denominator its value becomes - .

4

249. If I divide the smaller of two nuinbera by the

greater, the quotient is '21, and the remainder is '04162
; if

I divide the greater number by the smaller the quotient is

4, and the remainder is 742 : find the numbers.

« « ov XI Axv"f-{xhj)^-^x x^
250. Shew that ^-'^—--^ = -r 1 •

251. Simplify

6« + [4a-[S5-(2a + 4l»)-22&}-7&]

- [76 + {Sa - (36 + 4a) + 86} + 6a].

252. Multiply a—x snccossivoly hya 4-.r, a* + ;r^, a* + .«.'*,

tf+x*; also multiply a"" 6""' by a""'"6'""c
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253. Find the g.c.m. of 4t)a^.c + 3rtV— 9a.ir3 + 6j;^ and

254. Solve the following equations

:

(^> ^--3-^-4 5--

(3) a-x= ^{a2-.r^;4a2-7.p^')}.

255. Divide the number 20S into two parts, such that
the sum of one quarter of the greater and one third of tlie

less when increased by 4, shall equal four times tlie difle-

rence of the two parts.

256. Two men purchase an estate for ;£9000. A
could pay the whole if B gave him half his cajiital, while B
could pay tlie whole if ^ gave him one-third of his capital:

find how uuich money each of them had.

257. A piece of ground whose length exceefe the
bread til by 6 yards, has an area of 91 square yards : find

its dimcubions.

258. A man buys a certain quantity of apples todi-vide

among his chiidreu. To the eldest he gives halt of the whole,

all but 8 apples; to the second he gives half the remainder,
all but 8 apples. In the same manner also does he treat the

third and fourth child. To the fifth he gives the 20 apples
which remain. Find how many he bouglit.

259. The sura of two numbers is 13, the difference of

their squares is 39 ; find the numbers.

260. A horse-dealer buys a horse, and sells it again f:ir

^144, and gains just as many pounds per cent, as the horse

had cost him. Find what he gave for the hoi-se.

261. SinipHfy

(a + 6)(a-6)-{a-f-6-c-(6-a-c, -*-(6-i-c-a); {a-h-cy
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262. Multiply a^ ¥ x*^ ¥ x* + x- + I by x'^-l; and

1 by 4-1.
X a a X

263. What quantity, when multiplied by x - , wUJ

^ho:t^-^-(x-'Jl

2(54. Simplify the following expressions:

3.r'~13.r2 + 23a;-21

6x^ + x^-44x + 2l

l-b

2b
I
a + b a-b 26^ \ a-

\2{a-b) 2{a + b)'^ a^-b^j 2

i65. Solve the following equations

:

,,- 5a;+ 3 2.T-3 ^

(2) ^(3 + a;)+ ^/;p=

(3) ^+ 9y = 91, "^+9^=167.

266. Solve the following equations

:

(1) aP-x-6 = 0.

. . x+l a; + 2_ 2.r + 1 3

^ ^ ^^'''a;-2~ ar j-l '

(3) x^-xy + i/-=^7, x + y = 5.

267. The ratio of the sum to the difference of two'
numbers is that of 7 to 3. Shew that if half the less be
added to the greater, and half the greater to the less, the
ratio of the numbers so formed will be that of 4 to 3.

26S. The price of barley per quarter is 15 shillings

less than that of wheat, and the value of 50 quarter^ <if

barley exceeds that of 30 quarters of wheat by £7. lus.;

find the price per quarter of eaclL
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269. Shew that

{bed + cda + dah + ahc)- - (a + & + c + dfaJbcd

= (bc- ad) (ca - bd) (ab — cd).

270. Extract the square root of

. „ 5x^ X 1

^+ ^--12-3 + 9'

md of 33-20v'2.

271. li a = y -^z — lx, h — z + x — 2y, aud c=«+ y-2«,
ind the value of b'- + c^-¥2bc—a-.

272. Divide x*-2\x + S by l-Zx + x^.

<,-„ .jjx iu a + x a— x , a?-¥a?
273. Add together , , and -5 5

.

° a-x^ a + x a^— x^

„ , Za + x . 27a^ + 3ax + 7x^
Take :r from -—

-^5 —^ .

Sa-x loa- + ax—2x'

,,,,., „ 12ax—5x^ , ^ 20ax—7ji^
374. Multiply 3.^.-^^-3^ by 4x-

^^_^^ .

Divide 1-^ by 1 + j^,.

275. Simplify p-^ ,^^-^ + ^1
a 4- p and |—x"j-

.

6 +—T 2 + — + -»

276. Solve the following equations

:

(1) l-^'-^l"-:.

(2) 5y-Zx=2, Sy-5x=l.

^*''
4 2 ^' 3 2 *



302 MISCELLANEOUS EXAMPLES.

211. Solve the followinj? equations

:

(1) dr{x—a)- = lr{x + a)*.

,„. X bx + \ ^

(3) ^(13^-l)-v/(2^-l) = 5.

278. A person walked to the top of a mountain at the
rate of 2i miles an hour, and down tlie same way at the
rate of 3| miles an hour, and was out 5 hours: how far

did ho walk altogether ?

279. Shew that the difference between the square of a
number, consisting of two digits, and the square of the

number formed by clianging the places of the digits is divi-

sible by 99.

2S0. li a -.h wc -.d, shew that

J{a'' + h~) : s.l^c' + d-) :: ll{a? + h'') : l]{<^+ d^).

281. Find the ralue of '^'^jf^^ + 'J{^^-(a-h^\

\\ hen a = 3, 6 = 4.

282. Subtract {b -a){c- d) from {a-b){c-d): what is

the value of the result when a— 2b, and d=2c1

2S3. Reduce to their simplest forms :

x-— 2ax-24a' , x—y x v
-. and
1*X*— lax— 4.40* x + y x— y y— x'

olv<

(1)

284. Solve the equations

:

4 1 _^
^ + x x~ Ix

i<t\
3£j2?/ x~y_ x y_

(3) ^[,2x-l)+^:;ix+H))^^{lU'i-9).
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2S5. Solve the equations

:

(1) 10^;+ -^^ = 9.
^

1 —X

\a X J \ X a J

(3) x--xy + tf^7, ox-2>j= 9.

2b(). In a time race one boat is rowed over the course
at an arerage pace of 4 yards per second ; another moves
over the first half of the course at the rate of oh yards per
second, and over the last half at 4h yards per second,

reaching the winning post 15 seconds later than the first.

Find the time taken by each.

2S7. A rectangular picture is surrounded by a narrow
frame, which measm-es altogether ten linear feet, and costs,

at three shillings a foot, five times as many shillings as
there are square feet in the area of the picture. Find the
length and breadth of the picture.

2SS. Af a : b :: c : d, shew that

a-^b-c + d: a+b — c — d :: a — b + c-d : a — b — c + d.

2S9. The volume of a pyramid varies jointly as the
area of its base and its altitude. A pyramid, the base of

wliich is 9 feet square, and the height of which is 10
feet is found to contain 10 cubic yards. Find the height
of a pyramid on a base 3 feet square that it may contain

2 cubic ^.-irds.

290. Find the sum of n terras of the arithmetical pi'*-

1 1 1

1+x' 1-u.-" \-x"'
gression

291. Find the value of a^-b^ + c^ + 24^, vheu a-

1. c=^(>l.
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292. Simplify
i^<^-^dfHad^hcf

_^,^ ^^ ^^^^ ^^^

bctb^- c') + ca {c" -a'^) + ab (a^_ 52)

-(a + & + c){a2(6-r) + 62(c-a) + c2(a-6)} = 0.

293. If rt + & + c = 0, shew that a^+ &^ + c^ = 3a*c.

294. Reduce to ics lowest terms

3:* + 2x^ + 6x-9
a;^ + 4'.r3 + 4a^—

9*

295. Solve the following equations:

lO.r + 17 12.g + 2 _ 5.c-4
^^

18 13.«-16~ 9 •

(2) 6.^-52/^1, y-a;=12.

(3) f+Sy = 66, ^+8^=129.
o

296. Solve the following equations

:

^ ^ 4 :c + 4

(2) s/{2x + 2)^[4x-3) = 20.

(3) V(3.f+l)-v/(2.j;-l) = l.

297. A siphon would empty a cistera in 48 minutes,

a cock would fill it in 36 minutes ; when it is cinpty botli

begin to act : find how soon the cistern will be filled.

298. A waterman rows 30 miles and hack in 12 hours,

and he finds that he can row 5 miles witli the stream in

the same time as 3 against it. Find the times of rowing
up and down.

299. Insert three Arithmetical means between a — b

and a + b.

300. Find ;i: if 2**
:
2*- ;: 6 : 1.
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39. x^ + x*a*^a\ 40. a;^-5aV*-4a*

IX. 1. 5.1-3. 2. -3a'. 3. ;5.ry."

4. -8rt=&V. 5. 4rt^6y. 6, x'-2x + i.

7. -a' + 4a-5, 8. a;' - 3a-y + ly». 9, 5a*a''+ fl*-4.

10, 15a*6''-12a&' + 9rt5c»-5c*. 11. w-4. 12. ;r-8.

13. x'+x + S. 14. 3xi'-2x + ii. 15. 3x* + 2»fl.
16. a;*-3a;4-7. 17. x'' + x* + x' + x~ + x^l.

15. a' + ab-b\ 19. x^ + Zxhj + 9x>/'' + 27i/'.

20. a^— x^i/ + xy^. 21. a;'' + a;^y-»-.a;*i/* + .ry^4-j/*.

22. a*- 2a*6 + Aa^h^ - SaZ-^ + 16b\

23. 2a3-6«*6+18<t6'^-27&*. 24. V + ary + y'.

2.5. x- + 2xy + Si/^. 26. a?'- 2a- + 2. 27. .r*- 3.^-1.

2d. «"-5a; + 6. 29. «'-4x + 8. SO. V'^SJ'^fi.
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31. x^-x-n. 32. \-Zx + 2x''-3fi

33. ar* + 2.c3 + 3.1-' + 207 + 1. 34. o« + 2rt& + 3&'.

35. a^^-2a% + -2ah'* + b\ 36. a;*-3j^4-4jr + ].

37. x^ + 2jfi + 2,.c'-k-2x-<r\. ZS. , a^-x'^ + 2x^-2.

39. ^— c. 40. ax'Jrbx-¥c. 41. a;*— 2.r?/ + j/*.

42. ;^r' + .r(?/+l) + ^/'-y+l. 43. 7a; + 4^.

44. a + 6 + c. 45. a + 2b + c.

46. a' + a(26-c) + Z*''-&c + c'. 47. a(& + c)-6c.

48. x^-x{a + b) + ab. 49. x + y— z. 50. ^ + i/ + «.

X. 1. 225A'* + 420.r7/ + 196y-. 2. 49.r*-70.i-V + 25y*,

3. ;r*+ 4a;^-8a; + 4. 4. ^''- 10j:''' + 39.r2-70j: + 49,

5. 4.r*-12.t-3-7;c' + 24a; + 16.

Q. x^ + Ay'^ + dz^-¥ 4xy + 6xz + 1 2yz. 7. .r^ + 2p^y + x''y'^ - y\

8. x* + x"y^+ y*. 9. x*— x''y' — 2xy^—y\
10. a:*-,i'?/' + 2xy3_2^_ 11. a:« + 2.c< + 5.c2-l.

12. ar«-lSa;« + Sl. 13. a* - 4aW-- iaU' - b*.

14. 16.y* + 96.rV + 144.i-Y-81z/*. 15. a*x*-bY'
1 6. aV - 2arh-x-y' + b*y*.

Xi. 1. a» + 6' + c^. 2. a' + 6» + c».

3. a' + &* + c' + 6?*+ 2a<: + 25(?. 4. 6(a + ?> + c).

5, 2(a + & + c). 6. 2b{x-i-y). 7. &j; + ««/ + (a + 6)^.

8. a;(2a + c) + 2/(26 + rt) + ^ (2c + &).

9. 2{a + b + c){x + y+ z).

10. 2(a' + &» + c'-rt&-&c-ca). 11. 6-lla.

12. b'-d\ 13. 2a + 4&y. 14. (x + a)*. 15. a.

16. 2a-5& + 4^. 17. 6. 18. x^ + xr'y + xy^ + y^.

19. a^+ x^y + xy* + y\ 20. 12rt&(r. 21. a^b + c + d.

22. 3&. 23. 9rt''-30«&4-25&''.

24. -6<^ + c{9a + 4:h)-6ab. 25. (.c' + a-y + y*,,*.

26. (xl'-xy + y^f. 27. a''-2a& + 3?r.

28. ar'-8.i-7/ + 152/'. 29. a*-a^b'' + b*. 30. a*-^*^

31. 2a*-3ab + 4h\ Tfl. x-\. 33. (a;-l)(x + 4>

20—2
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34. aJfX. 35. a? + ¥. 36. a^-ax-ira'.

37. (a; + 4)(j + 5). 38. (« + 5)(x + 6).

39. (j!-5)(a;-10). 40. (;r-10}*. 41. {z-U){x^\2).

42. (;i;4-4)(.r-ll). 43. {x-Z){x + Z){a?+9).

44. (a; + 5)(dr*-5.r + 25).

45. (x-2)(jr + 2)(a:* + 4)(;r* + 16).

46. (a;- 2; {x + 2) (^^ + 2a; + 4) {x^-2x-¥ 4).

47. (a + 4&)(a + 56). 48. (a; - Gy) (x - 7y).

49. (a + &-5c)(a + &-6c).

50. {2x + 2y-a-'b){x + y-'5a-2l).

XII. 1. 3a.-". 2. 4a»&*. 3. 12aV^.
4. la'b'x*!/'. 5. 2(ar+l). C. 3;.r + l).

7. 4(a»+ &''). 8. ar'-yl 9. ar + 5. 10. a?-7.

11. a:-10. 12. a:-12. 13. a.-» + 3ar + 4.

U. ^;'-5x+ 3. 15. «*-6.c + 7. 16. x*-6x-o.
17. jr + 3. IS. a;-4. 19. jr'-ar + l.

20. *'-x+l. 21. 3x+2. 22. a'^x-l.
2.}. .t»-2. 24. a; -2. 25. ar' + l.

26. a:' + 3a; + 5. 27. 7a;» + Sa; + l.

28. a;«-2ar» + 3a;*-2.c + l. 29. a:'-3a?4-l.

30. *+l, 31. ar + 7. 32. ar+3y. 33. x + a.

34. x— 'za. 35. x—]/.

XIII. 1. I2a'b\ 2. 36rt'&V. 3. 2ia*b*x^7j^.

4. {a + b){a-b)\ 5. 12a&(a» + 6'). 6. (a + 6) (a' _ ?,3^

7. (a;+l)(a; + 3)(.r-4). 8. (a;4-2)(a; + 4)(a;*+ 3j;4-l).

9. a;(2.c+l)(3a;-l)(4.r + 3).

10. (.•5»-5a; + 6)(a;-l)(a;-4).

11. (a,-»-t-3a; + 2)(a;-3)(a; + 5).

12. (ar» + ar+l)(a;*+l)(jr + l)(a;-l).

13. (ar3-a;»-4j; + 4)(a;-l)(.tr-4).

14. {a^-ax + a*) (.c* + ax + a*) {x - a)\

I-,. ZCa?V<*. 16. I20{a + b?{a-b)\
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17. 2i{a~h){a^ + h^). 18, \Ooah\a + h){a-h).

19. x^-\. 20. x^ J 21. x^^-l.

22. (x+l)(a; + 2)(.r + 3). 23. {x + l){x + 2){x' + 2x-Z\
24. (a^-19ar-30)(;r* + 5.i;+10).

XIV. 1. 3.C+ — . 2. 4ac+^. 3. 2a+ ^.
7 9 4a

4. 2x-J^. 5. ^+——

.

6. 2j; ^ -.

6x x+3 x-3

7. A-» + 3a.r + 3o'+-^. 8. x-l-
^"^"^

ar— 2a'
'

af-x + l'

9. a,-3 + ar2+ ;r+l+ r. 10. x^-x- + x-l. 11. -^.^-1 36

j2_
8(a^+ 5^

)_ j3_
3(a-&)

^ ^^
2(a + 6)* • (a;-l)-(:c4-l)'

2(a-&) (x»-l){x+l)
'•

3(« + &)- ^- a!2 + l

a + b ^ a + b 2ax

26 a — b' ' ax— Zy^

x+2 „ x+7
x—5'

a?—a^y

'
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„ 9^- „, 4(jr-l) a{XA-a)
^^- 12^'- "**• 4(a.-«-l)'-

^^- ;c»-V '

a(o + &)(a^+&-^) (x-l)(x+ l)*

a{x^ + ax + ar-) x^ + az + ar

40.
a;—

c

{x-a){x-b){x— c)''"'

Ga-Qb-c gg _ a^-H2a&-6»

4 a- — o- OL^—lr

Id) ^ a+b + c „ 1 „ 12j;
4. -o—Pi- 5. J— . 6. . 7.

a^ — b^' ' abc ' ' x—y' '

1 — 9.c*"

8. ^±£. 9. ^^. 10. -i^. 11. ?4±-^-^^
aa; 2a — 2o a + ar Qac

12 -i- 13 ^^^ + ^)
14

2-^-^
,5

^6

a a*+&arx'^+ X* 2
* o^^F' '• a*-:c* (.c + l)(ar + 2)(a: + 3)'

19. ^-^7^- . 20. -,4^^. 21.-^. 22. -1^.
(a;--l)(a;-2) y{x^-y^) \-a^ X'-l

2a? 2a* + 6a^6' 3j:'

4a^(a'-a.r + .r^) ._ 4 (a; + 10) 23r»-9.r + 44
^^-

a*-;r^ ' ^- x*-16 ' ^^- ^•=' + 64 '

^-4a^-a2 2a .r2-2j;
^^-

{x'-a'f ' x'-a^

6 I 2x^
^*-

a;(.'c + l)(:i; + 2r
'^''^

{l+x'-)H + x^)'
^^-

ar' + y*'

37. J^,- 38. -|^1±^. 39. ^^f;f-^:^-).a^— 7/^ x* + x--i-l a*x*-b*^y*

40. -,-1^. 41. 0. 42. -if^.,' 43. ^,,

.

a;* + a;* +

1

ar* - a* a* — 0*

48a3 ^^ 246*
44. 7—0 o . .—:^-;- 45.

(«^-o2j(ar»-9a-; a(o2-62K«*-46')'
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"*• (*-«)(^-&)' («-«)(«-&) {x-a){x-by

49.
7 ^ ... 50. - '~fr\v 51. 0.

1 ^„, ^. 3.« — a— & —

c

32. --^ T-, TT. 53. 1. 54.
c{€—a){c-b)' '

' {x-a){x—b){x~c)'

_ 3x'-a'-b^-c' „ 1

55. -,
r-, TT-, ^ • 5b.

{x—a){x— b){x-c)' ' {x — a){x-b){x-c)

XVII. 1.1-5. „ ,.
,.'^'"''

5. «— o. b. — , — . 7. -5—To- o- -s 5.

9. ^±4. 10. ^. 11. -^. 12. (i^nfzi^
ar-^y^ x + b x— y abc

a^-ax'^ + aKv-a' x^ ^_^_^^ ir
a^x^

'
'

a- x^ &2 yi'

XVIII. 1. '^. 2. ^. 3. 4-. 4 1^'.
bx 16aV .a: + 2/ b{a + b)

x(a + 2x) 2^ „ a+ a; ar—

5

6. — 9 • o- • 7. —;— . 8. .

a* X—y x + y x—a

9. ^±^. 10. -JL_ 11. f^V. 12. y^.
c + a-b x'— y' \x—3J y^

13. 5.-1. 14. '^±4±1. 15. (^±41|1±^).

,„ ir^-Ga" ,_ x-y x^ + ax + a' _ a^ + ar*
lb. . 1/. . lo. . Xi). —r .

xa y ax 2ax

20. ^Z3^±3a^^±i^
21. 1. 22. ^:=i

a

V

a? - 5

1 ic*-a* 1
23. -^. 24. , , , , 25.

w+l x{a + b + c) — bc x+l

n. 1±^.. 27. «... 28. L±^. 29. ($ii''>'

30. s. 31. 1. 32. (^t^J. 33. g. 34. ^
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ANSWERS. SIS

54 ^--Pg
. 55. ^(a + 64-3). 56. -^^.

60. 50. 61. 25. 62. ^^ . 63. {a-h)\ 64. a

XXI. 1. 30. 2. 2. 3. 13, 20. 4. 35, 50, 70.

5. 17, 31. 6. 28, 14. 7. 28. 8. November 20th.

9. 62. 10. 36, 27. 11. 48, 36. 12. 14, 24, 38.

13. 28, 32. 14. 103. 15. 54, 21. 16. 8,

17. 8, 12. 18. 10. 19. 36, 9. 20. 36, 12.

21. 100, 88. 22. 14. 23. 24, 76. 24 21.

2-5. 36, 24. 26. 24, 60, 192. 27. 840. 28. 30000.

29. 420. 30. 24 31. 500. 32. 10, 14, 18, 22, 26, 30.

33. 36, 26, 18, 12. 34 50, 100, 150, 250. 35. 5, 6.

36. 24, 36, 56. 37. 88, 44 33. 130, 150, 130, 90.

39 13, 27. 40. 75, 25. 41. 85, 35. 42. 1000.

43. 18, 3, 3. 44. 24000. 45. 80. 46. 26, 16, 32, 27, 42.

47. £140. 48. 10k/.

XXII. 1. 72. 2. 20, 30. 3. 200 miles from

Edinburgh. 4. 12, 16. 5. 8, 16. 6. 32, 16.

7. 48. 8. 30. 9. 9, 16. 10. 30. 11. 18, 22, 10, 40.

12. 6, 24. 13. 10, 15, 3, 60. 14. 10 shillings. 15. 55, 45.

16. At the end of 56 hours. 17. 27, 17. 18. 168, 84, 42.

19. 16,25,7,42. 20. 240, ISO, 144 days. 21. 15,21.

22. 2560. 23. 36, 54 24 60. 25. 12. 26. 8 pence.

27. 875, 1125. 28. 25. 29. 10, 20. 30. 20, 80.

31. 5/,^. 32. 40, 50. 33. 11, 17. 34. 28.

35. 24 36. 1024 37. 450, 270. 38. 2200, 1620,

1100,1080. 39. 60. 40. 7 + 12 + 32. 41. 30.

42. 60. 43. 240. 44. M. M. Is. Ad. 45. 50d.

46. £133^. 47. 24 48. 60. 49. £120000.

50. 25. 51. 4i, 3^. 62. 39. 53. 40
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54. 200000000. 55. 6s. 56. 48. 57. 49y\ minutes

past three. 5S. 32^ minutes past three. 59. £288.

60. 2 seconds. 61. 40 minutes past eleven.

62. £300 and £200. 63. 14 64. 640.



ANSWERS. 315

12, 20; 62. 13. 70; 50. 14. ? 15. (24-1)20.

16. 15; 65. 17. 12; 5. 18. 14; 10. 19. 24.

20. 1 ; 2. 21. 59. 22. 100 lbs. 23. 150 yards;

30, 20 yards per minute. 24, 21 ; 11. 25, 50 ; 75.

26. 70 ; 42 ; 35. 27. 90 ; 72 ; 60. 28, 12 miles.

29. 4 miles walking, 3 miles rowing, at first. 30. 33^

miles per hour; 48 J^ distance. 31. 45 ; 30 miles per hour.

32, 30 ; 50 miles per hour. 33, 60 miles
;
passenger

train 30 miles per hour. 34. 150 ; 120 ; 90. 3.5. 3|«.

;

35.; lis. 36. 4; 59; 55, 37. 120; 80; 40. 38. 432.

39. 420; 35; 21 shillings. 40. 2; 4; 94,

XXVI, 1. ±4, 2. ±25, 3. ±7, 4, ±9.

5, ±9, 6, ±6. 7. 1,2. 8. 2,3. 9. 2,-12.

10.
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53. 4,0. 54. Ij, 0. 55. 13,^. 66. 6,-3^.

57. 6, -1,V 58. 5, 1|. 59. 5, -1^. 60. 2|, 0.

CI. a±^. 62. (a±&)2. 63. ± V(«&)- 64. «, -^r^?.

XXVII. 1. ±2, ±3. 2. 49. 3. 4. 4. ±4.

5. 5,-3. 6. 3,-2. 7. 6,0. 8. 12,-3.

9. 9,-12. 10. ±3. 11. 2,-15.A 12. 4, llj.

13. 1|. 14. 16. 15. 1. ^^- % \' ^7- *•

18. 4. 19. li^LL^K^. 20. ^. '

21. 3a^.
{a—hr 2

22. 0, ±—,-. 23. 0, ±5. 24. 0, ± ^2. 25. 2, ±1.
V5

3ffl rt

26. 0, ± J(a&). 27. a, -2a, -2a. 28. «, g"' ~2'

XXVIII. 1. 36, 24. 2. 36, 24. 3. 30, 24.

4. 18, 12, 9. 5. 12, 10. 6. 4, 6. 7. 196.

8. 3, 4S. 9. 11. 10. 7. 11. 6,12. 12. 15.

13. 24. 14. 27 lbs. 15. 8*. 9c?., 7*. 16. .£20.

17. 126, 96. 18. 8c?. 19. 10, 9 miles. 20. 56.

21. 192, 128. 22. 9 gallons. 23. 64. 24. Equal.

25. 4 per cent.

XXIX. 1. 5, -4; 4, -5. 2. 4, -t-; 1, -~z.
' ' ' ' 7 ' 35

3. ±8; ±6. 4. 6, 12; 2, -4. 5. 7, -4; 4, -7.

48 , 41 „ „. 6 ,„ 4 „ ^ 4 ^ 13

^•^'-il'^'-il- 7--2^'B=^2'5- ^-^'-sl'^'si-
f>q 53 2 3

9. 2, -2:^; 4,--. 10. 6,0; 5,0. ll.-,0;-,0.

12.3,6j|,| 13.4,^;8,1. 14. «-±-^0; ^^ 0. 15. a, i.



ANSJVER& 817

18. a,0;0,&. 19. *4, ij^; ±3,^. 20. i5; ±4.

21. ±7; ±6. 22. ±15; ±7.

24. ±9; ±4. 25. ±3, ±36; ±5, =f- 26. ±9; ±3.

23. ±4, ±14; ±1, =f4.

23

2
'

27. ±8; ±6. 28. ±2; ±1. 29. ±9, ±8;^2; ±7, ^ sJ2.

15 9
30.

32.

±4; ±1.

^ («+l)&

31.

±-fci^.33,±a;

22' ' "' 22"

a+h , a—b

35. 6, -4 ; 4, -6.

38. 4, -3; 3, -4.

39. 1,2;2,1. 40. ±4,±3;±3,±4. 41. 2, 1 ; ^ , J.

34,

v'v2a2 + 2)' J{2a^+ 2)

a+1 , a-1

36. 5, 4 ; 4, 5. 37. 4, 2 ; 2, 4,

42. ±5; ±3. 43. 2,1, -1,-2; 1,2, -2, -1.

45. 3,-|;6,-|.

47. 2; 1.

5 2
46. 5, -„; 2, -„.

o 3

' 2 ' 4
' 4 ' ' 2 '

4
'
4"

50. ±-; ±36.T. , a + & + l , &
49. a+b + l, r- ; b, -.

a+i a+1

51. ±^; ±26. 52. 0,a+b,ha-b):h^J{{a+ 3b){a-b)}',

^\a + b,^{a-b)^-^J{[a + 3b)ia-b)}. 53. x^ a+ i/{abc); &e.

54. {a;+ i/)(j/ + z){z+a;)^:i^abc; &c. 65. ±1; *2; ±3.

^^8338
56. -, - • -, - : ±2.

3' 2 2' 3'
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XXX. 1. 11; 7. 2. 6; IS. 3. 8; 24. 4. 8; 16.

5. 10; 15. 6. 10; 12. 7. 7 ; 5. 8. 18; 8:6; IG.

9. 5; 3. 10. 4; 2. 11. 2; 2. 12. 4; 6.

13. 7; 4. 14. 12; 8. 15. 20; 15. 16. 30 ; 40.

17. 60; 10. 18. 6-4. 19. 160 ; £2. 20. 24; 4*.; 3s.

21. 756 ; 36 ; 27. 22. 4| walking ; 4| rowing at first

23. 10 ; 12 miles per hour. 24. 6 miles.

XXXI. 1. 8a;VV^- 2. -8a;V-s'- 3. Sla^&'c'l

4.r* _64^ ;7J'

V' 27^'" ^* yV"
7. a^+ 7rt*& + 2 1 a»6'+ 35a^&3 + SSa^t* + 2 1 a»&'+ 7a&*+ 6^

9. a«-3a^i' + 3a='6^-6«. 10. l-Zx + Zx'-a^.

11. 8 + r2a7 + 6.c'+:c3. 12. 27-54;r + 3Ga;»-8jr'.

13. l + Ax + iix'-^Ax^ + x*: 14. a:*-8;p^+24j;--32j:+ 16.

15. 16a;*4-9Ga:'+216.r' + 216.» + 81. 16. 2a^JC^ + Qaj:h-y\

17. 2aV+12a2j;26"y2 + 26V- 18. 2(.5.r+ l0.r'' + :r*).

19. l-4a;2 + 6a;*-4j;« + a;«. 20. 1 + 2a; + 3x* + 2j:' 4 j;*.

22. l+2.r-a^2-2;r^4•a:^ 23. \+Gx+\3x^+\2x^ + 4x*.

24. l-6;»+15a:*-18«^ + 9j?*. 25. 2 (4 + 25a;*+ 16.1^},

26. l + 3j:+ 6a;2 + 7-j^4.g^4^.3^^.^fi

28. 1 + 3x- Sor' + 3J,'*- a;«.

29. l + 9j;4-33a;^ + 63;r'+66.r^ + 3Ga.''-i-8a;«.

30. l-9.i; + 36a;2-81.r3 + 108x^-Slj;* + 27j-«.

31. 2(36j;+171.r'+144;r'). 32. \-2x-\-Zx^--x* + 2x'' + af^

33. 1 + 4:r + 1 Oj-' + 20.r' + 25.r* + 24.r* + \Qx^.

34. 4{ab + ad + lx + cd). 35. '2{(i" + 2iic-^c--^h'^ + ^d^d^).
36. l + Ga;+15u;2 + 20a;' + 15ar« + 60:^ + ^6^

37. l-]2a; + 60.r«-160a:3 + 240.r*-192jr*+ 64;c«.

38. 1 4- Sj? + 2S.r" + 56^;'+ 70.c* 4- SG-c^ 4 28a:' 4 Sx'' 4 ar".

39. 1 - 3x^ 4 3a;« - .»•'. 40. 1 4- 3j;2 + Qx* 4 7a;« 4 6.r* 4 3.c"' 4 j:'».

XXXII. 1.

5. -a&V. 6.

3a'6«.
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10.

14.

IS.

21.

24.

27.

30.

33.

37.

41.

45.

49.

53.

57.

61.

65.

68.

71.

74.

77.

83.

88.

2a&*—-, 11. 4a + 56. 12. 7a"-'- 66. 13. C.r' + l.

,. 5a + 26 ,^ 3^7^-4 ,„ ,
8a+36c. lo. ——^-. 16.- -. 11. x^ + x + \.

5a+2c 2x-3
l-x + 2:>r*. 19. a;« + 3a;4-8, 20. a;''-2x-2.

l-2.i; + 3.c'. 22. 2.v*-x'-2. 23. x^-ax + 2a\

x''-ax+ b\ 25.ar>- 6x' + 1 2.r- 8. 26. x^ + 2ax'^- 2a^x - al

l-ar+a;'— OT^ + a?*.

32. x^-{a->rh)x->rdb.

34. x'^-xy + y". 35. 34. 36. 45.

2;r-3y.

a; 4-1.

61.

123.

6-42.

620-1.

12007.

•75416.

•65574.

1S-634S8.

28. f-f-^^. 29. l + .r.

Zy 5z 4z
31. l-a'4-a-l

38. 72.

42. 321.

46. -914.

50, 70-58.

54. 504-06

58. 443329.

62. -09233.

66

39. 87.

43. 407.

47. 1234.

51. S^OOS.

55. 1-8042,

59. •94868.

63. 412310.

119-56331.

12.c'' + 4y3. 69. x-a-b.
x"--ax-a\ 72. 2.v^ + Acx-3c\

' l-x + x'-x^. 75. l + 2.r,

27. 78. 35. 79. 54. 80. 61.

138. 84. 148. 85. 378. 86. 39-2. 87. 5-76

•604. 89. 1111. 90. 2755. 91. 45045. 92. 17479,

40. 99.

44. 55-5.

48. 5420.

52. -4937.

56. 2-1319.

60. 2-49198.

64. 11-35781.

67. 2x + ?iy.

70. x?+x+l.
73. l-3a? + 4a^l

76. 3d;-l.

81. 88. 82. 92.

XXXIII. 1. 1. 2. ^. 3. -^. 4. 100. 6. ^

8 103 8 10 27

6. a~«. 7. o*. 8. a-'. 9. a-\ 10. a"rV n. x^-y^.

12. a-b. 13. a;2 + 2.c^ + ^--4. 14. .r' + 1 +:r-*. 15.a-'-l.

16. a'-3a^ + 3a~^-a~2. i-j a^ + 2ah^ + ab -x^y^.

18. x^ + x^y-xy^-y^- 19. xKx^y^ +x^yKyK

20. a^ + ah^ + b% 21. 16x~^-l2x~^y~^ + 97j-K
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XXXVIII. 1. 936. 2. 77^. 3. 69. 4 139^.

6. 37i. 6. -115. 7. 14,16,18. 8. 14j, Uj,...

9. 6i,5,... 10. -|, ^,... 11. 10,4. 12. 82,

13. 5, 9, 13, 17. 14. 6, 7, 9. 15. 1, 2, 3, 4, 5.

16. 18, 19. 17. 7. 18. 5. 19. 1, 4, 7. 20. 1, 2.

XXXIX. 1. 1365. 2. 13|. 3. 40f. 4. 63(/^ + l).

665 463 3 4 2
^- 648- ^- ^- ^- 4- ^- 3- ^- 3- ^°-

'*^-

11 -^ 12 iL 13 ^ 14. ^**• 33- ^^' 333* ^^' 495- ^^^ 1980'

15. 4, 16, 64. 16. 8, 12, 18, 27. 17. -9, 27, -81, 243.

18. 3, 12, 48; or 36, -54. 81. 19. 1, 3, 9,... 20. 3, 6, 12.

YT,36 481 ,,12XL. 1. -, 5,1. 2. -, -, -. 3. 3,y

^ h' k'h' 5. 6, 12. 6. 36, 64. 7. 1, 9. 8. 3, 9.

XLI. 1. 134596. 2. 5040. 3. 126. 4. 30240.

5. 11. 6. 1900. 7. 15504; 3876. 8. 27; 99.

XLIl. 1. ai3-13a^2^ + 78a"a;2..,-78a2;c" + 13(M5^-fl;".

2. 243-810^*+ 1080a;* -720;?'' + 240a;' - 32;r*?

3. 1 - 14y+ 84y2- 280y' + 5602/' - 6722/^ + 448/- 128^^.

^ , ,% - . . 47i(n — l)(n-2'\ ._, ,
4. a;"+ 2waf-*y+2n(»-l)a;^-V+ ~~^ * 2/^*

5. \ + Ax + 2x^-8ar^-5x*-\-8x^-¥2afi-Ax^ + x\ 6. 1 + 6*

+ 15a;2 4. 30^ + 45a:*+ 51a;*+ 45a;« + 30a;'' + \5a^-h 5a?+ a^\

7. l-8a;+28a;2-56a;^ + 70a;^-56a;»+ 28a;«-8a;' + a;«.

8.5922. 9.1590. 10.a;= 2,y = 3,n = 5. ll.a; = 4,y=2' ** =^

1 a~^x Za-^a^ 7a""TV 77a~ * -^
12. a^-- ^ j28".

13. 1 +
''' + - + ^. 14. l+2a; + 4;r' + 8jH' + ...

2 3 54

T.A. 21
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U. r.L 16. ^-^l^ll}^ izx)-^-^^.

-Ul -Li _!• 104(» i» 4Q4n ••
17. a ' +I0a »5+ 65a *V^+ ~- a'Tbs +V^a' * b*.

ift
{r + l)(r + 2) (r + S) ^.K^^^ ^

^^' iToTs • *^- ^'2'=-'X~"i6-

XLIII. 1. 2042132. 2. 22600. 3. 11101001010.

4. 2076. 5. f4592. 6. Radix S. 7. Radix 6

8. 9e21 ; te. 9. Radix 5. 10. eee.

XLIV. 1. -. 3. n = -.
a r

Miscellaneous. 1. 729, 3G9, l, 41. 2. 4lar-51y.

3. 9-30.r + 37.'»2-20j:3+ 4ar*. 4. X-i^-x-a^-x*,

l-x + x'-ic^. 6. ^^^^?^- 6. (4^2-9) (9:c*- 4).

r. -. 8. 3. 9. 240,360. 10. £2, ^£2^.
a

14. 1x'^-xy-2y*. 15.
^~^~?

.

59
16. (^-10)(a.+ l)(a.-.3). 17.

(-,_io)(;..h)(^.h3)'

18. 5. 19. 7. 20. £40. 21. 2a-2&-ar-2i/,

rt + 3^4-4.r + 4i/. 22. 11. 23. x^-a\ 24. ^- + a - -. .^ 2 3 4

25. ir'_2. 26. ''^^„. 27. (16a^- 1)(*2-4).

28. 6. 29. 1-.5, 21.S-, .->2L?. 30. lOa

31. 1. 32. («»-a')(a--6-X (*-a)(a:-6).
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33. 4a^-2j;V + -»^V"-^y'+ .,
34. x-2.

35, 7^-^^~—9^ 30. i. 37. 4. 38. 2. 39. 30 nniMite.x.

40. .£18, Xo. 41. 10a?+105;. 42. lx'--'2xy -r y\
~jfi- Gsy + ly^, 1 ^.r" - 1 Orh/ - .r'-.c/^ + ^O^r//'^ - 1 2y\

43. a + 6-c. 44. x^-^-l. 45. —^. 4G. (x--4)(x^-i)).

af^ + x + 2 16
''' 2.-^T^- '^^^

^- ^''- 2-5- '' ''^'-

51. 3a*-5«'6-12a-6"-ai^ + 3&*, 3a^ - Sa'^h - iab' + 3b\

52. 2a;- 6. 53. 2. 54. ^iLt_A^_ 55 1 . 2. 56. 3 ; 6.

57. 5; 8. 58. 4; 5; 2. 59. '^'^^^
;
,-^^'-

.

60. -. 61. x* + x^+l+ -, + —,.

1] .r + 2 2ax
62. , „ ^ , . 63. -T^. 64. 1. 65. 4; 3.

tx- + ix + 2 a?- + 1

66. 2; 4. 67. 3; -3. 68. 3. 69. 2.

70. 20; 40vcnrs. 71. I. 72. '^^zi
J.2j7— 1 5

73. (d7-2)(.'c-li, (a7-2)(.r-5), (.r-n(^-5). 74. 0.

75. ^. 76. ;/ > o- '7. .-} s!)iiiii:g.s, 2 shilling--*.
5 6 6

78. .3a?2-a7+l. 82. !X--4r/*- 83. 3; -2.

84. 5. 85. 47 or 74. 86. 45 gallons.

87. -ix*
-

'6x7/ + ^pl S8. 52j|. 89. 4-8.'i409. 91. .r-?/.

92. SU^ + y^);^S{A-*-r). 93.-^^'^. 94.1. 95.4,5,6.
.T — y

96. 3, — -. 97. 20 mile.s. 9S. Pre.-^ent price 3 pence

per dozen. 99. 18fl--8J;18. 100. 4,8,16.
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101. x*-\, \+x^-¥x^. 102. (a^-c^{x^-cif). 103. a.

104.1. 105. 13, ^a/??- 106. *3; *4; =f.5:

or A3; *5; t4. 107. 20 shillings.
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167. 80. 158. £20. 159. X + 2(U

161. a, 2lffl-27& + 6(?, a"""'. 162, 3 (a -a;),

163. n{x-y)*{a^ + i/). 164. (1) 9. (2) 8. (3) 12

(4) 20; 2. 165. (1) 6, |. (2) 11. (3) ±11, ±13.;

±13, ±11. (4) ±2; =p1. 166. 12 days. 167. 4, 8. 168. ^^ •

170. 208; 400. 171. 236- 18a. 172. 2,j»Sa:''».

173. a^-Zax' + Za'x-a*. 174.(1)13. (2)4. (3)6;ia

(4)3. 175. (1)2,4. (2) ±5; ±4. (3) ±1, ±7;

^\, ±5. (4) 1, 5; .5, 1. 176. 16y\ minutes after 12.

177. 36. 178. 40,23. 179. 36(l-|^), 36.

180. 7-V6. 181. 16. 182. ^f2^2"4- ^^- ^^^ ^

(2) 6; 8. (3) 4, -^. 185. (1) 13, -15. (2) 7. (3) 2, -1.

186. 288, 224. 187. 29 miles. 188. On the first day

.4 won 8 games and lost 4 games. 190. — 85|.

18.<r'+12a;3_43^j + 36a;-i8 6a^-2Qx'' -hx + ^Q
191

144 ' 4

(2) 7. (3) 40; 16. 195. (1) |, -|. (2) 13. (3) 2,4;

4,2, 196. 56 miles. 197. 24. 193. 23+15.

199. a'-ab + h^ a^+b\ 200. 2,4,8,16.

201. '^'r'^f. 202. .--2. + 4. 203. -»^.,
3(7-2;r) (2 + 3a-)»*

—^^—-. 904. (1) 9, (2) ~. (3) 6; a
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205. (1) 7, l- (2) 1,-4. (3) iS; ±2. 206. 10 milea.

207. 24. 20i). (i crowu6+ 18 shillings.

209. 2a;2 + 2a.r + 4M 210. 7.11,15,...

211. Zx^-2Ji?y + Zx-if~r7r. 212. -r ^
^^ „

.

^ -^ ^ 12 + 5«-28a--

213. -^-^^FI^o?^V. • 214. (1) a. (2) 16 ; 4
a^—10.r' + 31.^-3) ^

(3) 3; 6; 9. 215. (1) .3, - (1. (2) ±7; *r,. (3) 2, 4; 4, 2

216. 1*14 of each. 217. 126. 218. 21. 219. 11,12.

13,14. 220. 3 + 2^2. 221. afi + ar^+l, jjx^->rqx-r.

222. ,7^!-T, —J-"^-. 223. (7ar - 4) (3j; - 2) (j?* - 3 .

224. (1) 9. (2) 23; 19. (3) 15; -24; 36. 225. (1) 2S, -3.

«) 100. -200. (3) 25^2^5^ •

2..Ul<>'-fy
7

226. —of a mile. 227. 50,); 1000; 4000. 228. 2 hours;

5n
4 hours. 22J. 2, .5, 8, .... 2.30. - (9-nl

231. :c2<H-26+2«
b{ifi + b') a^ + ti'

234. (1) .O, '. (2)^--'. (3) 01 ±4. 2.X). 19,

2.36. 150,60. 237. 40.50. 238. 1975.

2.i9. a^ + a% + ab'^ + l^, « + 26 + 3<-. 240. a:V* + 8a?V-

241. 14;cy, ^
,_, 4— • 242. x-^a. 243. 105 shil-

lliig-s. 244. 54. 24.5. 3,5,8. in 6. 6J per cent.

247. 2200 24N. ^i . 249. 5*678, r234. 251. 2a- fc.
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252. a^*-ai^\ c. 253. xiZa + 'ix). 254. (1) 6.

(2) 114; 77. (3) 0, ^. 255. 112; 96. 256. ^ has

X5400, B has i^7200. 257. 7; 13. 258. 80.

259. 8; 5. 260. ^80. 261. 6« + 2fec.

262. ario-1, - -^-, (2d;* + iiaa^- 4aV - 3a^;c+ 2a*).

263. .=-.flH*i. 264.^^1^3,1. 265.0)
J.

(2)1. (3) 18; 9. 266.(1)3,-2. (2)5,^. (3) 2, 3; 3, 2.

2G8. 45 shillings, 30 shillings. 270. x"^-^^- .^, 5-2 ^2.

271. 0. 272. ««+3a;4-8. 273.
^'\'^\~,

\2a'^-Sax-\-6a* 4.-e* ,

\bd^ + ax-2x^' ^ {4a-3x)i:>a-2x)' "^ "''

275. -^JJ^plll—, ^r^^^ . 276. (1)2.

t2)n; 7. (3) 4;f
. 277. (1)^,^. (2) 4, 7.

S4
(3)5. 278. 7 + 7 miles. 281.—. 282. 2 {a- b){c-d),

-2&C. 283. ^^, --^ 284. (1)4. (2)6; 4.

(3) 5, |. 285. (1)
I, I.

(2) 2a, -a, a, -|. (3) 1, |;
47

- 2, — . 286. Second boat M minutes, 287. 3 feet

;

2 feet 289. 18 feet. 290. 'i ( -1_ + (^zJ)?\
2 (l + a> \-x^ )

291. 0. 292. bK 294. -/ """^

„
aH + 2a; + 3
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295. (1) 4. (2) 61; 73. (3) 16; 8. 296. (1) 7, -8.

(2^ 7, -sj^. (3) 1,5. 297. 144 minutes,
4

JS)8. 4^ Iiours with tlie stream, 7^ hours .igiiinst the

jtreaiu. 298. a- h, u, a + „6. 300. 3,-1.

TELE END.

PRlliTEO AT THE 8TRAM TUEgg ESTABLISHMENT OF COPP, CLA&K * Ca
O0I.BORMB 8TR££T, TORONTO.
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